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Abstract

Thermodynamic characterization of metal oxide reduction/re-oxidation plays a vital role in
material 1identification and optimization of many chemical processes. However, this
characterization generally requires significant data collection (spanning several hundred T, pO,,
and composition (X) combinations) to appropriately sample phase space and identify key
inflection zones that are not known a priori and are missed without the sampling of a fine mesh
grid of T, pO,, and X combinations. Here we have coupled our previously reported CrossFit
Compound Energy Formalism algorithm for reduction/re-oxidation thermodynamic model fitting
with Bayesian Inference techniques to build an optimized data selection scheme. Using the Ba,Sr;.
«Fe03_5 system as a proof of concept, we show that our Bayesian data selection technique required

less than half (44) data points to achieve the same accuracy as a mesh grid of 100 T, pO,, and X

point combinations. Our method has errors of < 2 kJ/mol in reduction enthalpy (%Z) and < 3 J/(mol

]
K) difference in reduction entropy (a%) compared to the full data set. Further, randomly selected
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44 T, pO, and X data points only reproduced the ground truth model 5% of the time, demonstrating
the power of our approach. Our method offers a human free, physically informed, data collection
approach and paves the way for a high-throughput active data selection process for metal oxide

reduction/re-oxidation thermodynamics.
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1 Introduction

The cyclic reduction/re-oxidation of metal oxide (MO, ) materials forms the backbone of
a vast number of chemical processes, such as gas reforming!- 2, gas separation and pumping3-,
energy production and storage'%-!7, and many catalytic processes, particularly those which operate
on Mars-van Krevelen-like mechanisms!8-24, The performance of these materials is directly related
to their partial molar reduction thermodynamics, i.e. enthalpies and entropies of reduction as a
function of reduction (M,Oy.5). Importantly, the subtle differences between reduction enthalpies
and entropies across varying compositions of the same MOy can have a measurable effect on
material performance!> 2% 26, Therefore, accurate thermodynamic modeling of these M,Oy
materials underpins the design and optimization of MOy for their respective chemical processes.
This paper describes a new method for selecting data points which should be collected to extract

these crucial thermodynamic parameters.

Detailed thermodynamic characterization of MO, reduction/re-oxidation generally
consists of careful thermogravimetric analysis (TGA) of mass loss as a function of temperatures
and pressures which are fit to a thermodynamic model. The most commonly used model is based
on van’t Hoff analysis?’*! , which is relatively simple to implement but does not provide
temperature dependent information. Conversely, the compound energy formalism (CEF) is more
robust albeit more complicated to fit. Using either model, fitting of thermodynamic parameters to
TGA experimental data requires the measurement of non-stoichiometry across a large array of
temperatures (T) and oxygen partial pressures (pO,). It is unclear a priori what points should be
examined, aside from the need to span a large range of operating points. The difficulty in selecting
points arises because the non-stoichiometry, and the underlying thermodynamics are often highly

non-linear'’> % and obviously unknown a priori. Thus, the use of evenly spaced points in
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measurement points, T, pO, and compositional changes, generically referred to here as X, which
we call (TpOX), either require fine search meshes, and thus significant time in synthesis and
characterization, or luck to adequately sample inflection zones. Therefore, the development of a
model informed data collection scheme for MO, reduction thermodynamics would substantially
decrease the time needed for material synthesis and TGA characterization and enable a high
throughput material screening process. A clear benefit to such a scheme is that it will highlight
important compositional changes to investigate as these bear the highest cost in experimental data
collection. However, while TGA programming may be easily adjusted from one run to the next,

specific X, T, and pO, points around inflection zones are of great interest, but not known a priori.

