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Using systematic numerical simulations, we study the self-assembly of elongated curved nanoparti-
cles on lipid vesicles. Our simulations are based on molecular dynamics of a coarse-grained implicit-
solvent model of self-assembled lipid membranes with a Langevin thermostat. Here we consider
only the case wherein nanoparticle-nanoparticle interaction is repulsive, only the concave surface of
the nanoparticle interacts attractively with the lipid head groups and only the outer surface of the
vesicle is exposed to the nanoparticles. Upon their adhesion on the vesicle, the curved nanoparticles
generate local curvature on the membrane. The resulting nanoparticles-generated membrane curva-
ture leads in turn to the nanoparticles self-assembly into two main types of aggregates corresponding
to chain aggregates at low adhesion strengths and aster aggregates at high adhesion strength. The
chain-like aggregates are due to the fact that at low values of the adhesion strength, the nanoparti-
cles prefer to lie parallel to each other. As the adhesion strength is increased, a splay angle between
the nanoparticles is induced with a magnitude that increases with increasing adhesion strength.
The origin of the splay angles between the nanoparticles is shown to be saddle-like membrane de-
formations induced by a tilt of the lipids around the nanoparticles. This phenomenon of membrane
mediated self-assembly of anisotropically curved nanoparticles is explored for systems with varying
nanoparticles number densities, adhesion strength, and nanoparticles intrinsic curvature.

I. INTRODUCTION

Matrix assisted assembly of nanomaterials can be
achieved through their mixing with liquid crystals [1],
block copolymers [2], or simply as a result of their ag-
gregation at fluid-fluid interfaces [3]. The self-assembly
of colloidal and nanoscale particles at fluid-fluid inter-
faces, in particular, is driven by the wetting properties of
the particle at the interface, which is controlled in part
by the interfacial tension of the coexisting fluids. Stable
self-assemblies of small nanoparticles at fluid-fluid inter-
faces tend however to be dynamic and lack long-range
order [4]. Lipid membranes are a different class of fluid
surfaces which are, unlike other self-assembling media,
highly flexible quasi-two-dimensional fluids, with their
mechanics and thermodynamics being controlled by their
bending energy since they are typically tensionless. They
can readily deform to accommodate an adsorbed colloidal
or nanoscale particle to a shape determined by the inter-
play between the adhesion of the particle on the lipid
membrane and its curvature energy. Lipid membranes
naturally serves as a medium for the assembly of a vari-
ety of biomolecules, including caveolin [5] and clathrin [6]
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and the Bin-Amphyphysin-Rvs (BAR) domain family of
proteins [7–9].

Nanoparticles have many promising biomedical appli-
cations in biosensing [10], medical imaging [11], gene
therapy [12], and treatment of cancer [13]. Meanwhile,
there is an increasing concern in regard to the poten-
tial toxic effects of some nanoparticles on living organ-
isms [14]. As a result, many studies have been conducted
to investigate the interactions between single nanoscale
particles with lipid membranes [15–20]. The pioneering
work of Koltover et al. [21] demonstrated that 300 nm-
900 nm spherical latex beads, which are adsorbed on gi-
ant unilamellar vesicles, self-assemble into linear chains
or close-packed hexagonal structures. Saric and Cacci-
uto showed, using coarse-grained simulations of trian-
gulated membranes, that the induced membrane curva-
ture due to adhesion of spherical nanoparticles leads to
their self-assembly into linear or hexagonally-packed ag-
gregates [22]. Studies of the self-assembly of anisotropic
nanoparticles on lipid membranes are however lacking.

In this article, we present a computational investi-
gation of the interaction between elongated ad curved
nanoparticles and lipid membranes and the ensuing
self-assembly of the nanoparticles on the biomembrane.
Specifically, we focus on elongated nanoparticles with a
shape of a solid arc and square cross-section and with
the inner face of the nanoparticle that interacts attrac-
tively with the lipid head groups. We will show that these
nanoparticles create distinct self-assemblies that depend
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FIG. 1: Schematic representation of a longitudinal slice of an
elongated nanoparticle along the xz-plane. Purple (n) beads
interact attractively with the lipid head beads, while the green
(p) beads interact repulsively with the lipid head beads. Both
n and p beads interact repulsively with the lipid tail beads.
A spontaneous curvature of the nanoparticle is induced by
setting the preferred inter-particle separations to a1 < a2 <
a3 < a4. A transverse slice of the nanoparticle along the yz-
plane, shown by the dashed line, is displayed in the bottom
right. Bond lengths in this plane are set to a0.

