Open Access Article. Published on 25 Gorffennaf 2024. Downloaded on 04/12/2025 14:48:50.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

Faraday Discussions

Cite this: Faraday Discuss., 2024, 254, 157

#® ROYAL SOCIETY
P OF CHEMISTRY

Tiled unitary product states for strongly
correlated Hamiltonians

Hugh G. A. Burton

Received 24th March 2024, Accepted 28th March 2024
DOI: 10.1039/d4fd00064a

Approximating the electronic wave function for strongly correlated systems remains
a major theoretical challenge. Emerging quantum computers can enable new types of
wave-function ansatz to be considered, with the potential to overcome the exponential
memory storage for strong correlation. | have recently introduced the tiled Unitary
Product States (tUPS) ansatz, which successfully combines the preservation of particle-
number and spin symmetry with shallow quantum circuits and local qubit connectivity
[H. G. A. Burton, Phys. Rev. Res., 2024, 6, 023300]. In this contribution, | investigate the
accuracy of this tUPS hierarchy for strongly-correlated Hamiltonians. | consider the
picket-fence pairing Hamiltonian and the two-dimensional Hubbard lattice, which
collectively describe a range of strong correlation mechanisms found in molecules.
Numerical results demonstrate that highly accurate energies can be achieved with
a compact approximation for both weak and strong correlation in the Hubbard model,
and the repulsive pairing regime. These data provide valuable insights into the
applicability of the tUPS hierarchy for strong electron correlation.

1 Introduction

Computing the electronic wave function is fundamental to the ab initio prediction
of molecular and materials properties. A single Slater determinant usually
provides a sufficient representation for weakly correlated molecules, allowing the
remaining correlation energy to be computed with many-body methods such as
coupled-cluster theory."> However, for strong electron correlation, we must typi-
cally solve the full configuration interaction (FCI) problem within some active
space of strongly correlated orbitals,® for which the memory cost scales expo-
nentially with the number of correlated electrons.

Quantum computing offers the ability to design new wave-function approxi-
mations that provide high accuracy without an exponentially-scaling memory
cost.** A quantum device stores information using an entangled superposition of
quantum bits (qubits). Using an encoding such as the Jordan-Wigner trans-
formation,”® each qubit can be mapped to the occupation of an individual spin
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orbital, allowing correlated electronic states to be stored with a linearly scaling
number of qubits. Parametrised quantum circuits can then be used to define
a wave-function ansatz, which can be optimised using the variational quantum
eigensolver (VQE).®

To take advantage of quantum devices, we require new wave-function ansatzes
that are suited to the natural operations of quantum computation. Since
a quantum circuit corresponds to a unitary transformation U on the qubit state,
these ansatzes must also be represented in the form [¥) = U|®,), where |®,) is an
initial reference state.® This transformation U must be easy to implement as
a quantum circuit and should ideally conserve the physical symmetries of the
Hamiltonian, e.g., particle number and spin quantum numbers. A variety of
ansatzes have been proposed, including variants of unitary coupled-cluster theory
(UCCQ),> ™ products of fermionic operators based on disentangled UCC,**™*® qubit
coupled cluster,”” geminal-based methods,**** and the hardware-efficient
ansatz.”> However, combining symmetry preservation with efficient quantum
circuits has proved challenging. For example, methods based on hardware-
efficient Pauli operators can break particle-number and spin symmetry,” while
the fermionic-based UCC ansatz requires a Trotter expansion'® and implementing
arbitrary fermionic operators has a relatively high quantum-circuit cost.>***

In ref. 15, I introduced a new wave-function ansatz, the tiled unitary product
state (tUPS), which combines number- and spin-symmetry conservation with
efficient quantum circuits. The tUPS approximation encodes electronic states
using a layered quantum circuit built from a product of spin-adapted one-body
and paired two-body operators that only act between sequential spatial orbitals
in a brickwall arrangement (Fig. 1). The restriction to paired two-body operators
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Fig.1 Circuit structure of the tUPS ansatz.*®* Each qubit encodes the occupation of a spin
orbital and the qubits alternate between high- and low-spin orbitals (e.g., ¢1¢1¢2¢5...).
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and nearest-neighbour connectivity enables shallow quantum circuit imple-
mentations, while convergence to the exact ground state can be achieved with
a sufficient number of layers.'>** By exploiting orbital optimisation and an initial
qubit register with alternating occupied and unoccupied spatial orbitals, the tUPS
hierarchy achieves highly accurate energies for strongly correlated molecules with
a significantly lower quantum-circuit cost than existing fermionic-based
techniques.*®