Active data selection techniques have been studied for several decades in a variety of
scientific disciplines3>33 such as medical disease analysis’® 37, weather prediction®, and material
design®-4!. To date, these have not been applied or refined for thermodynamic characterization of
M, Oy reduction/re-oxidation cycle materials. In this work we aim to fill this methodological gap
through a novel algorithm which systematically selects the most important experimental data
points to collect without prior knowledge of the system behavior. This method uses a combination
of our recently developed cross-fit experimental and computational CEF model*? and Bayesian
inference®- to select the data points to be experimentally examined and guide the fitting of robust
thermodynamic models. In our algorithm, we leverage ab initio methods to estimate material
enthalpies while the complex temperature and entropy interactions arise from TGA data. Overall,
we provide a hands-off approach that: 1) requires the collection of less computational and
experimental data than would be necessary if collected systematically on a grid, and 2) informs
the experimentalist when additional data is required to build a more robust thermodynamic model.

Furthermore, we note not all MO, behave alike, with some varying greatly in reduction

Page 4 of 28
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thermodynamics as a function of composition or even undergoing phase transitions. The Bayesian
data selection approach is inherently built to “seek out” this variation in trends as data is added

during each iteration guiding the researcher towards these behavior altering regions.

As a demonstration of this method, we examine Ba,Sr; FeO;_5 (BSF) because we have a
large existing experimental data set*’ and have previously established its thermodynamics. BSF

reduces and oxidizes according to eqn 1& eqn 2

AS
BaxSrl_xFe03_51—>BaxSr1_xFeO3_52 +702 eqn 1
AS
BaxSrl_xFeO3_52 +702—>Bax5r1_xF303_51 eqn 2

Where Ad is the change in the non-stoichiometry of BSF at new TpOX conditions. We will
detmerine how our Bayesian informed data selection scheme requires less TpOX points to derive
the same thermodynamic results as a ground truth model utilizing all available TpOX data.

Furthermore, we will show that the Bayesian informed approach performs better than pure random

sampling as we repeatedly modeled a set of
Data Collection

Selected TPX
measurements

Low Robust Model
Confidence Achieved

randomly selected experimental data points -
Hig
Confidence

and compared the derived thermodynamics ,l,

Cutoff Not Met | Cutoff Met
Bayesian Analysis
Assess thermodynamic
model confidence

4

Figure 1: Schematic of the information flow in the proposed
data selection scheme.

CEF
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to the Bayesian selected set and the ground [

truth models.

2 Methods
We propose using two Bayesian approaches to identify the appropriate thermodynamic
model and optimize data collection: Bayesian Information Criterion (BIC)*4 and a new Bayesian

implementation for data selection. The BIC determines 1) which CEF model is the most
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appropriate from an array of optimized models with varying numbers of excess terms and 2) when
sufficient data has been collected, i.e. when the CEF model is trustworthy. The new proposed
Bayesian determines the next TpOX sample point based on the collected data points and the
associated uncertainty in the predicted experimental data across the current array CEF models.

Figure 1 shows the proposed iterative cycle.

In this section we first briefly explain the CEF construction and the associated generation of
multiple thermodynamic models from our previously described cross-fitting algorithm.*> We then
describe the use of BIC for selecting the “best” model. Subsequently, we outline our new Bayesian
approach for selecting the next TpOX data point to be sampled, and the associated stopping criteria
for the iterative loop. Our intention is not to provide detailed derivation of Bayesian Inference
techniques but rather to outline the integration of the method into our workflow. For an in depth
understanding of Bayesian Inference as it applies to model comparison, we direct the reader to the
excellent O’Hagan and Foster text on the subject®. Finally, we give a brief explanation of the data

sources for our models.

2.1 Overview of CEF

We use the CEF>!->2 approach to represent the Gibbs free energy of a solid as a solution on
a set of sub-lattices via the summation of three terms( eqn 3): 1) a linear combination of the Gibbs
free energies of the so-called endmember compounds representing the composition of the solid
solution, 2) a configurational entropy term, and 3) an excess term that accounts for interactions on
and between the sub-lattices and accounts for any deviations from ideality as prescribed by the
endmember and configurational entropy terms. We note that the configurational entropy term
describes full disorder. Real materials may have a significant extent of short-range ordering (SRO),

and thus lower entropy. While methods exits that incorporate SRO within the CEF>3, accounting
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endmembers excess
G G

for such effects is not trivial and beyond the scope of our studies. In both and

the free energy is expressed as an expansion with constant heat capacity (Cp = C) (eqn 4).