on the adhesion strength. At low values of the adhesion
strength, the nanoparticles arrange side-by-side creating
linear chains. At high values of the adhesion strength,
however, the nanoparticles self-assemble into aster clus-
ters. These aster-shaped clusters can from a meshwork
with triangular symmetry at large enough concentrations
of nanoparticles.

II. MODEL

A mesoscale implicit-solvent model for lipid mem-
branes is used here to study the self-assembly of

anisotropically curved nanoparticles on lipid vesicles [23].
In this model, each lipid is coarse-grained into a semi-
flexible linear chain composed of one head (h) bead and
two (t) tail beads. Since the solvent in this model is im-
plicit, the hydrophobic interactions that lead to the self-
assembly of lipids is effectively accounted for by making
t− t interactions attractive.

As shown schematically in Fig. 1, each nanoparticle
is modeled as a composite of two types of beads. The
beads of the bottom layer (concave surface), labeled n,
interact attractively with the lipid head beads while the
remaining beads in the nanoparticle, labeled p, interact
repulsively with the lipid beads. This favours the adhe-
sion of the bottom layer of the nanoparticle on the lipid
bilayer, as shown in Fig. 1. Within a nanoparticle, the
beads are arranged in a distorted simple cubic lattice and
nearest neighbour beads are linked by harmonic springs.
The desired curvature of the nanoparticle is ensured by
setting the rest length of the bonds a1, a2, a3, and a4 as
shown in the Fig. 1.

The potential energy of the system is given by,

U ({ri}) =
∑
i,j

U
αiαj

0 (rij) +
∑
i

∑
j∈Ωi

U
αiαj

bond (rij)

+
∑
i

∑
k∈Ωi

∑
l∈Ωi

Uαi

bend (rik, ril) , (1)

where ri is the position of bead i and rij = |ri − rj |.
The type of bead i, αi = h, t, n and p for a lipid head
bead, lipid tail bead, a nanoparticle bottom layer bead,
or other beads in the nanoparticle respectively. Ωi is the
set of beads bonded to bead i. In Eq. (1), Uαiαj

0 is a soft
two-body interaction between beads i and j and is given
by,

U
αiαj

0 (r) =


(Uαiαj

max − Uαiαj

min ) (rm−r)2
r2m

+ U
αiαj

min if r ≤ rm,
−2Uαiαj

min
(rc−r)3

(rc−rm)3 + 3Uαiαj

min
(rc−r)2

(rc−rm)2 if rm < r ≤ rc,
0 if r > rc,

(2)

where Uαβmax > 0 for any pair (α, β). A negative value of
Uαβmin implies a short-range attraction between two beads
of types α and β at intermediate distances. Except for
(α, β) = (t, t) or (α, β) = (h, n), Uαβmin = 0 for any other
interacting pair. A negative U ttmin allows for the self-
assembly of the lipid molecules into thermodynamically
stable bilayers [23, 24], and a negative Uhnmin allows the

nanoparticles to adhere to the lipid bilayer.
Beads that belong to a single lipid molecule or a

nanoparticle are linked through Uαβbond given by

U
αiαj

bond (rij) =
k
αiαj

bond

2
(rij − aαiαj )2, (3)

where k
αiαj

bond and aαiαj are the stiffness and preferred
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length of bond αi-αj , respectively.
In Eq. (1), Uαbend is the three-body interaction potential

energy which provides stiffness to the lipids and nanopar-
ticles and is given by,

Uαiαkαl

bend (rik, rkl) =
kαiαkαl

bend

2
(
cos θ0

αiαkαl
− r̂ik · r̂kl

)2
,

(4)
where kαiαkαl

bend and θ0
αiαkαl

are the bending stiffness of a
triplet (αi, αk, αl) and its preferred splay angle, respec-
tively.