As a new approximation, the applicability of the tUPS hierarchy for strongly
correlated electronic states has not yet been fully determined. In this work, I aim
to characterise the accuracy of tUPS approximations for strongly correlated model
Hamiltonians, which can be tuned to control the correlation strength and to
introduce different physical interactions. I consider the reduced Bardeen-
Cooper-Schrieffer (BCS) picket-fence Hamiltonian for electron pairing
interactions,?*?° and the two-dimensional Hubbard Hamiltonian, which models
the onset of localised electrons and the metal-insulator transition.*®*' In both
cases, varying the interaction strength allows the transition between weak and
strong correlation to be probed, creating a challenging test bed for electronic
structure techniques. Numerical results indicate that the perfect-pairing tUPS
(pp-tUPS) approach is well-suited to describing strongly correlated electron
localisation and repulsive pairing interactions, which are the predominant
correlation mechanisms in molecular systems.

In Section 2, I review the theoretical structure and properties of the tUPS
approximation. In Section 3, I present numerical calculations for the ground state
of the pairing Hamiltonian and the two-dimensional Hubbard model. The key
conclusions are summarised in Section 4.

2 Theory

2.1 Unitary product states

Since quantum gates correspond to unitary operations, quantum wave-function
approximations can be expressed as a unitary product state (UPS) with the form?®

) =T]0,|%0), 1)

where |®,) is a reference qubit state and pr denotes individual unitary trans-
formations. Usually, U, depends parametrically on some variable. Eqn (1)
encompasses all current variational quantum ansatzes. To obtain practical
approximations in the UPS framework, we require suitable elementary unitary
operators Up to build eqn (1). Ideally, these operators should:

(i) Conserve the physical symmetries of the Hamiltonian H.

(ii) Enable any exact state to be represented.

(iii) Have a compact quantum circuit implementation.

Any U can be expressed as the exponential of an anti-Hermitian operator
exp(4), where A = —A". Therefore, from a quantum chemistry perspective, the
natural choice for elementary operators are exponential anti-Hermitian fermionic
excitation operators exp(tpy...Thy...),'*"> where t,;". is a continuous real-valued
parameter and

IR 3 P
Ty = dydydgd, — h.c. (2)
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These operators automatically conserve the particle-number and Pauli anti-
symmetry. The disentangled unitary coupled-cluster (dUCC) framework shows
that any electronic state can be expressed as a UPS containing all possible anti-
Hermitian fermionic excitations:*

D-1

[¥auce) = HGXP <lﬁ1> |Po), 3)

where D is the Hilbert space dimension, I indexes some set of particle-hole
excitations, and |®,) is a reference HF state. Note that the ordering in eqn (3) is
unspecified. However, this representation is impractical since the number of
parameters is equal to the FCI dimensionality and higher-order many-body
excitations have increasingly expensive circuit representations.*?**

Eqn (3) provides a guide for new approximations that satisfy the desirable
criteria for a practical quantum ansatz. Building on ref. 12, it has been shown in
ref. 25 that exact wave functions can be constructed from a unitary product state

- ﬁexp(l,kw) D) (4)

that contains only spin-adapted one-body operators
kjvlq) - Ept/ - Eq17 ()
and paired two-body operators

%59 = Epg = Eqgps (6)
where Ep, = &;qu + &f&q is the singlet excitation operator.*> These operators are
not restricted to occupied-virtual orbital pairs, and thus correspond to general
ised many-body excitations.'* Here, u; indexes the order of operators (qu

K}(,%’)) which may appear multiple times in eqn (4) with unique continuous
parameters Since & 1) and K(Z) are fermionic operators and commute with 3, and
$?, any truncation of eqn (4) must conserve the particle-number and fermionic
antisymmetry, and spin quantum numbers of the initial state |®,). Furthermore,
any exact state can be represented for M — oo since all fermionic excitation
operators can be expressed as a nested commutator [[[5,&/],*-],-] containing only

i) and %) (see ref. 12 and 25).