Gsoln — gendmembers _ o Sconfig 4 (Gexcess eqn 3
G=A+B+*T+Cx*TxIn(T) eqn 4
Where the parameters A, B, and C, in eqn 4, are derived from the integration of a constant heat

capacity (Cp = C). The enthalpy integrated from heat capacity as, H = [CdT = c1 + CT and the
entropy integrated from heat capacity as: S = | %dT = c2 4 CIn(T). Utilizing the state function

G = H — TS and combining like terms to simplify the parameter space we arrive at eqn 4.

The terms from eqn 3 and eqn 4 are defined by eqn 5 - eqn 8:

N
endmembers __ z rendmember
grranerses = ) ] Jrie
i

Sconfig = _Rznzzyﬁfl * ln(VIZVI) 6
z X eqn

2 2
Gexcess — nyllyle Z Z ]/1’f/1 Z Z V%VILh:k:l eqn 7
h

k+hM=1 I+h+kM=1

1
Ly = Z (W —v5) Lh eqn 8
=0

where y is the site fraction of a species on a sublattice site, N is the total number of endmember
terms, n is the total number of sites, z is a particular sub-lattice, and M counts over the components
that can occupy a site on sublattice z. eqn 8 is configured for the BSF system which is a three
sublattice model with two components per sublattice, and h, k, and [ are the sublattices. A Redlich-

Kister expansion expresses the L terms in G¢*¢° 34 of the vy site fraction terms up to order m, taken
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to be v=1. For further development and fundamental analysis of the CEF model, we direct the

reader to Ref. 4%-31-52,55-38 I the SI, Table SI-1, we list the Redlich-Kister expansion L terms.

Constructing the CEF model as shown for any given MOy systems results in several excess
L} terms each carrying their own A, B, and C parameters to be optimized. Thus, the CEF fitting
model provides a range of thermodynamic prediction models based on how many excess terms are
included. We have previously demonstrated how to down select which excess terms should be
included up to g excess terms using cross-fitting and a down selection logic model*?; however, the

fitting procedure does not identify which g best describes the data, i.e., how many excess terms

should be included.

We show the %1 and g% model trends for all optimized models on the full experimental (ground

truth) BSF dataset in Figure 2a-b. Commonly, the selection of the most appropriate model is based
on visual comparison of thermodynamic trends and error comparisons. This human intervention
can lead to biasing of the model based on the choices of the user. Therefore, we propose using a

statistical BIC method to select the most appropriate CEF model.
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2.2 Determining the most appropriate model using BIC

The proper dimensionality of a model when fit to a non-predetermined functional form is often
difficult to discern®®. The BIC circumvents the unknown dimensionality problem by balancing the

model accuracy (based of the observed data) against the number of parameters utilized by the

model, seen as eqn 9:

BIC=Kk *In(N) —2 xIn (¥) eqn 9
where k is the number of parameters in the model, N is the number of data points, and £ is the log-
likelihood function for the given model. The optimal balance of complexity and accuracy results
in the lowest BIC value. Figure 1¢ depicts an example BIC calculation for the ground truth model.
The likelihood function comes from Bayes’ Theorem as the sampling probability (P(D | M)

also written as L(M) ), where D is the dataset for the given model M, or probability that the data

resulting from physics is accurately described by a given model. In the case that the L(M) is

90 1.9
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g 80 1.75
275 E 1.7
= - 1.65
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=T 65
1.55
60 s 1.8 L . L R
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" T o wna .
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Figure 2: a) The enthalpy of reduction (%) of BSF for all 22 models generated during the CrossFit CEF algorithm,
as
b) The entropy of reduction (%) of all 22 models, c¢) BIC results for the ground truth BSF models, d-¢) Data points

with low (d) and high (e) d range predictions versus chemical potential where T and X are held constant for each
point and pO, varies. The legend indicates the number of excess (£) terms for each model.
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utilized in BIC, all model likelihoods are calculated on the same dataset with which all models

were optimized.

