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A wide range of proteins are known to create shape transformations of biological membranes, where
the remodelling is a coupling between the energetic costs from deforming the membrane, the
recruitment of proteins that induce a local spontaneous curvature Cq and the diffusion of proteins along
the membrane. We propose a minimal mathematical model that accounts for these processes to describe
the diffuso-kinetic dynamics of membrane budding processes. By deploying numerical simulations we map
out the membrane shapes, the time for vesicle formation and the vesicle size as a function of the
dimensionless kinetic recruitment parameter K; and the proteins sensitivity to mean curvature. We derive a
time for scission that follows a power law ~K 3, a consequence of the interplay between the spreading
of proteins by diffusion and the kinetic-limited increase of the protein density on the membrane. We also
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DOI: 10.1039/d0sm01028f find a scaling law for the vesicle size ~1/(G,,Co). With &, the average protein density in the vesicle, which is

confirmed in the numerical simulations. Rescaling all the membrane profiles at the time of vesicle formation
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1 Introduction

In a wide range of cellular processes, membrane shape remo-
deling due to the association and dissociation of proteins plays
a fundamental role, e.g., endo- and exocytosis," virus assembly?
and the formation of intracellular compartments.® The presence
of proteins on the membrane leads to changes in biomechanical
properties such as bending rigidity," diffusion coefficient of
proteins™® and membrane curvature. The molecular machinery
associated with curvature-inducing processes is often complex”®
and while some involve active motor proteins,”™' there is a
multitude of proteins that are able to passively induce membrane
shape transformations.*'> The biophysical mechanisms that
induce membrane curvature include the insertion of amphipathic
helixes into the bilayer,"”® producing an area difference between
the inner and outer membrane leaflet through the binding of
large proteins to one membrane side'**® or protein crowding.'®"”
Thus, the net effect of any asymmetry between the leaflets of the
bilayer due to anchoring inclusions or steric pressure can be
represented by the spontaneous curvature.'®

Reconstituted and synthetic vesicles are essential model
systems that help to reveal the fundamental biophysical

“ Mechanics Division, Department of Mathematics, University of Oslo, 0316 Oslo,
Norway. E-mail: acarlson@math.uio.no

b Department of Mechanical and Aerospace Engineering, University of California,
San Diego, CA 92093, USA

t Electronic supplementary information (ESI) available. See DOI: 10.1039/

d0sm01028f

This journal is © The Royal Society of Chemistry 2020

highlights that the membrane adopts a self-similar shape.

mechanisms by which proteins are able to induce membrane
shape transformations.’®>' For instance, experiments have
demonstrated that the formation of tubular structures is directly
correlated with the protein density on the membrane®® and that
protein crowding correlates with the formation and abscission of
vesicles."”” Moreover, it has been shown experimentally that the
local membrane curvature and the resulting membrane shape is
coupled to the concentration of curvature-inducing macromole-
cules. For example, tubular structures that are formed by anchoring
polymers, shrink as diffusion reduces the local polymer density.>

A typical membrane remodeling process starts from a
flat surface and develops into a deformed membrane with
the shape of a bud, vesicle or tubule®*** as proteins are
locally recruited to the membrane surface and induce a spon-
taneous curvature.”**> Membrane deformation is thus driven
by a gradual recruitment and accumulation of membrane-
associated proteins and changes in physical properties over
time,® suggesting that in order to derive a theoretical descrip-
tion of the dynamic evolution of a membrane shape we must
include the recruitment of curvature-inducing proteins.