2.2 Tiled unitary product states

In practice, the accuracy of ansatzes with the form eqn (4) is highly sensitive to the
choice and ordering of the exponential operators.'>'*?*3* The best ordering is
system specific and currently must be identified with adaptive ansatz optimisa-
tion techniques, such as ADAPT-VQE" or DISCO-VQE.”® Furthermore, while the
quantum-circuit cost of paired two-body operators K}Dq) is constant and small, the
gate count for arbitrary K}iq) grows linearly with p — ¢.>**

To overcome these challenges, I recently introduced the fixed tiled unitary
product state (tUPS) ansatz, which has a well-defined ordering of operators and
a shallow quantum-circuit implementation, preserves particle-number and spin
symmetry, and provides comparable accuracy to adaptive ansatz methods for
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strongly correlated molecules.” The tUPS approximation is defined as a layered
quantum circuit of fermionic operators that act between sequential spatial
orbitals as*

L [ 4 B
A (m) ~(m)
|lp1UPS> = H < H U21)+l.2[) H UZp.Zpl) |®0>’ (7)
m=1 \ p=1 p=1

N-2 N-1
or

2 2
spatial orbitals N. The initial state |@,) corresponds to a single Slater determinant
and the circuit structure is shown in Fig. 1. The operators U%) each contain three

parameters for every layer m, defined as

N-—-1
where A =

N
and B = > or for an even or odd number of

7 ~(1 ~(2 ~(1
Upg’ = exp(0;hip)exp(0;k)exp(g)sksg) ®)

This wave-function structure is closely related to the quantum-number-
preserving ansatz.** However, the definition of f]},’;’) used here contains two one-
body operators rather than one, giving more variational flexibility for strongly
entangled states.” The number of layers L provides a systematic hierarchy that
converges to the exact ground state for L — oo. Furthermore, restricting the many-
body operators to sequential spatial orbitals means that the circuit cost of :%1(,131,13 is
constant with local qubit connectivity.*

Alongside the standard tUPS approach, ref. 15 also introduced an orbital-
optimised variant (0oo-tUPS) that significantly increases the accuracy of shallow
approximations and removes the dependence on the input orbitals. This orbital
optimisation can be implemented with no additional circuit cost by transforming
the one- and two-electron integrals used in the energy evaluation.**>* In ref. 15,
and this work, the orbital optimisation is implemented by applying a series of
one-body unitary operators after the standard tUPS circuit (see ref. 15).

The accuracy of shallow oo-tUPS approximations can be further improved by
modifying the initial qubit register that represents the reference state |®).
Instead of initialising the first Nj.. qubits to |1) and the remaining qubits to |0),
which is analogous to the HF ground state, we can alternate the occupation of

Hartree—Fock Perfect Pairing
Al e
i N o e
“lw L #ipd [
0 {m— —
o o= *1n o 1
0 U43 U43
éad 10 — — 4,010 — —
- = "l -

Fig. 2 Comparison of the Hartree—Fock and perfect-pairing initial qubit registers.
Reproduced from ref. 15.
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Fig. 3 Diagrammatic illustration of the relationship between different variants of the tUPS
approximation.

spatial orbitals to maximise the correlation captured by the first layer of operators
(see Fig. 2).* This variant is called the “perfect-pairing” tUPS (pp-tUPS) approach
since the first half-layer of operators gives a circuit that is analogous to a perfect-
pairing wave function.**** Since the pp-tUPS approach only changes the set of
qubits that are initialised to |1), it has no additional circuit cost. The systematic
hierarchy of tUPS, 0o-tUPS, and pp-tUPS approximations is summarised in Fig. 3.

3 Results

The aim of this work is to characterise the best-case performance of the tUPS
wave-function hierarchy for strongly correlated model Hamiltonians. In partic-
ular, I consider the reduced pairing BCS Hamiltonian and a two-dimensional
Hubbard model. While there can be many local minima on the corresponding
variational energy landscape, we can systematically search for the global
minimum using the basin-hopping global optimisation algorithm.**** A detailed
analysis into the ease of numerical optimisation and the choice of optimiser is left
for future investigations.