We construct our comparisons assuming that error arises from both data noise and model
error, and therefore, the forms of the likelihood functions are based on two normal distributions,
as outlined by Gregory et al.®® The convolution of the two distributions gives the probability that
data point Y; resulted from the given model m(x; | @) where 0 are the optimized model parameters.

When all Y; are independent, the likelihood P(DlM)= P(Yl,Yz,Yg,...,Yn|M,9)=

l_[iv= P(Yi|M,0). Therefore, the construction of L(M) for a model is:

=1 fd 2(0'1-2+0',2n) eqn 10

z 1/2 = i—m(x; | 6))?
L) = 2m) _N/Z(H(Glz+agn)— / )exp(z  Gi—m(x | 6)) )

Where o,, is the standard distribution of model error, and o; is the standard distribution of the i*"

data point noise.

We use the natural logarithm of the £L(M) in constructing the log-likelihood function (M)
(eqn 11) which makes the calculations more numerically stable by transforming products into
sums, which have better behaved derivatives. We note that maximizing the likelithood #(M) is

equal to maximizing the log-likelihood L(M). The final form of the log likelihood used is:

N Ie 1 (i — mx; | 0))?

& ~ (o7 +0%)

10
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23 Using Bayesian Approaches for Model and Data Selection — Comparing Log-

Likelihoods

2.3.1 Selection of new TpOX points for data collection

The multiple models with which we conduct our statistical analysis arise from the G®*“®** term
in eqn 3. G®*“®*° describes the interaction of the various species on one sublattice given the
composition of the other sublattices. Most of the excess terms have negligible contributions, or
there is insufficient data to fully define them. Therefore, we use our recently developed cross-
fitting algorithm which adopts a top-down approach to select and optimize the parameters
associated with G®*“®**. This process generates multiple optimized models, which vary in the
number of excess terms included, ¢, for a given TpOX dataset. The differing number of excess
terms results in different predictions of thermodynamic states and expected & (off stoichiometric)
values. We exploit the variance in the predicted thermodynamics and o to select the appropriate
model by statistical methods. Likewise, the uncertainty from the multiple models enables a
Bayesian approach to select the TpOX point which, if sampled next, would add the most

information and thus generate the most robust/accurate next model.

We base our data point selection methods on Gaussian Process Regression (GPR)%! ©2,
Through GPR, the variation between models collapses as more data is observed. In GPR one
determines points for data collection by considering which points have the greatest variance across
all models. In our method, each of our CEF models (22 of them) predicts a é value across a range
of unsampled TpOX points. TpOX points with a narrow range in predicted ¢ indicates CEF model
agreement and insensitivity to the parameters. Thus, sampling at these points is not expected to
improve the model fit. Conversely, TpOX points with a wide range in predicted & denotes

disagreement between models, and thus an ability to delineate effects between excess terms. We

11
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elect to use the range (or spread) of predicted o values to determine model consistency because the
range is more sensitive to differences in outlying models than other statistical quantities. An
example of two data points with low and high range predictions where T and X are held constant

for each point and pO, varies is seen in Figure 2d-e.

In order to create a more robust modeling algorithm we select a point that has the highest
predicted range in d across the models to sample next. When the new data point is selected and the
model parameters re-optimized with the additional data point, the various models lower their
prediction range at that point as all models have now been optimized to include the new observed
data. As a result, the models may differ in points which were previously well described by older
models. This is a desired trait, allowing the algorithm to “hunt” for inflections and curvature in
thermodynamic trends due to new TpOX sample points. The hunting nature prevents the algorithm
from agreeing with itself too early in the data collection process and preventing inadequate

sampling of the data.

2.3.2 Stopping Criteria Utilizing the Likelihood Ratio Test

The stopping criteria of our iterative data selection process is based on a comparison of the
models from one iteration to the next via a likelihood function through the so-called Bayes Factor
63 and a cutoff threshold for the number of sequential models which are statistically the same.