Over the years, numerous theoretical studies have been
dedicated to describe a wide range of mechanisms that
play a vital role in various cellular processes, i.e. diffusion of
transmembrane proteins,*® protein crowding®’>° and sponta-
neous curvature induced by macromolecules such as polymers
and proteins.'®?*3°32 More complex theoretical models also
include the viscous dissipation generated as the proteins move
on the lipid bilayer,**** as well as non-local hydrodynamics
where the entire flow field is resolved.**™”
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Since the thickness of a lipid bilayer is much smaller than
the typical length scale of membrane deformations, it is
common to treat biomembranes as elastic thin sheets.**™*!
Similarly, the size of an individual protein is at least an order
of magnitude smaller than the extension of a membrane
bud or vesicle, which justifies to describe the proteins as
a continuous field. Previous theoretical studies have investi-
gated various aspects of membrane deformation generated by
concentration-dependent spontaneous curvature, considering
either a static protein distribution on the membrane**™® or
including diffusion dynamics.?**%** In addition, a theoretical
framework based on the Onsager variational principles has
been developed, where the dynamics are given by the balance
between dissipative and driving forces.****®*” This framework
gives a compact mathematical description of adsorption and
desorption of proteins from the bulk and its diffusive dynamic
on a fixed membrane shape.

Compared to the diffusive protein dynamics on membranes,
far less is known about the dynamic interplay between diffu-
sion, local protein kinetics and membrane shape changes,
where a theoretical model considering all three processes has
not yet been explicitly established. In this study, we develop
such a model with a focus on finding temporal relationships
between the kinetics of protein recruitment and the timescales
of bud formation.

To study the spatio-temporal budding process of a
membrane, we develop a minimal mathematical model for
the diffuso-kinetics of membrane associated proteins. We treat
the concentration of proteins as a continuous field following a
diffusion equation with an adsorption term, describing
the protein recruitment from a reservoir i.e. the cytosol or the
extracellular space, and a detachment term representing
the protein turnover. Additionally, our model incorporates that
the protein concentration induces an effective local sponta-
neous curvature on the membrane, which drives the membrane
shape evolution. Finally, to characterize the membrane defor-
mation dynamics we span the phase space by varying the
kinetic parameters and the protein sensitivity for the detection
of membrane curvature to uncover scaling relationships
between time for scission and kinetic recruitment parameters
of proteins onto the membrane.

2 Theoretical model
2.1 Energy functional

To study how proteins that are bound to biological membranes
influence the membrane shape evolution, we begin by defining
the membrane energy per unit area W, which includes the
bending energy, surface tension and entropic effects due to
membrane-protein interactions given by:*"**®8

kT
W:MH—Q@UJ+£}W%6—U 1)
P

The first term is the Helfrich energy,>**® where H is the
mean curvature and B is the bending rigidity. The Helfrich
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model is suitable to describe cases where the radii of membrane
curvatures are much larger than the thickness of the bilayer,*’
allowing us to treat the lipid bilayer as a thin elastic shell. Here,
we assume that the induced spontaneous curvature C = CyG due to
membrane-protein interactions depends linearly on the protein
density,***®*® where C, is a proportionality constant associated to
the spontaneous curvature induced by one protein and ¢ is the
protein density on the membrane scaled by the saturation
density.”® The proteins are mobile on the membrane, hence the
density ¢ varies in time and space.

The second term in eqn (1) is the surface tension. We
describe the membrane as an infinite surface, where the far-
field acts as a lipid reservoir. In this case, a constant surface
tension A acts along the entire membrane. The third term
accounts for entropic effects. When the protein density in the
membrane surface is small and the available binding sites for
the proteins are not bounded, the entropy term is well approxi-
mated by the mixing entropy of an ideal gas.*®**>" This model
is simpler than the general Langmuir absorption model,”*"*
where kj, is the Boltzmann constant, T is the temperature and a,,
is the area occupied by one protein.

