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Background and objective: Nanomaterials play significant roles in numerous industrial and engineering
applications, like nuclear plants, paper production, thermal power plants, glass fibres, manufacturing of
medicines, medical instruments, micro-electronics and polymer sheet extrusion. In view of such important
applications, in this study, we discuss the magnetohydrodynamic flow of a nanofluid over an inclined
surface by employing the Darcy—Forchheimer model. The Buongiorno model is applied to understand the
various important aspects of the nanofluid. Radiation, magnetic field, dissipation and entropy generation in
a chemically reactive flow are also discussed. Methodology: The governing nonlinear expressions were
transformed into a dimensionless system through adequate transformations. The obtained non-dimensional
systems were computed by the NDSolve approach. Results: Physical illustrations for the flow, temperature,

concentration and entropy rate via emerging variables were examined. Here an enhancement in velocity
Received 17th July 2023 for th ixed ti iabl hil ite i ¢ fl dt " ticed
Accepted 31st October 2023 was seen for the mixed convection variable, while opposite impacts on flow and temperature were notice
through the Hartman number. A higher Eckert number was obtained with a rise in temperature, while

DOI: 10.1039/d3na00538k a decrease in concentration was noticed for the thermophoresis variable. An augmentation in the entropy
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1 Introduction

Nanofluids are a mixture of nano-sized (1-100 nm) solid particles
(metals, carbides, oxides and carbon nanotubes) and conven-
tional fluids (water, lubricant oil, ethylene and propylene glycol).
Nanofluids play a vital role in the heat-transfer processes of
conventional liquids. Nanomaterials play significant roles in
numerous industrial and engineering applications, like nuclear
plants, paper production, thermal power plants, glass fibre,
manufacturing of medicines, medical instruments, micro-
electronics and polymer sheet extrusion. The thermal conduc-
tion processes of conventional materials can be improved by the
addition of nano-sized particles. Various industrial processes face
a low-heat transportation problem caused by the utilization of
conventional fluids. This issue is often tackled by using nano-
fluids and hybrid nanomaterials. The enhancement of the
thermal conductivity of conventional materials through the
addition of nano-sized metallic particles was first reported by
Choi." Buongiorno® later gave a mathematical model and dis-
cussed seven slip mechanisms for the enhancement of the
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rate was detected for radiation, while the thermal transport rate was boosted by thermophoresis.

thermal characteristics of fluids, with Brownian motion and
thermophoresis as the most important factors. Waini et al.® re-
ported on the magnetohydrodynamic radiative flow of a Reiner—
Philippoff nanoliquid subjected to a random motion and ther-
mophoresis. Heat transfer in the electrically conductive flow of
a nanoliquid with thermophoresis and random motion was dis-
cussed by Kalpana et al.* The hydromagnetic convective flow of an
Eyring-Powell nanomaterial considering multiple diffusions was
analysed by Patil and Kulkarni.> Random and thermophoresis
diffusions for a Casson nanoliquid flow considering a gyrotactic
microorganism was studied by Upreti et al.* Ohmic heating in the
magnetized convective flow of a Reiner-Rivlin nanoliquid
considering the entropy rate was explored by Khan et al.” Catta-
neo-Christov fluxes for the bioconvective flow of a Maxwell
nanomaterial subjected to the Arrhenius activation energy were
examined by Bagh et al.®* Some further related studies on nano-
materials are listed in ref. 9-20.

Measurement of the wastage energy in any thermodynamical
system refers to the entropy. Entropy generation is an important
thermodynamical approach that is used to analyse the thermal
performance of systems in industrial and engineering fields.
Entropy is produced due to heat transfer, molecule collision,
thermal radiation, Joule heating, diffusion, fluid friction, and
spinning motion, etc. In any thermodynamical system, a signifi-
cant part of the thermal energy is wasted, meaning it is not fully
utilized for useful work. Therefore, several researchers have paid
attention to this important issue. Bejan®* was the first to
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introduce entropy minimization in convective flow. Entropy in the
squeezing flow of a CNT nanoliquid was examined by Dawar
et al.” Hayat et al.>* investigated an unsteady nanoliquid flow
considering Sort and Dufour characteristics. A few important
studies concerning the entropy rate are mentioned in ref. 25-32.