Thus, building high confidence in our model.

Instead of using an obscure kernel as a prior, which is non-physical, we use the uncertainty
in the existing optimized CEF models which vary in the number of excess terms. The optimized
CEF models are all equally likely to represent the data they were optimized for, resulting in all

prior probabilities being equal. Because the model parameters are optimized in each model and

12
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there are no unknown parameters, the Bayes Factor simplifies to the ratio of likelihoods in what is

known as a likelihood-ratio test>% 63-%6 (eqn 12).

Big=—2(6(M;_1) — £(M}))
eqn 12
The likelihood ratio test is used to compare one model to another in the Bayesian iterative process.
In our iterative approach, we add data then optimize thermodynamic parameters to that data
through the cross-fitting CEF approach, creating several models of varying parameter amounts.
We then utilize BIC to determine the appropriate model for the current dataset in Bayesian iterative
process (e.g during the it" iteration £(M;) utilizes dataset D' to determine the best model for this
iteration). Lastly, we assess whether we have reached our optimal model with the least amount of

data required via the likelihood-ratio test (B;).®”- % When two models would fit the data with the

same trends their likelihoods would be almost identical, i.e B;r = 0.

Because the likelihood ratio test requires consistent data points between the candidate models,
we evaluate both the current model (model i) and the previous model (model i-1) with all available
data (i.e. D). Thus, the i* —1 model is assessed on a data point it has not been optimized on.
When the i-/ model has the same likelihood as the i model even at a TpOX it was not optimized
for, the confidence in the models grows. We follow Kass and Raftery’s®® work and take a value of

| Bzl < 2 to indicate that there is very little evidence of having dissimilar models. We note that
B.r can be negative or positive simply based on which model better describes the dataset. To
ensure confidence in our model, we require several consecutive iterations which achieve |Bjz| < 2

., 1.e. we impose a cutoff value. Too low of a cutoff value may stop the Bayesian iterative process
prematurely, particularly early in the cycle, while too large of a cutoff would cause unnecessary

data collection.

13
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24 Data Sources

This work uses both computational and experimental BSF off-stoichiometry data from our
previous work*? and Bush et al,*’ respectively. Because these data sets have been previously
described in detail, we provide only a brief summary of their collection method and characteristics

to provide context.

DFT calculations were conducted to obtain the energy of Ba, Sr,FeO;_s compositions using
the Vienna Ab Initio Simulation Package (VASP)% 70 with the meta-GGA strongly constrained
and appropriately normed (SCAN)’! exchange/correlation functional and a Hubbard correction’
73 (SCAN+U) U value of 3.1 eV for the Fe d-orbitals, 4. Various & values were achieved via
supercell size variations and meticulous comparison of all vacancy interaction pairs to find the
lowest ground state configuration for each & value considered. In this study, we note we use all
available density functional theory (DFT) data previously gathered and leave the application of the
Bayesian data selection method to DFT data as future work. However, our method could easily be

extended to drive computational data collection as well.

The experimental data consists of 2200 Po, (Bar) Increasing AVG(A8) —
1072 10! 10°  0.025 ;
a) EEEET b)
thermogravimetric (TGA) data points g 1400 ¢ oeote"® 9-020|
® 1200 | $0.015
-
spanning four temperatures (T=400°C, §1000 g ®B88® L
Q
E.soo- 0:990&(;0 0.005
5 o¢
538°C, 747°C, 1100°C), five oxygen = 690~ ©of o 5 |
" L92 g9 uon 2x) 0 50 100
Ad Ba Mol F‘Tac

Data Point

partial pressures (pO,=0.9, 0.29, 0.095, %4

0.03, and 0.01 bar) and five Ba mole 8., ‘.

I1‘ I
01k Il \ 4\ M Al
fractions (x=0, 0.05, 0.10, 0.15, 0.20). o, Ms ! f})z\f\ A Mﬂ;

Ad
Figure 3: a) BSF TGA data provided by Bush et al, b) Range
of Ad values for each TpOX combination of TGA data points
sorted by increasing average Ad, ¢) Normal PDF plots for each
providing 100 TpOX combinations and TpOX data point illustrating increasing uncertainty with
increasing Ad values.