In the present study, we set the interaction parame-
ters U ttmin = −6ε and Unhmin = −ξ. Otherwise, we set
U
αiαj

min = 0. We also set U ttmax = Unhmax = 200ε. Oth-
erwise, Uαiαj

max = 100ε. For pairs of beads belonging to
the same nanoparticle, we set Unnmin = Uppmin = Uppmin = 0,
and Unnmax = Uppmax = Uppmax = 0. In order to prevent the
nanoparticles from aggregating in the absence of lipid
membranes, interactions between two beads belonging
to different nanoparticles are fully repulsive. For these
pairs of beads, we set Unnmin = Uppmin = Uppmin = 0 and
Unnmax = Uppmax = Uppmax = 100ε.

TABLE I: Tangential bond lengths a1, a2, a3 and a4 for the
case of Rc = 11rm and Rc = 7.5rm.

Rc = 7.5rm Rc = 11rm
a1/rm 0.70 0.75
a2/rm 0.85 0.83
a3/rm 1.00 0.92
a4/rm 1.15 1.00

The elastic coefficients of the two-body and three-body
interactions for the lipids are set to khtbond = kttbond =
100ε/r2

m and khttbend = 100ε, respectively. The rest bond
length for the lipids is set to aht = att = 0.7rm and the
preferred splay angle of a lipid chain is set to θ0

htt = 180o.
Each nanoparticle is made of 480 beads arranged in

a distorted simple cubic lattice, having four layers each
composed of 30×4 beads (see Fig. 1). Each bead is linked
to its nearest neighbours by the bonding potential Uppbond,
Unpbond or Unnbond in Eq. (3). The rigidity of the nanoparti-
cle is maintained by the three-body potential Ubend with
the angle θ0

αiαjαk
= 90o if i and k in the triplet are next

nearest neighbours and θ0
αiαjαk

= 180o if i, j and k are
collinear. In order to induce a radius of curvature Rc in
the nanoparticle, the preferred bond lengths a along the
longitudinal direction are set to values given in Table. I
(see Fig. 1). Along the two other directions, the bond
length is set to a0 = 1.0rm (see Fig. 1). The elastic coef-
ficients of the two-body and three-body interactions for
the lipids are set to knnbond = kppbond = knpbond = 1000ε/r2

m

and kpppbend = kppnbend = knnpbend = knunbend = 1000ε, respectively.
The desired radius of curvature, Rc, of the nanoparticle is
set by the combined effects of the bending potential and
the variation in bond length along the radial direction.

Beads are moved using a molecular dynamics scheme
with a Langevin thermostat [25]:

ṙi(t) = vi(t), and
mv̇i(t) = −∇iU ({ri})− Γvi(t) + σΞi(t), (5)

where m is the mass of a each bead (same for all beads),
Γ is a bead’s friction coefficient, and σΞi(t) is a random
force originating from the heat bath. Ξi(t) obeys

〈Ξi(t)〉 = 0, (6)

〈Ξ(µ)
i (t) Ξ(ν)

j (t′)〉 = δµνδijδ (t− t′) , (7)

with µ, ν = x, y, or z. The dissipative and random
forces are interrelated through the dissipation-fluctuation
theorem, which leads to the relationship

Γ = σ2/2kBT. (8)

The equations of motion are numerically integrated
using the velocity-Verlet algorithm with Γ =

√
6m/τ

where the timescale τ = rm(m/ε)1/2 with rm and ε be-
ing used as scales for length and energy respectively. To
ensure that systems reach thermal equilibrium, the sim-
ulations were run for at least 107∆t, with the time step
∆t = 0.01τ . The simulations are run at kBT = 3ε, a tem-
perature at which the bilayer is in the fluid phase [24].
The vesicles in the simulations are composed of 180 000
lipids, corresponding to a diameter of 130 rm.