Our prime objective here was to analyse the magnetohydro-
dynamic convective flow of a nanoliquid by an inclined surface.
The Darcy-Forchheimer relation was considered and is discussed
in this context. Radiation, magnetic field, and dissipation were
considered in relation to energy. Brownian motion and thermo-
phoresis diffusion were accounted for. The entropy rate for
a chemically reactive flow was studied. Nonlinear partial differ-
ential equations were reduced to non-dimensional systems
through suitable transformation. The ND-solve technique was
implemented for the computations. Graphical discussions were
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Paper

Solutal boundary layer
Thermal boundary layer

=5 Velocity boundary layer

? Viscoelastic polymer flow

Inclined plane

Inclination

Fig. 1 Flow sketch.

used to consider the flow, Nusselt number, entropy rate, drag 2 2
. . ! JC L C_p PC (DN ET
force, concentration, and temperature via sundry variables. ix oy B 3% T.) 97 v © )
2 Statement with
aC Dr\ dT
The hydromagnetic mixed convective flow of a nanoliquid over an u=0,v=0, T=T Ds oy + (T_) oy =0aty=0
inclined surface is studied. The Darcy-Forchheimer relation was
. . . U=Up, T—>Tew, C—>Csx as y— .
considered here. Random and thermophoresis diffusions were
accounted. Dissipation, magnetic field Joule heating, first-order (5)
reaction, and radiation were also taken into account. Entropy
optimization for the chemically reactive flow was elaborated. Flow Letting:*
tests in the presence of a constant magnetic field were conducted. N y e X
A sketch of the problem is presented in Fig. 1. {= "=V Re,, ¥ =vy/Ref({n), Rex= :
1 1 1 .24-28
Here, the governing expressions satisfy: o) T_T. S c_cC. . d o w(
du_ v _, @ VT n T T e e T e
dx dy (6)
du du 0*u
um+ v@ = vfa—yz—i-g[(l — Co)prB(T = Te) — (C = Cu)(p, — py. )| cOs Q
0By’ ’ @
o u— Pe P
Pr (pf)kp
ual+val—a azl+ 1607, 827T+‘L' D M”+m<”)2
ax 3y A 3k*(pcy), 0y P9y ay | T \dy .
) 3
Mg (6”)2 + o¢By’ )
(pcy); \Oy (pey),
we get
&f 1.0 Ha_of . of ar\>
o S L RiZO-N Q- —Fre( L
6n3+2f a7 Re Can—i- i@ —Nr¢)cos Q— AL o ¢ (377)
(Vv |
- C\dgan A anr)’
(7)

6968 | Nanoscale Adv.,, 2023, 5, 6967-6978

© 2023 The Author(s). Published by the Royal Society of Chemistry


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d3na00538k

Open Access Article. Published on 15 November 2023. Downloaded on 25.10.2025 10:56:47.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

View Article Online

Paper Nanoscale Advances
1 3%\, 00 90 90\* 9f\" , Rd & Ly Nog'd + N+ (§)E 2 Ry g Ly
R IR L R Re) M TR TR
; =0
62f2 1,00 (90 of 00 ’
w5(5) 43 ) @
8) v, N ,
ot ag ! 5S¢ ke =0 (13)
YD) o o) — TG0 g0 1 w80 L (HEO o
an a¢ an an 9)
V=) 1, g ) =0, ¢(& ) =0, as n— o0
an
subject to conditions
(2,0 . (2,0 99(2,0 360(2,0
%ﬂ’):o, f(g,O):_g%7 6(0) =1, Nb “’fﬁl ) ¢ Nt Efn )0, as n=0
0f (¢, ) | o)
o= 0 ) =0, 9(C ) =0, as n e
O'fB()ZLZ