Measurements were taken at each TpOX,

14
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were corrected by 10 background (i.e., “blank run”) measurements. Additionally, the average of
the 10 subtractions for each point was included yielding 11 total subtractions and 1100 datapoints.
The same 100 material measurements and 10 background measurements were repeated, resulting
in a total dataset of 2200 TpOX points. TGA measured the change in 0 (Ad) from a reference
measurement (Jy) at 300°C and pO, = 0.9 bar. The §, value has not been determined experimentally
for this dataset. Figure 3a shows a plot of Ad values at each TpOX. We note that the variance and
range of the measured Ad is correlated with its mean value, with higher values of Ad having more
uncertainty. Figure 3b shows the range of each 100 measured data points sorted by increasing
average Ad value. Figure 3¢ shows the probability density of each 100 measured data points based
on their respective mean and standard deviation created by the 20 total background subtraction

from each measured data point.

3 Results and Discussion

In this section we first report on the performance of the Bayesian approach to selecting a
robust model with the least amount of data required. We then compare our approach to randomly
selected data from the pool of available experimental data points to determine the robustness of
our method. We define the ground truth model as the model that was optimized on the full set of

available experimental TpOX data.

3.1 Iterative Bayesian Algorithm Applied to Example BSF System.

Through the Bayesian data selection process, we assess the predictive confidence of the
current model based on the range of the predicted & value at an unsampled set of TpOX across the
optimized CEF using different numbers of excess terms. We apply this method to the BSF system
with an available pool of 100 unique TpOX data points. The Bayesian method iterates through the

available data points assessing at each iteration which point to add next that would build

15
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confidence in the model. We show an 2 it 013
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Figure 4:a) Sampling TpOX mesh grid illustrating calculated
range in d values across each model. Higher range means
higher uncertainty across all models. b) Top 20% of predicted
d range, c) Likelihood ratio test for Bayesian iterative data
selection process (dashed lines at | Bzl < 2indicate
statistically similar models), d) Likelihood ratio test for model
comparison to ground truth model. Red circles indicate
iterations that resulted in models that match the ground truth
model in number of excess terms and selected excess terms.

the models mostly agree. For ease of
visualization, in Figure 4b, we only display
the data points with the largest (top 20%)
range in 0, thus highlighting the sampling
regions of interest. Once the algorithm has produced a statistically equivalent model multiple times
in a row, based on the cutoff value; the algorithm stops, and a high confidence thermodynamic

model is reached.

For the remainder of this work, we only select TpOX point for which we have existing
experimental data. However, in practice the full range of points would be considered for selection.
Additionally, multiple points from the different hot regions could be selected for simultaneous
experimental evaluation to facilitate data collection. In the selection of multiple points Bayesian
Inference can be used to determine the best choice in multiple points; however, such an

implementation is left to future work.

We initialized the Bayesian iterative process with 12 experimental TpOX points and all
DFT data points. We used every combination of three temperature points (T = 673, 811 & 1373

K) (the required minimum number of temperature points to fit the free energy model given the

16
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constant heat capacity assumption), two oxygen partial pressures (pO, = 0.9 & 0.01 bar) and two
mol fractions (x=0 & 0.2). Based on initial testing, we recommend that the initial T and pO, point
selection include the minimum and maximum conditions experimentally obtainable with the third
T point halfway between the extremes in order to initially sample a wide range of the chemical
potential phase space. The thermodynamic model based on these 12 initial data points is named

iteration 0.