III. MEMBRANE-MEDIATED INTERACTION
BETWEEN NANOPARTICLES

In order to understand the effect of lipid membranes on
the effective interactions between anisotropically curved
nanoparticles, we first performed simulations of two and
three nanoparticles with intrinsic radius of curvature
Rc = 11rm on vesicles of diameter 130 rm and for ad-
hesion strengths ξ = 1.0ε, 2ε, 3.0ε, 4.0ε, 5.0ε, and 6.0ε.
In these simulations, to conserve time, the two or three
nanoparticles are initially placed parallel to each other.
Similar results are obtained when placed relatively far
from each other. Resulting equilibrium configurations to-
gether with distributions of the splay angle, φ, between
the nanoparticles are shown in Figs. 2(a) and (c). This
figure shows that for ξ = 1.0ε, the two nanoparticles
lie side-by-side and are very close to each other. For
ξ = 2.0 and 3.0ε also, the nanoparticles are parallel to
each other, but are not as close to each other as in the
case of ξ = 1.0ε. The angle distribution for the case of
ξ = 1.0ε (purple line in Fig. 2(b)) is very narrow and is
peaked at a very small splay angle, φ ≈ 3o. However, the
peak position is higher for ξ = 2ε and 3ε, and the width
of the distribution increases with increasing the adhesion
strength. This is evident in the corresponding distribu-
tions (black and red lines) in Figs. 2(b) and (d) which are
peaked at a small angle around φmax = 5o. The width
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FIG. 2: (a) Equilibrium snapshots of lipid vesicles with two anisotropic nanoparticles having an intrinsic radius of curvature
Rc = 11rm at adhesion strength ξ ranging between 1.0ε and 6.0ε. Green beads represent the nanoparticle and the red beads
indicate the lipid head groups. (b) Splay angle distributions between two nanoparticles. Purple curve corresponds to ξ = 1.0ε,
red curve corresponds to ξ = 2.0ε, black curve corresponds to ξ = 3.0ε, green curve corresponds to ξ = 4.0ε, blue curve
corresponds to ξ = 5.0ε, and the orange curve corresponds to ξ = 6.0ε. (c) Same as in (a) but for three nanoparticles. (d)
Same as in (b) for three nanoparticles with same colour coding.

of the distribution for ξ = 3.0ε is however higher than
that for 2.0ε, implying that there is a tendency of the
nanoparticles to splay from each other with increasing ξ.
For ξ ≥ 4.0ε, the nanoparticles are clearly splayed from
each as evident from both configurations and splay angle
distributions with the preferred splay angle that increases
with increasing the adhesion strength. It is noted that
the splay angle between the nanoparticles is the result
of membrane curvature mediated interactions and, for
relatively high adhesion strength, it is influenced by the
presence of other neighbouring nanoparticles as demon-
strated by the configurations in Fig. 2(b) and the dis-
tributions of Fig. 2(d) which are broader and shifted for
ξ = 4.0 and 5.0ε. This implies that at high adhesion
strength, effective membrane-induced many-body inter-
actions between the nanoparticles play an important role
on their self-assembly.

We now turn to the question why a splay between the
nanoparticles is induced at high adhesion strength. Since
these conformations arise due to membrane mediated in-
teractions a better understanding of the nature of mem-

brane deformation induced by nanoparticles is necessary.
We therefore performed simulations of a single nanopar-
ticle with Rc = 11rm on a planar lipid bilayers for values
of the adhesion strength varying between 1.0ε and 5.0ε.
For all values of the adhesion strength considered here,
the bilayer conforms to the curvature of the nanoparti-
cle along its longitudinal direction. Profiles of the lipid
bilayer at the plane transversally bisecting the nanopar-
ticle at the midsection (dashed plane according to Fig. 1)
are shown in Fig. 3 (c) and (d) at ξ = 2.0ε and ξ = 5.0ε,
respectively. This figure clearly shows that for ξ = 2.0ε,
the bilayer is not curved along the midsection plane of
the nanoparticle. This implies that the nanoparticle lo-
cally induce positive mean curvature and zero Gaussian
curvature of the bilayer. In contrast, for ξ = 5ε, the bi-
layer is negatively curved in the midsection plane, while
it is positively curved along the longitudinal direction.
As a result, the nanoparticle locally induce a saddle pro-
file of the lipid bilayer. This induced saddle region in
the lipid bilayer must be due to the increased interaction
between the lipid head groups and the bottom layer of
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FIG. 3: (a) The cross section of a nanoparticle on a lipid bi-
layer. The yellow line represents the distance D of a lipid head
particle from the median vertical plane bisecting the nanopar-
ticle (shown by the black dashed line). The green vector is
normal to the median plane and the orange vector is a typ-
ical head-to-tail vector for the lipid, with θ being the angle
between them. (b) | cos(θ)| vs D in the case of a nanopar-
ticle with Rc=11rm bound to a 59rm × 59rm lipid bilayer
containing 10 000 lipids with constant lipid number density
of ρ = 3.20r−2