Additional terms may be included in W (eqn (1)), such as
interaction terms between proteins ~&> and the energy cost
arising from density gradients ~(V&).>*®>* Both terms scale
with the magnitude of the protein-protein interaction. Since
the non-specific interaction between proteins is weak com-
pared to the bending and entropic energy, the interaction and
gradient terms can be neglected. In the ESL} (Section S8), we
estimate the contribution to the energy functional by the
interaction between proteins and the density gradients, to
illustrate that the mixing entropy is the leading contribution
to the energy, thus simplifying its description. To keep the
mathematical model minimal, we assume that both the Gaus-
sian bending modulus and the bending rigidity B are constant,
i.e., they do not depend on the local protein density, which also
implies that the Gaussian bending energy is a constant, since
we do not consider topological changes such as membrane
scission.?>>

2.2 Membrane shape equations

The axially symmetric membrane is described in the arc-length
parametrization with the radial and vertical components r = r(s)
and z = 2(s) and the tangent angle ¢ = ¢(s), where s is the arc-
length. A schematic representation of the system and the
coordinates are shown in Fig. 1.

The mean curvature H in the arc-length parametrization is
given by:>°

=3 (e a) @)

r

The operator ()’ = i() represents the derivative with respect
to the arc-length s.

The arc-length parametrization allows to express the coordi-
nates r, z and the area of the membrane, 4, in the following way:

r' = cos¢ (3)

This journal is © The Royal Society of Chemistry 2020
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Fig.1 (a) The proteins in the bulk have a constant volume density
Cp. represented by a uniform light yellow color. The proteins attach to
the membrane at a rate ko, and detach from it at a rate ko¢. The attached
proteins on the membrane can diffuse on the surface of the membrane
and also induce a spontaneous curvature proportional to the protein
concentration &(s,t) represented as a color gradient, which evolves in
time according to a diffusion process coupled with kinetic recruitment
and detachment leading to an inhomogeneous protein distribution on the
membrane. (b) A description of the membrane surface parametrization
in axisymmetric coordinates. Here s is the arc-length measured along
the membrane, r(s) is the radial coordinate, ¢(s) is the angle that the
curved membrane forms with respect to the horizontal r-axis and z is
the height of the membrane. The angle 0 is the rotation around the
symmetry axis.

2/ =sin¢ (4)
A =2mr (5)

The shape of the membrane for a given protein distribution
¢ is such that it must minimize the total energy, given by the
integral of eqn (1) over the total area of the membrane,
Wiot = 21t Wrds.

To derive the energy minimizing shape, we define ¥

kwT
f:;[i—b—b—&(log G — 1)}
dp

+r BL(SIH i ¢) - Coar—i- (' —cos¢) (6

which is equivalent to a Lagrange functional in analytical
mechanics.”” A Lagrange multiplier, I', is introduced in
eqn (6) to satisfy eqn (3). We assume that far away from the
budding region the membrane is not deformed and is modeled
as a flat sheet of infinite size. In this case there is no constraint
in the total area of the membrane, A, nor on the volume V
enclosed by it.

The bending moment of the membrane, M, is given by:*®

M=BH-C)=B L<Sm¢+¢)—coa} )
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From eqn (7) we obtain the differential equation for the
angle ¢ as:
2M sm¢
B

(f)l = +2Cyo (8)

Finally, following the Euler-Lagrange formalism, we obtain
(see the ESI,T for details):

M =Usin ¢ = -0 9)

M [(2M
U':T(?”CO

2
sin qS) (10)
;
The boundary conditions implemented to solve the set of
6 equations given by eqn (3)—(5) and (8)-(10), which enforce a
transition into a flat membrane at the outer boundary, are
described in detail in the ESIL.}

2.3 Spatio-temporal dynamics of the protein concentration

At cell membranes proteins are recruited and disassociated in
kinetic binding and unbinding processes”®> while they diffuse
along the membrane.>® Hence, the dynamics of the protein
density G(s,t) is described by a diffuso-kinetic equation with two
contributions: the diffusive part, &qi, and the recruitment/
turnover part, &source- The two terms have to fulfill &gier = Esources
implying that the flux of proteins along the membrane arises from
a protein source/sink. The general form of &4 is written as:

Jdo

&
O diff = a ‘

+ %(r] y (11)

where the first term is the time derivative of ¢ and the second
term is the surface divergence of the protein flux J in axially
symmetric coordinates.