Here the non-dimensional parameters are Ha = (

UL CoDr(Tw — T
Re = [ ==, Nt = M , Pr =
v v(pc)¢To

2.1 Solution

First-order truncation:

In 1st order truncation we assume the derivatives w.r.t. { are
ad
zero. Le. (g—:) = 0 then eqn (7)-(10) become,
I 1 " Ha / . / /2
S = o+ RGO~ Nig)eos @ — 3 — Fref” =0,

(11)

© 2023 The Author(s). Published by the Royal Society of Chemistry

subject to the conditions

1(0)=0, f(0)=0, 60)=1, ¢(0)+Nt0(0) 0
(@) =1, 6(x) =0, ¢()=
(14)
Second-order truncation:
. 9 9 of 96
Here we consider %zp, 65577: TJ;ZP, 65 =q,
70 90 ¢ ¢ 9 a(-)
P g_q, a—g_g, i (Tf_g and denote e by
primes. Expressions (7)-(10) become
f &/ Ha of of of
) S ret L aRit(o- Ngos0-2 L~ Fi c( )
(P ’
~<(n 50 ra)
(15)
1 9% d¢ 90 40 Ha af\*> Rd %0
Pran N an an +Nt(0n) +(Re)”(n) “ran
REORERCR
an? an an
(16)

Nanoscale Adv., 2023, 5, 6967-6978 | 6969


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d3na00538k

Open Access Article. Published on 15 November 2023. Downloaded on 25.10.2025 10:56:47.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

View Article Online

Nanoscale Advances Paper

1 ¢ Nt 0% a¢ a9 9¢
§67;2+78ch on? + f — k¢ = C( %>7 (17)

YEO o 1.0 = 2p(z.0), 60) =1, Np22E0D L HED o5y g
dn n dn (18)
9 [
PEZ) 1, 0g ) =0, 46 =) =0, as n—
Differentiating eqn (15)-(18) w.r.t. { and neglecting the terms
dp(E,m) &pE,m) dq(¢m) Fq(Em) dg(Em) . OgEm)
0t 7 omos ' 9¢ 7 gmog T 0f dndé
get
/11 1 1 1" no_ Il /2_&’_& / s
P+ 212/’ TP " = = = RS~ g & +Ri(0 — Nrg)eos 2 7 19)
+RiZ(q — Nyg)cos  — Af — A¢p' — Frf> = 2Fr¢f’p' =0
1 1 3 / 1 / / / U /! /!
pr (1 +RAG +3p0 + 513 +Lpg —af —Lap +Nb(0g +4¢)
; (20)
+2Pr Ntd'q + —E o + %E ¢f'p + 2Ecf"p" =0
3.2 Nusselt number
1, 3 , 1., _ 1 Nt
o8 Taord Efg +ipg —of —Lap + I mq —ki¢ —kilg  One may define
=0 Xqw
I Nu = T 26
(21) kl‘(Tw - TW) ( )
2'(2,0)=0,p(Z,0) =0, ¢(£,0) = 0,Nbg'(,0) + Ntg'(¢,0)= 0’} in which heat flux ¢,, obeys
P (8 °)=0, q(§ ®)=0, g{®)=0 (4 N7 TN (9T 27)
(22) qw = f 3k* 62 2:07
. - Finally, we may have
3 Physical quantities
3.1 Coefficient of skin fraction Re, "*Nu = —(1 + Rd)#(0). (28)
One may write
G=-—, (23)
Prity, 3.3 Sherwood number
Mathematically
with shear stress 7, given by
She - v (29)
au) T Dp(Cy—Cy)’
= M| 3= . (24) BlCw ®
' (ay y=0
in which mass flux J,, obeys
We now have
| Jy = Dy (‘zc)‘ . (30)
“Re,'2C; = "(0). (25) 2/ =0

2

6970 | Nanoscale Adv, 2023, 5, 6967-6978 © 2023 The Author(s). Published by the Royal Society of Chemistry


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d3na00538k

Open Access Article. Published on 15 November 2023. Downloaded on 25.10.2025 10:56:47.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