The likelihood-ratio test between subsequent iterations determines when the model is likely
to be accurate and thus sufficient data has been collected. This test is used after each iteration as
the stopping criteria because under experimental scenarios the true thermodynamics are unknown

a priori. Figure 4c shows the likelihood ratios from one iteration to the next out to 50 Bayesian

iterations. Using a convergence criterion of B iy R
1400 ——— O (O i TP
Yerye O 10
five sequential iterations with |Bz| <2, _
X 1200
. he B . f 2 o o
terminates the Bayesian process after 3 , g
4 P B1000- @ @ 8 10" &,
'] o
iteration 36 (48 total data points). As g 0 & x .
G 800 - o
- X 3
demonstrated by the red circles in Figure e @y
M & 600 —— xox @ © {7107
0.4 LRSS 0.2
4c, the models converge to the same excess 0.2 0-1F raction )
AS Ba Mo

terms as the ground truth model. The points Figure 5: Data selected up to Iteration 32 (44 data points).

Circles indicates point selected in Bayesian iterations. X

selected are displayed in Figure 5. We note points indicates initial starting points selected for iteration 0.

that these points do not form an obvious pattern, nor are they seemingly systematic.

Figure 4c also illustrates that overly loose convergence criteria can produce poor results. For
example, a convergence criterion of three sequential iterations with |B;z| < 2, would stop our
algorithm after iteration 3, 15 data points total, but iteration 3’s thermodynamics do not match the

ground truth. We hypothesize that early convergence of the Bayesian iterations is most likely early

17



Journal of Materials Chemistry A

in sampling iterations where the data is most limited. 100 ,
--------- Itteration 3 SrFe03_‘s
= it
Furthermore, we conducted a likelihood ratio test of the 7 90 -
E 85
first 50 models to the ground truth model illustrated in 3 so
2 75
Figure 4d. We find that the same models that met the 5 70}’
C T =1000K
stopping criteria are not statistically different than the 60
120
ground truth model. T 100
O. 80
We compare the accuracy of the predicted g 4
thermodynamics for SrFeO; at iteration 3, 32 and our E 0
¥ 20
ground truth in Figure 6. We select iteration 32 as the point — i

Extent of Reduction (4)
of comparison because it is the first of five in the cutoff Figure 6: Comparison of enthalpy of

. (oH
reduction (%) (top) and entropy of

iterations and, via our likelihood ratio test, the next four . qos .
reduction (%) (bottom) for Bayesian

iteration 3, 32 and ground truth at T =

models after iteration 32 are statistically equivalent. One 000K

can see in Figure 6 that at iteration 3 the thermodynamic results are vastly different from the ground

truth results. Conversely, the thermodynamic model constructed by iteration 32 closely matches

the ground truth model with only a 2 kJ/mol error in reduction enthalpy (%I;) and < 3 J/mol K

: : : as . . :
difference in reduction entropy (%) normalized to mol O. Furthermore, the model from iteration

32 matches the ground truth, both in number of excess terms selected by BIC, g= 2, and the selected
excess terms, L17 and L18. The excess term identity and number selected in iteration 32 — 36
match, and that the optimized parameters are the same order of magnitude and sign. A table of all
optimized parameters from iteration 32 — 36 and the ground truth can be found in the SI, Table
SI-2. We note, the complex linear combination of terms allows for some tradeoff between
parameters B and C in eqn 4 so that they may differ between models and still result in the same

thermodynamic trends. We leave the assessment of state function parameter setup to prevent this
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strict parameter trade off to future work. In this work, careful selection of parameter initialization

values is conducted to prevent inaccurate trade off as described in our previous work.4

The cost effectiveness of running this algorithm directly arises from the algorithm speed,
experimental data collection time, frequency and ability to update the data collection program. In
an unoptimized state, the MATLAB implementation of this method is <2 hours; however, we note
that the code can be further optimized, parallelized, and migrated to a faster language, significantly
accelerating its execution in future versions. The experimental approach requires the synthesis of
materials to investigate compositional changes and the collection non-stoichiometry at T and pO,
points. Amongst these, the synthesis of new materials represents a significant bottleneck, as such,
the ability of our method to pre-select important compositions significantly decreases the number
of expensive synthesis steps. The benefits of selecting T and pO, points will depend on the kinetics
of the materials, where slower reducing/oxidizing materials will benefit more than those with near
instantaneous equilibrium. In general, lower temperature and pO, points are likely to benefit the
most as kinetics are slower. Because the users of this method choose the candidate points the model
select as the most important, they can weigh their relative cost of T, pO,, or X data collection and
adjust the candidate points accordingly. Considering these facts, the <2 hour run time for the
Bayesian scheme heavily outweighs the time needed to synthesize and establish fine mesh grids

of T and pO, for the traditional systematic approach to data collection.