In general, the protein flux is given in terms of the chemical
potential derived from the energy functional in eqn (1),

oW . . . ow .
J=-Ac V(S ).46'60 A is the protein mobility and 5o s
g

the functional derivative of the energy functional W with
respect to the protein density. In the absence of gradient terms

Sw ow
in the energy, the functional derivative reduces to 5 = ?.61
G G
Hence, the non-vanishing component of the flux, J, is given by:
ko T
J= —/1( 0T 4 2C06Q) =D& —24Cy50 (12)
ap

kT | o . . . .
= A" is the diffusion coefficient and Q is defined in
ap

eqn (9). Eqn (12) recovers a diffusive flux on a flat surface, in the
limit, C, ~ 0, which implies that the membrane is flat in
this limit, as the proteins have no influence in the membrane
shape. However, in the general case the flux has a non-negligible
contribution arising from the curvature of the membrane, via the
function Q. Finally, the explicit form of &g is:

05 1
Gair =5, ;(V(Da/ +245CQ))’ (13)

where D

To model the protein recruitment, we make four assump-
tions: first, the recruitment is modeled following the linear
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adsorption-diffusion model,*® in which it is assumed that the
protein density is small, and that the available binding sites for
the proteins are not bounded, as in the more general Langmuir
absorption model. Second, we assume that the protein density
in the bulk is constant. Third, protein recruitment is triggered
when the membrane curvature exceeds a threshold value H,.
This assumption is inspired by experimental observations,
which found that certain proteins are enriched in curved
regions of the membrane®>®? with the ability to also induce a
curvature.®® Theoretical studies based on molecular dynamics
simulations®® and Monte Carlo simulations®® have shown that
various biophysical mechanisms can cause curvature sensing,
where proteins adsorb to a membrane in a step-like manner
with respect to the membrane curvature. We incorporate these
key characteristics in a phenomenological curvature sensing
model by multiplying the on-rate by a Heaviside function
O(H — Hy) and show in the ESIt (Section S7) that regularizing
the Heaviside function does not affect the prediction as long as
the jump is sufficiently steep. Lastly, we consider the diffuso-
kinetic dynamics ie. out equilibrium, which is further illu-
strated below by our numerical simulations. We acknowledge
that a more complex relation between the recruitment kinetics
and the membrane curvature might be proposed,”” which
requires a more elaborated theoretical treatment also satisfying
detailed balance at equilibrium. To the best of our knowledge, a
universal model for curvature-sensitive recruitment dynamics
is still a topical question in the field.

In light of these assumptions, the mathematical form of
& source Can be written as:

&'source = Cpkon@(H - HO) — Kott@ (14)

where ¢, is the constant bulk density of proteins, k., measures
the recruitment rate of proteins, @ is the Heaviside function, H,
is the curvature above which the recruitment is triggered and
koge is the turnover rate. Biologically relevant values for the
parameters that appear in the mathematical model are listed in
Table 1.

To understand which process sets the time scale of the
membrane dynamics, we perform a scaling analysis. The rate
of change of the bending energy can be dissipated by

... OF
membrane viscosity, ie., —[b ~ 11y (Vsu)?, where E, = BH —

0
Co5)” is the bending energy, #,, is the membrane viscosity and

u is the membrane velocity. The bending energy scales as
Ey, ~ B/L*, u ~ Ljt,, where 1, is the viscous time scale and
V ~ 1/L, giving B/t, ~ nmL*/t,%. We can then write 7, ~ #,L*/B.
On the other hand, the diffusive time scale is given by tp ~ L*/D,
where the diffusion coefficient D is related to the membrane

viscosity 7, through the Saffman-Delbruck theory,”® where

kgT .
Dn~-2 ln( e ) Here, 7. is the viscosity of the cytosol and
4n77m Fple

r, ~ 5 nm is the typical radius of one protein. With the typical
values of the membrane and cytosol viscosity in Table 1, the

6kpT

diffusion coefficient D ~ . The ratio between these two

Thm
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. ™ 2Bn
time scales becomes — ~ .
Ty 3kBT

T . . . .
that 2 ~ 13m, that is, the diffusive time scale can be more than

Ty
one order of magnitude larger than the viscous time scale,
supporting our assumption that the mechanical relaxation of
the membrane is fast compared to its diffusive transport of
proteins.