3.1 Computational details

Classical global optimisation state-vector simulations of the variational quantum
eigensolver were performed using a custom basin-hopping algorithm**** imple-
mented in a developmental version of the GMIN software,*® following the
procedure outlined in ref. 15. Individual energy optimisations for each basin-
hopping step were performed using the L-BFGS routine (limited memory Broy-
den,*” Fletcher,*® Goldfarb,* Shanno®) with a gradient root-mean-square
convergence threshold of 107> au (arbitrary units). To maximise the efficiency
of this global optimisation, the basin-hopping parallel tempering (BHPT) scheme
was used,> which performs multiple basin-hopping runs using different fictitious
temperatures and allows basin-hopping trajectories to transfer between each
replica. A total of 250 steps per replica were considered using 8 replicas with
fictitious temperatures distributed exponentially between 10~* au and 102 au.
Analytic state energies and gradients (see Appendix A) were computed by
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Fig. 4 Ground-state tUPS energies for the six-site pairing Hamiltonian [egn (9)] with six
electrons. The pp-tUPS state provides high accuracy with L = 1 for the repulsive regime (g
< 0), while all tUPS variants provide comparable accuracy for the attractive regime (g > 0).

representing the Hamiltonian and fermionic operators in the number- and (S,)-
preserving Hilbert space using OpenFermion.*

3.2 Pairing Hamiltonian

I first consider the picket-fence reduced BCS Hamiltonian. Following ref. 53, the
Hamiltonian is defined as

N 1 .t a ENT"ata ta a
H= EZSP (a;ap + a5 a;,) - EZa;a;Taqaq. 9)
P rq

The single particle energies ¢, are equally spaced as ¢, = (p — 1)¢, and the
separation ¢ is used to define the units of energy. The ratio g/e controls the
strength of pairing interactions. In this work, I consider a six-site model with six
electrons.

For g = 0, the ground state reduces to the Hartree-Fock wave function. The
attractive pairing regime (g > 0) leads to a non-degenerate ground state known as
an extreme antisymmetrized geminal power, where each spatial orbital is equally
occupied.* This regime represents pairing interactions that arise in nuclear
structure or the formation of Cooper pairs in superconductivity. In contrast, the

This journal is © The Royal Society of Chemistry 2024 Faraday Discuss., 2024, 254, 157-169 | 163
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Fig. 5 Fraction of the correlation energy for the 6-site pairing Hamiltonian [egn (9)]
captured by each tUPS variant with increasing L in the g < 0 and g > O regimes. At g = 4,
the tUPS and oo-tUPS energies are essentially equivalent.

repulsive pairing regime (g < 0) leads to a highly degenerate ground state that
corresponds to a product of bonding pairs, equivalent to a generalized valence
bond (GVB) state in the dissociated limit.>* While the GVB wave function provides
the exact ground state for g — — o, the intermediate pairing strengths g e [—,
0] require a balance between a HF-like and GVB-like approximation. This regime
provides a model for covalent bonds at intermediate stretching distances, which
are typically the most strongly correlated points on a potential energy surface.**

The ground-state energies obtained using each tUPS variant are shown in
Fig. 4. Every tUPS approximation lowers the energy with respect to the HF state,
with a greater improvement for the oo- and pp-tUPS approximations. The pp-tUPS
and 0o-tUPS approaches provide minimal improvement over the standard tUPS
approximation in the attractive regime g > 0, with L = 3 required to reach near-
exact energies using all variants. In contrast, for the repulsive regime (g < 0),
the pp-tUPS state is essentially exact with L = 1, while the oo-tUPS and tUPS
approximations require L = 2 and 3, respectively, to provide comparable accuracy.

The contrasting accuracy for the repulsive and attractive regimes is high-
lighted in Fig. 5, where the amount of correlation energy captured as the number
of layers increases is compared for g = —6¢ (solid) and 4¢ (dashed). For g = —6¢,
the pp-tUPS approach captures a remarkable 96.2% of the correlation energy with
L =1, and 99.5% with L = 2. These data demonstrate the ability of the pp-tUPS
approximation to efficiently represent a product of strongly-coupled electron
pairs, which is the prevailing correlation mechanism in molecular dissociation.>*

3.3 Two-dimensional Hubbard model

The Hubbard model is an archetypal example of strong electron correlation and
has been extensively used to test the performance of many-body approximations.
The Hamiltonian is parametrised in terms of the one-body hopping ¢ between
connected sites and the on-site electron repulsion U as

H =1y (aa, +d5'az) + U ald;"asay, (10)
(p.a) P
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Fig. 6 Structure of the non-periodic square 3 x 2 Hubbard lattice.