m . Only lipids in the top leaflet of the mem-
brane and within a cutoff distance of 5rm from the bottom
layer of the nanoparticle are considered. In (b), curves from
bottom to top, correspond to ξ=1.0ε, 1.5ε, 2.0ε, 2.5ε, 3.0ε,
4.0ε, and 5.0ε, respectively. (c) and (d) The height profile of
the lipid bilayer, at the mid-section of the bound nanopar-
ticle (yz-plane in Fig. 1) for the cases of ξ = 2.0ε and 5.0ε,
respectively.

the nanoparticle.
The induced negative curvature of the bilayer in the

midsection is further quantified by the relationship be-
tween the tilt of the lipids, defined as the angle be-
tween the horizontal and the end-to-end vector of a lipid,
and their distance from the nanoparticle in the proximal
leaflet at the midsection plane, as illustrated in Fig. 3(a).
Fig. 3(b) shows that for ξ = 1.0ε and 1.5ε, | cos θ| ≈ 0.17
implying an angle θ ≈ 80o, independent of the distance
between the lipids and the nanoparticle, which corre-
spond to the horizontal membrane profile at the mid-
section plane of the nanoparticle, as clearly indicated
by Fig. 3(c). This favours a side-by-side configuration,
of the two nanoparticles. The low but finite values of
| cos θ| at these low adhesion strengths are due to ther-
mal fluctuations. As the adhesion strength is increased,
the | cos θ| distribution shows a clear peak with the peak
position shifting to the right. This clearly shows that the
lipid tilt increases with increasing the adhesion strength
and is maximum at the boundary of the nano particle.
The resulting induced saddle deformation in the bilayer
makes it difficult for another nanoparticle to be close and
parallel to each other.

!!"!("# !!"!$"#!!"!&"#

FIG. 4: Snapshots of 100 nanoparticles with intrinsic radius
of curvature Rc = 11rm on a vesicles with diameter 130rm.
Snapshots from left to right correspond to ξ = 1.0ε, 4.0ε, and
6.0ε respectively. In the case of ξ = 1.0ε, few nanoparticles are
not bound to the vesicle or adheres sidewise to the membrane.
This is due to the fact that the long chain clusters induce ten-
sion on the membrane which prevents the nanoparticles from
generating local curvature and full binding. These nanoparti-
cle will eventually fully bind after their diffusion to the ends
of the chain clusters which are curvature friendly regions.

IV. SELF-ASSEMBLY

In order to investigate the nature of aggregation of
the nanoparticles on a vesicle, we performed an extensive
amount of simulations with 100, and 200 nanoparticles of
radius of curvature Rc = 11rm, on vesicles with diameter
of 130 rm. In the initial configurations, the nanoparti-
cles are positioned and oriented randomly very close to
the spherical lipid vesicles. In Fig. 4, snapshots are
shown for the case of 100 nanoparticles with ξ = 2.0ε,
4.0ε and 6.0ε. This figure clearly shows that the adhe-
sion strength strongly affects the nature of self-assembly
of the nanoparticles. At low values of adhesion strength
(ξ = 2.0ε), the nanoparticles are self-assembled in lin-
ear chains while in the case of high values of adhesion
strength (ξ = 4.0ε and 6.0ε), the nanoparticles are ar-
ranged into asters with the average number of nanopar-
ticles per aster increasing with ξ. These are in excel-
lent agreement with the results presented above for two
and three nanoparticles. The clear bulges, between the
nanoparticles, in the vesicle for the case of ξ = 6.0ε are
due to the saddle regions in the membrane created by the
nanoparticles at high adhesion strength (see Fig. 3).