The equation governing the time evolution of &, &qitr = &'source

in non-dimensional form is written as (see the ESIt for details):

Js 1 _

-5—;GQWJZGﬁ®):m@U7—Ew—Kﬁ (15)

With B ~ 20kgT, we obtain

where we have scaled all lengths with L = 1/(CoGeg), €., the length

scale given by the spontaneous curvature C, induced by

the recruited proteins and the equilibrium density of proteins,

Geq = Ki/K,, obtained as all gradients vanish in eqn (15). Time has

been scaled with 7. The energy has been scaled with the bending

rigidity B. Introducing the scaling into the governing equations
or? s r

ives us the scaled variables, 0 = =— s=—,F=— H=HL, =
gives u % 0 5 S =p=1

B a4 Co = CoL and
ko T L2 °
Hy = HoL, Ky = cpkonl’/D, K, = kogtL?/D. To ease the notation, we

tD . . Y
/7 and the dimensionless numbers, A =

! =
=%
The non-dimensional number K; = cpkonLZ/D is the ratio
between the diffusive time scale and the kinetic recruitment

time scale and K, = kogL*/D is the ratio between the diffusive

drop all the bars from eqn (15) and for simplicity we keep ()

time scale and the protein turnover time scale. 4 = B a is
kT L?

the ratio of the bending energy and the thermal energy. In
addition, we set the surface tension A to be zero, but the
influence of 4 > 0 is further discussed in the ESI.{ The ratio
between K, and K, can be written in terms of the dissociation

K] Cp . . .
constant K as ? = K_ Since we assume the protein denSIty 1S
2 D

small as compared to the saturation density, K; and K, must be
chosen in such a way that the equilibrium density of proteins in
the membrane is small. To reduce the number of parameters
influencing the dynamics we set K;/K, = 1/5 in all the numerical
simulations, which for 6, =6 =0 =K, — K,G gives 6 =1/5 < 1,
consistent with a system where the recruitment is slower
that the turnover of proteins. We have chosen B = 20kgT,
Co = 0.1 nm™ ', and g, = 27 nm? which gives C, = 5 and
A=0.22 in eqn (15) and point out that eqn (8) and (10) are the
only shape equations that have a non-dimensional parameter
in them, which is C,. The rest of the shape equations, eqn (3)-(5)
and (9) are parameter-free. The non-dimensional numbers K;
and H, form the basis of a parameter space that will allow us to
determine the dependence of the membrane shape with respect
to the coupling between diffusion and kinetics.

As we span the phase space of H, € [0.0015-0.15] and
K; € [0.2-9] we observe formation of thin membrane necks
with respect to the rotational axis r = 0. Since the mathematical
model is no longer valid if the neck width is comparable in
size with the membrane thickness, we consider the numerical

This journal is © The Royal Society of Chemistry 2020
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Table 1 The parameters present in the evolution equation of the protein concentration o

Parameter Typical value

Membrane thickness 5 nm®®

Membrane viscosity 7, (107°-1077) N's m~1 336970
Cytosol viscosity 7. (1-4) x 10 2N s m 27172
Spontaneous curvature of one protein C, (0.075-0.2) nm ™' 7374