U/t

00-tUPS .
2F L=1 ’¢' ]
0 —L=2 - 1
_2; —L=3 . :

U/t
A

U/t

U/t

Fig.7 Ground-state tUPS energies for the 3 x 2 Hubbard Hamiltonian [egn (10)]. The pp-
tUPS state provides high accuracy with L = 1 across all correlation strengths U/t.

where ), .y denotes a sum over connected sites (excluding p = g). Expressing
energies in units of ¢, the dimensionless ratio U/t determines the electron
correlation strength. For U/t = 0, the Hamiltonian only contains one-body inter-
actions and the delocalised HF ground state is exact. In the strongly-correlated U/t
— oo limit at half filling, the electrons become localised on individual sites and
the exact ground state is antiferromagnetic.** The onset of this strong correlation
is analogous to breaking multiple chemical bonds simultaneously and provides
a model for metal-insulator transitions in condensed matter systems.
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Fig. 8 Fraction of the correlation energy for the 3 x 2 Hubbard Hamiltonian [egn (10)]
captured by the different tUPS variants with increasing L in the weakly and strongly
correlated regimes.

Here, I consider a non-periodic square two-dimensional 3 x 2 Hubbard lattice
with six electrons, as illustrated in Fig. 6. Ground-state energies computed with
the various tUPS formalisms are shown in Fig. 7, alongside the HF and exact
energies. For the standard tUPS approximation, we see that the accuracy
progressively improves as the number of layers is increased, but there is still an
appreciable error for L = 3. In contrast, incorporating orbital optimisation in the
00-tUPS approach leads to near-exact results for L = 2. Finally, the pp-tUPS
approximation with L = 1 provides very accurate energies for all U/t considered
here, demonstrating its ability to efficiently capture the strongly correlated anti-
ferromagnetic ground state.

In Fig. 8, I compare the systematic improvement of tUPS variants with an
increasing number of layers for the weakly and strongly correlated regimes with
U = 1t and 10¢t, respectively. Notably, the oo-tUPS and pp-tUPS formalisms
become more efficient at capturing the correlation energy for large U/¢t, while the
standard tUPS approximation is less efficient. This feature demonstrates the
significant advantage of incorporating orbital optimisation in the wave-function
approximation. Remarkably, at U = 10¢, the pp-tUPS approach captures 97.3%
of the correlation energy with L = 1, which rises to 99.5% with L = 2. These data
highlight that the pp-tUPS approximation is well-suited to capturing strong
correlation associated with electron localisation, as found in Mott insulators and
dissociated hydrogen clusters.

4 Concluding remarks

In this work, I have investigated the performance of the tUPS ansatz hierarchy for
the strongly correlated pairing and Hubbard Hamiltonians. The pp-tUPS
approximation provides quantitative accuracy for repulsive pairing interactions
and strong electron localisation with remarkably shallow quantum circuits, in
agreement with previous results for molecular systems.'* Furthermore, these
results reinforce the advantages of orbital optimisation for maximising the
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accuracy of shallow quantum circuits. On the other hand, the tUPS ansatz hier-
archy performs relatively poorly for the attractive pairing Hamiltonian. We can
expect geminal-based methods to be more suitable in these scenarios.**** This
observation indicates that the tUPS hierarchy is not universally accurate for any
quantum system, but it is tailored to the dominant electronic interactions in
molecular systems.

Finally, the two current computational studies on the tUPS ansatz hierarchy
(this work and ref. 15) have only considered the best energy that can be achieved.
The practical applicability of these high-accuracy wave functions will depend
critically on the efficiency of numerical optimisation. It is known that variational
quantum algorithms can have many local minima and slow numerical
convergence.'***® Assessing the presence or severity of these issues for the tUPS
hierarchy is therefore a priority for future investigations.
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Appendix A
Analytic energy and gradient expressions

Consider a wave function defined with an ordered set of M operators u and
continuous parameters ¢ as

w) = [ lan). (1)

The variational energy is given by the expectation value

E = <(p0|e%wf<u,u...eﬁlm[f[eflf?ul coeetMRuy | @) - (12)

All variants of the tUPS ansatz can be expressed in this form. Since only real-
valued operators, Hamiltonians, and coordinates are considered, the analytic
energy gradients are given by

% _ 2<’I'|19<H€"k”’)f<w ( H em,) |®0) . (13)

=1 1=J+1

These gradient expressions can be efficiently evaluated using the algorithm
described in the ESI of ref. 14.
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