Effect of Nanoparticles Number Density on their Self-
Assembly: We now turn to exploring the effect of the
surface number density of the nanoparticles on their
membrane-mediated self-assembly. Fig. 5 shows configu-
rations of vesicles with N = 100 and 200 nanoparticles
at ξ = 2.0ε and 6.0ε. In the case of ξ = 2.0ε, chain-
like aggregates are the dominant form of self-assembly.
For N = 200, the chains intersect at triangular vertices
and the average chain segment size is smaller than that
for N = 100. These triangular clusters are defects that
arise at high nanoparticles densities due to geometrical
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FIG. 5: Equilibrium snapshots of lipid vesicles with 100, and
200 nanoparticles (left to right) and intrinsic radius of curva-
ture Rc = 11rm, and at adhesion strengths ξ = 1.0ε (top row)
and 6.0ε (bottom row).

constraints induced by the finite spherical surface.
For ξ = 6.0ε, the splay angles between neighbour-

ing nanoparticles for the case of N = 100 are clearly
larger in average that those for the case of N = 200. In
fact, for N = 200, most of the the splay angles between
neighbouring particles are about 60o, which is a result
of the fact that a large number of nanoparticles cannot
be self-assembled onto the vesicle with large splay an-
gles as in the case of N = 100. The asters for the case
of N = 200 have a somewhat hexagonal symmetry and
form a meshwork spanning the whole vesicle. In this
case, even though ξ = 6.0ε is high, crowding effects lead
some nanoparticles to be arranged side-by-side, a situa-
tion that does not occur at low number density is low
(N = 100).

Effect of Nanoparticle Curvature: We extended our
study to also investigate the effect of the nanoparticles
intrinsic radius of curvature, Rc. In Fig. 6, equilibrium
configurations of vesicles with N = 200 nanoparticles for
Rc = 7.5rm and 11rm are shown for ξ = 1.0ε, 2.0ε and
6.0ε. This figure shows that the weakly curved nanopar-
ticles (Rc = 11rm) are all bound to the membrane and
self-assembled into chains at ξ = 1.0ε. In contrast, none
of the highly curved (Rc = 7.5rm) nanoparticles are not
fully bound to the vesicle and few are only adsorbed to
the vesicle by their two ends. This is due to the fact
for Rc = 7.5rm and at low values of ξ, the gain in free
energy through full adhesion of the nanoparticles to the
vesicle is not enough to compensate for the loss in energy
resulting from bending the lipid bilayer. At ξ = 2.0ε, the
weakly curved nanoparticles (Rc = 11rm) self-assemble
into chains, albeit with an average size that is shorter
than that for ξ = 1.0ε. The highly curved nanoparti-
cles, at the same adhesion strength, however are self-
assembled into chains that are in average longer than for

FIG. 6: Equilibrium snapshots 200 nanoparticles with intrin-
sic radius of curvature Rc = 11rm (top row) or Rc = 7.5rm

(bottom row) and adhesion strengths ξ = 1.0ε (left column),
2.0ε (center column) and 5.0ε (right column).

the case ofRc = 11rm at ξ = 1.0ε. It is interesting to note
that few of the highly curved nanoparticles at ξ = 2.0ε
are merely adsorbed by their two ends. These monomeric
nanoparticles cannot easily fully bind to their inability to
generate local curvature of the membrane because of the
tension induced on the membrane by the long fully bound
chains.

V. CONCLUSION

In conclusion, we presented in this article a large
scale study of the self-assembly of anisotropically curved
nanoparticles on lipid vesicles via coarse-grained molec-
ular dynamics simulations of an implicit-solvent model.
Our simulations show that the curved nanoparticles are
able to generate a local curvature of the membrane which
then mediates their self-assembly into either chains or
asters. Chains, in which the nanoparticles are arranged
side-by-side are formed at weak adhesion strength. As
the adhesion strength increases, the nanoparticles induce
saddle curvature deformations on the membrane which
results in aster aggregates to emerge. At high surface
densities of the nanoparticles the effect of tension, in-
duced by binding of the curvature-generating nanoparti-
cles, also affect the binding affinity of the particles and
plays a role in determining the type of self-assembly. In
particular, the aster clusters tend to be isolated and have
a small number of arms for small densities, while at high
densities, the asters form a meshwork with hexagonal
symmetry. We hope that the present study will incite
future experiments on the self-assembly of anisotropi-
cally curved nanoparticles on lipid membranes. Crescent-
shaped gold nanoparticles [26–28] with appropriate func-
tionalization should be a good candidate to perform such
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