Area of one protein aj, (16-70) nm> 17 19,74

Bulk concentration of proteins ¢, (0.1-50) uM” »9

Dissociation constant Ky, (0.1-5) pM>°

Diffusion coefficient D (0.01-1) um?* s717>7¢
Bending rigidity B (20-40)kgT*7*

Surface tension /. (0.003-0. 3) x 1073 N m~ 17477

results up to the point when the neck width is equal to the
membrane thickness #, that in non-dimensional form has the
0.1 and corresponds to the membrane thickness
h reported on Table 1. We define the scission time as ..
The range of H, corresponds to a radius of curvature of about
300 nm to 30 pm, covering the typical size range of cells
(~6 pm), membrane-bound vesicles (~500 nm) and giant
unilaminar vesicles (up to 200 pm).>>”°

value h =

3 Results

We begin by illustrating the dynamic formation of two char-
acteristic membrane shapes obtained using numerical simula-
tions based on eqn (3)-(5) and (8)-(10) and eqn (15) for H, =
0.0015 (Fig. 2) and H, = 0.15 (Fig. 3). Initially the membrane is
flat with a small initial protein density near the axis of sym-
metry r = 0, which we model as a Gau551an profile with small
amplitude and width (s,¢ = 0) = 0.1e **3)_ The initial ampli-
tude of the protein density on the membrane plays a minor role
in the budding dynamics, as the scission time ., is insensitive
to the initial amplitude of the Gaussian profile (see ESIL¥
Section S6). This initial protein density induces a change in
the spontaneous curvature and generates a small membrane
deformation. The proteins start to be recruited and redistrib-
uted on the membrane, inducing a deformation that goes
through a set of different shapes: bump (Fig. 2a and 3a),
U-shape (Fig. 2b and 3b), Q-shape (Fig. 2c and 3c) and at the
final stage a pearl, when H, = 0.0015 (Fig. 2d) or a single bud,
when H, = 0.15 (Fig. 3d). These structures are also found for
non-vanishing, but small surface tension, as shown in the ESI¥
(Section S9). From Fig. 2 and 3 we see that the parameter H, i.e.
the proteins sensitivity to mean curvature, plays an important
role in determining the final shapes of the membrane. If H, is
small, pearled structures can be observed, whereas if H, is
larger (H, > 0.0015), the formation of smaller, single buds is
favored. A low value of H, (H, = 0.0015) leads to recruitment to a
large area of the membrane and it adopts a pearl-like structure.
In contrast, when H, is larger (H, = 0.15), an almost spherically
shaped membrane emerges from the initially flat membrane,
caused by the recruitment of proteins to a smaller area of the
membrane, as compared to a smaller H,. There are also some
other noteworthy features we would like to highlight: Despite
the fact that K; is identical for the two simulations, the proteins

This journal is © The Royal Society of Chemistry 2020

are distributed over a different area. Besides the obvious
differences in shape, it appears that also H, will determine
the continuation of the process for ¢t > ¢.,. If a vesicle is shed
from the membrane at ¢ = ¢, in Fig. 2d the rest of the
membrane will still have a significant portion covered by
curvature inducing proteins and it appears that another vesicle
will form from the Q shape. When H, is larger a single vesicle
forms (Fig. 3d), which contain almost all the proteins. In this
case, after scission the membrane may return to its unde-
formed state stalling the dynamics.

To see the details of the protein distribution on the
membrane in Fig. 2 and 3, we plot in Fig. 4 the protein density

——
0 005 01 015 02

a(s,t)