Paper
From eqn (21) and (22) we have (31)
Re,~2Sh = —¢/(0). (31)

In which Re, = (M) depicts the local Reynolds number.
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4 Entropy rate
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Table 1 Comparative analysis of Re, Y2Nu with the outcomes re-
ported by Wang?®

Pr Wang?® Recent outcomes
0.07 0.0656 0.065621
0.20 0.1691 0.169109
0.70 0.4539 0.453901
2.00 0.9114 0.911409
7.00 1.8954 1.895412
20.00 3.3539 3.353925

/" Ha=0,0.1,02,0.3,04

0 |

Fig. 2 f(¢n) via Ha.
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In the above expression, the dimensionless variables are
EGychx)

o [ ForiTe  \  (Tw=Te) = (Cv=Cw
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and L, = <w) .

5 Analysis

The ND-solve technique was implemented for the solution. The
velocity, surface drag force, concentration, Nusselt number,
temperature, Bejan number, and entropy rate against the
emerging variables were explored. A comparative analysis of the
recent outcomes with those by Wang®® is highlighted in Table 1.
Here an outstanding consensus could be noticed.

Fig. 3 f(¢n) via Fr.
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5.1 Velocity

A plot of the velocity against Hartman number (Ha) is depicted
in Fig. 2. A decreasing behavior was noticed for higher Hartman
numbers due to the increment in resistive force. The effect of
(Fr) on (f(,n)) is portrayed in Fig. 3. A reduction in velocity was
noticed for higher Forchheimer (Fr) numbers due to the
.......... stronger resistance produced in the fluid flow. The influence of
velocity (f(¢,n)) via the porosity parameter (1) is illustrated in
Fig. 4. An increase in the porosity variable corresponded to
a more intensive viscous force Therefore the velocity (f(¢,7))

I decayed. A plot of the velocity against the mixed convection

: variable is illustrated in Fig. 5. An increasing impact on the
0 1 2 3 4 velocity was noted through utilizing the mixed convection
variable.
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Fig.7 6(¢n) via Ec.
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Fig. 10 6(¢n) via Rd.

Fig. 11 ¢(¢.n) via ky.

5.2 Temperature

A plot of temperature versus the Hartman number (Ha) in
shown in Fig. 6. A larger approximation of the Hartman number
increases the Lorentz force, which creates extra heat in the
system. Thus the temperature increased. Fig. 7 exhibits the
temperature (6(Z,n)) performance versus the (Ec) Eckert number.
The Eckert number increases the kinematic energy of the
thermal system, which increases the temperature. A reduction
in thermal diffusivity was observed against the Prandtl number,
which decreased the temperature (see Fig. 8). The temperature
(A(%,m) behavior with the thermophoresis parameter (Nt) is
displayed in Fig. 9. The thermophoresis variable increased the
temperature distribution. Fig. 10 shows the impact of radiation
(Rd) on the temperature. An enhancement in the thermal field
was observed with the radiation variable due to the production
of additional energy in the system.

© 2023 The Author(s). Published by the Royal Society of Chemistry
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5.3 Concentration

The influence of concentration (¢({,n7)) with the reaction
parameter (k;) is shown in Fig. 11. An enhancement in
concentration was observed with the reaction parameter. The
random motion (Nb) impact on the concentration is explored in
Fig. 12. Here, the concentration of the nanoliquid had an
enhancing effect through the random motion variable. Fig. 13
depicts the concentration performance for the Schmidt
number. An augmentation in concentration was seen through
the Schmidt number. Fig. 14 depicts (¢(¢,n)) against (Nt). A
decreasing trend for concentration was seen through the ther-
mophoresis variable variation.

6 Entropy rate

Fig. 15 illustrates the entropy performance considering the
Brinkman (Br) number. Clearly, the entropy rate increased with
the Brinkman number. The effect of the variation of the
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Fig. 15 Sy via Br.

Fig. 16 Sy via Ha.
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Fig. 17 Sg via Rd.

Fig. 18 Sy via A.