3.2 Bayesian Data Selection Outperforms Random Chance

We test the Bayesian selected data approach to one in which data is randomly selected as
an example where the experimentalist is unsure of the critical points that control the
thermodynamics of the material. We created 20 datasets each starting with the same 12 initial data

points as our Bayesian iterative process and then selected 32 additional data points at random from
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the remaining 88 available. We note that there are almost 1 septillion (10%%) possible combinations
of data points to choose from. Therefore, the probability that an experimentalist would choose the

Bayseian selected data points is effectively 0.

Utilizing the likelihood-ratio test we compare the 20 models optimized to their respective
randomly selected data points to the Bayesian selected dataset, illustrated in Figure 7. In order to
make an appropriate comparison the models must be compared on the same dataset therefore we
calculate the error of all 20 models on the dataset the Bayesian approach selected, D144, We note

the dataset used has no bearing on the comparison, only that the comparison is done on the same

dataset. We find that only one of the twenty models is 80 . & © B o
o} o b
(=]
.. . s 40
statistically the same as the Bayesian selected data model, &
-g 20
i.e |Br| < 2. Thus, the Bayesian approach outperformed 2 0. 9....0 o %
@ 0p-ot®Ii@ooiiiizeniiiifric:
x
95% of the randomly selected data. E"_zo 5
[e}
-40
) 0 5 10 15 20
4 Conclusions Random Sample Model

) ) ] Figure 7: Likelihood-ratio test comparing 20
In this work we successfully implemented a Bayesian models generated from randomly selected
data compared to the Bayesian method

inference approach for model and data selection for sclected data atiteration 32 (44 data points).
reduction thermodynamic analysis. We utilize the Bayesian Information Criterion to identify the
proper dimensionality (i.e. how many excess terms to include, ¢g) of the CEF model. Through an
iterative process, we add data until a cutoff metric is met via the likelihood-ratio test. The data to
be added at each iteration is selected through a Bayesian approach where the TpOX data point
with the highest predicted range in 6 among CEF models with various excess terms is selected.
The aim of the Bayesian approach to data selection is to lower the spread of predicted values over

the entire sample space. We show that through the employment of our Bayesian informed data

selection scheme less than half the experimental data set (44 out of 100 points) is required to reach
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the same thermodynamic results. Importantly, the data selected by the Bayesian method is not
overly represented in the low pO, and high temperature regions. Rather, in its BSF application,
only ~22% of the selected points were in the lowest pO, of the available dataset. Therefore, this
methodology effectively decreases the number of total data points required as well as the number
of difficult data points to sample. We note, however, it this method does not guarantee that no low
pO; points are needed if that is where critical information is located, but it does restrict the number
of datapoints at low pO, to those which are necessary in building a robust model. Furthermore, we
show that the Bayesian informed approach does better than pure random sampling of data as only
5% of the models optimized on 44 randomly selected data points identified the same
thermodynamic trends as the model optimized on the full 100 data points. Overall, implementation
of our method will save significant time in data collection, allowing for more materials to be
investigated and lower research costs. Further, it opens the possibility of a hands-off high-
throughput process for M;O, material selection and design and while we have not directly
interfaced this code with TGA or other data acquisition software, there is no reason that it could

not be easily implemented.
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5 Associated Content

Supporting Information.

Contains list of Redlich-Kister expansion of £ terms. A table of all optimized parameters from
iterations 32 — 36 and the ground truth. MATLAB code for all algorithms and data used can be

found at https://github.com/MuhichLLab/Bays Data Selection.git.
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