1

(@) t =02ty =0.02 (b) t=0.5t; =0.05

A A

(c) t=0.8¢, =0.08 (d) t=t4 =0.1

Fig. 2 Characteristic membrane shapes at four different snapshots in
time when the dimensionless rate coefficient is K; = 4.5 and the threshold
for protein recruitment is Ho = 0.0015. As we march forward in time the
membrane deforms from a nearly flat membrane (not shown) into a pit-
shape (a), an U-shape (b), an Q-shape (c) and finally into a pearl-like
membrane shape (d). The color bar represents the protein density &(s,t). In
(c) and (d) the protein density is almost uniform on the vesicle at the top of
the budding structure and decays gradually along the rest of the deformed
membrane. The scale bar is the dimensionless unit length of the system,
equivalent to L = 50 nm.
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Fig. 3 Characteristic membrane shapes at four different snapshots in
time when the dimensionless rate coefficient is K; = 4.5 and the threshold
for protein recruitment is Ho = 0.15. Similarly to the intermediate shapes
shown in Fig. 2a—c, we observe that here the membrane shape exhibits a
pit-shape (a), U-shape (b) and Q-shape (c), but at t = t. a single bud with a
constricted neck is formed (d) instead of a pearl, as in Fig. 2d. The color bar
represents the protein density G(s,t). In (c) and (d) we also observe and
almost constant protein density on the vesicle, but it rapidly decays outside
of the neck. The scale bar is the dimensionless unit length of the system,
equivalent to L = 50 nm.

¢ as a function of the membrane area A. In order to clearly
illustrate the influence of H, on the protein distribution over
the membrane we extract ¢ at the same snapshots in time as in
Fig. 2 and 3 using the time for membrane scission f., as
a point of reference: ¢t = 0.2¢.y¢, 0.5tcyut, 0.8ty and t.,c where
[Ho = 0.0015, t.y = 0.1] and [H, = 0.15, t.y = 0.38]. A general
feature is that the protein density is distributed over a larger
area on the membrane when H, is small and it has a smaller
gradient as we move from the axis of symmetry to the unde-
formed membrane. In contrast, when H, is larger the proteins
are limited to a much smaller region of the membrane with a
steep decay in ¢. By inspecting Fig. 4a-d we can notice the
growth rate of the area covered by proteins is much faster when H,
is small. To see this, we can roughly estimate the rate of change of
covered area AA in the time interval At = (0.5 — 0.2)¢cy, which for
H, = 0.0015 is AA/At ~ 600 contrasting the same calculation
AA/At ~ 50 when H, = 0.15. During the last stages of the
membrane deformation (Fig. 4b-d) the area covered by proteins
increases much slower once an Q-shape is formed (see Fig. 2b-d
and 3b-d) and at the last stage (Fig. 4c and d) this area barely
increases and just an increment on the protein density is observed
on the membrane for both values of H,. Thus, the geometry of the
membrane may also play a role in the dynamic growth process. H,
appears to be a critical parameter, because it determines not only
the overall size of the budding structures, but also determines in
part how proteins are distributed on the membrane. Fig. 4d also
shows that as a single vesicle forms (H, = 0.15) the recruited
proteins leave the membrane and stalls the dynamics, contrary to
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Fig. 4 Characteristic protein density at four different snapshots in time
when the dimensionless rate coefficient is K; = 4.5 and the threshold for
protein recruitment is Ho = 0.0015 and Hq = 0.15. At first ((a) and (b)) a(A.t)
decays nearly linearly with A from the maximum at the symmetry axisr = O,
but once an Q-shape is formed (c) &(At) in the vesicle is more uniform
whereas the steepest decay in 6 occurs from the membrane neck to the
undeformed membrane, specially when Hp = 0.15. In (c) we observe that
there are proteins distributed in the region beyond the vesicle neck when
Ho = 0.0015 but there are no protein outside the vesicle when Hy = 0.15.
(d) At t = t., We observe that the protein density in the membrane neck
does not vanish. The star shaped markers in (c) and (d) represent the
position of the neck (smallest radius at that given point in time).

when proteins are almost insensitive to the mean curvature and
covers a much larger membrane area (H, = 0.0015).