1 .
Fig. 19 ERexl/zcf via Ha.
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1
Fig. 21 ERexl/ZCf via Fr.

Hartman (Ha) number on (S,) is portrayed in Fig. 16. A higher
estimation of Hartman number decreased the entropy rate.
Fig. 17 shows the impact of (S,) via radiation. A decrease in
entropy was detected against the radiation variable. From
Fig. 18, it could be noticed that the entropy reduced with higher

porosity.

7 Quantities under interest

Graphical illustrations for the skin friction coefficient and
Nusselt number are addressed.

© 2023 The Author(s). Published by the Royal Society of Chemistry
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Fig. 22 Re2Nu via Ha.

Fig. 23 Re?Nu via Nb.

7.1 Skin friction coefficient

Fig. 19-21 display the impacts of the velocity gradient with the
Hartman number, mixed convection variable, and Forchheimer
number. An increasing behavior was observed against rising
values of (Ha) and (Ri), but the opposite scenario held for (Fr).

7.2 Heat transfer rate

The impact of emerging variables ((Nt), (Nb) and (Ec)) on (Re"/
’*Nu) are displayed in Fig. 22-24. Clearly, the thermal transport
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Fig. 24 Re'?Nu via Nt.

rate increased versus higher random motion (Nb) and thermo-
phoresis (Nb) variables. From Fig. 7b, it could be detected that
the heat transport rate declined for higher Eckert numbers.

8 Conclusions

Key observation are listed below.

> Mixed convection and porosity had opposite impacts on
the flow.

> Hartman number yielded an opposite outcome for the
flow and entropy rate.

> Flow was decreased by Forchheimer number.

> An enhancement in Hartman number led to enhanced
drag force and higher temperature.

> Higher Eckert numbers led to an enhancement in
temperature.

> Prandtl number led to a reduction in temperature.

> An opposite trend for entropy and thermal field was wit-
nessed through considering radiation.

> An enhancement in temperature and the heat transport
rate were noticed for the thermophoresis variable.

> Concentration was reduced versus a higher thermopho-
resis variable.

> Increasing trend for concentration was noted through the
Schmidt number.

> Brinkman number corresponded an enhancement in
entropy.

> Thermal transport rate surged upwards against the
random motion variable.

> Decrease in entropy rate was witnessed versus the Brink-
man number.

> Higher Eckert numbers decreased the temperature
gradient.
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Further investigations in the future should consider bio-
convection and motile microorganisms, of which almost
nothing is known yet. Such attempts for mixed, bioconvection
and Marangoni convection, activation energy and slip and
melting conditions should be examined.

Abbreviations

u,v Velocity components
ke Reaction rate
X,y Cartesian coordinates
L Reference length
Q Inclination angle
R Molar gas constant
Ve Kinematic viscosity
v Stream function
g Gravity
Re, Local Reynolds number
6 Thermal expansion coefficient
Ha Magnetic variable
Pr Density
Gr Grashoff number
of Electrical conductivity
Ri Mixed convection variable
By Magnetic field strength
Re Reynolds number
Pp Nanoparticle density
A Porosity variable
oy, Nanofluid density
Fr Forchheimer number

< Ch > Inertia coefficient
F=|—

vk

Nt Thermophoresis variable
Cp Drag force coefficient
Pr Prandtl number
kp Porous medium permeability
Rd Radiation variable
T Temperature
Nb Brownian motion variable
Tw Wall temperature
Ec Eckert number
T Ambient temperature
ky Reaction variable
af Thermal diffusivity
Br Brinkman number

Ratio of heat capacitance

Ce Skin friction coefficient

o* Stefan-Boltzmann constant
Tw Wall shear stress

Dy Thermophoresis coefficient
Nu Nusselt number

k* Mean absorption coefficient
Sh Sherwood number

Dg Brownian diffusion coefficient
Gw Heat flux

p Specific heat
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QF
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o
Cow
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Uo
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Mass flux

Concentration

Entropy rate

Wall concentration

Temperature difference variable
Ambient concentration

Diffusion variable

Reference velocity

Concentration difference variable
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