To further characterize qualitatively the
dynamics we extract the height of the membrane, zy,,yx, along
the symmetry axis r = 0 for K; = 4.5 when H, = 0.0015 (Fig. 5a)
and H, = 0.15 (Fig. 5b). Initially, we can observe that zmax
increases as the membrane bud grows in size, but as the

membrane

membrane starts to form an Q-shape its height starts to
decrease as the neck constricts. The features of z,,, also allows
us to identify the pit-, U- and Q-shape of the membrane already
shown in Fig. 2 and 3. When the membrane forms a pearl-like
shape, the bud growth and neck constriction happens several
times. The insets in Fig. 5a show the shapes corresponding to
the first maximum and the first minimum of z,,,,, as well as the
final shape at ¢ = ¢ In the time interval between the first
maximum and first minimum in z,,.(¢), the membrane shows
a gradual transition between a pit-, U- and Q-shape. As the neck
size in the Q-shape corresponding to the first minimum of z;ax
in Fig. 5a is larger than the typical width # of the membrane
bilayer, its height starts to increase again forming a vesicle at
the top of the newly formed Q-shape as we march forward
in time. The oscillatory behaviour of z,,,, is not observed when
H,=0.15 (Fig. 5b) but z,,,, has a similar growth and decay when
the Q-shaped membrane is formed.

Next, we turn to map out the membrane shapes predicted
by the mathematical model at the scission time, ie. ¢ = t.q,
by systematically varying K; € [0.2-9] and H, € [0.0015-0.15],
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Fig. 5 The maximum height of the membrane with respect to its sym-
metry axis, Zmax. as a function of time, for K; = 4.5 and for different values
of Hop. In (a) it is shown that z,,,« Oscillates. Once a pit shape is formed and
Zmax Starts to decrease (first maximum of zpma), an Q-shape starts to
emerge. During the decrease of z,,, Up to the first minimum of z,. Iin
(a) the construction of the bud neck proceeds. As at this stage the neck
radius is larger than the membrane thickness, the membrane shape
evolution leads to a pearl structure at a later time (t = t.). In contrast, a
higher value of Hq prevents oscillation on zy,x as shown in (b). The color
bar represents the protein density along as a function of the arc-length s
and time t, a(s,t).

see Fig. 6. As we go through the parameter space we see how the
values of the non-dimensional numbers K; and H, determine if
a vesicle buds directly from the membrane or on a deformed
foundation as a pit, U or Q-shape. The phase space in
membrane shapes also suggests that we can distinguish
membrane deformations that are likely to form only a single
vesicle (H, = 0.15) and those that appear to continuously form
vesicles by budding from a pit-shape (H, = 0.015, K; = 1.4, 4.5,
9 and H, = 0.0015, K; = 9), U-shape (H, = 0.0015, K; = 4.5) and
Q-shape (H, = 0.0015, K; = 1.4). Qualitatively we can understand
the effect of H, by associating this parameter with the
membrane region where recruitment of protein occurs: The
inverse of H, sets a length scale that becomes large for small
H,, then proteins are recruited into a larger portion of the
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Fig. 6 The membrane shapes at t = t. for K; € [0.2-9] and Hgp
€ [0.0015-0.15]. The color bar represents the protein concentration as
function of the arc-length at t = t., G(s.tcyr). Note that the scale bar is not
the same for the different values of Ho.

membrane, leading to larger budding structures such as pearls
(see Fig. 6), while for larger H, this length scale will become
smaller and in this case smaller budding structures would be
expected.

The exploration of the phase space spanned by the para-
meters K; and H, also allows us to determine how they affect
the dynamics of the membrane deformation. One quantity
that helps to illustrate the time scale of the budding process
is t.u. The scission time is measured as the neck size reaches
h = 0.1 in the radial direction, see Fig. 7a. In Fig. 7b we present
the dependence of t., with respect to K; in logarithmic axis.
Interestingly, we find a universal behaviour: f., ~ Kk, ~*°
despite that we vary K; over two orders of magnitude and
changing H, only affects the pre-factor of the scaling relation
and not the power law. The universal behaviour suggests that
the same mechanisms are present across different simulations,
where there is a complex interplay between the membrane
geometry, diffusion and the area limited for protein recruitment.

To rationalise the power-law dependence we turn to look at
the different mechanisms at play. First, we notice that .,
effectively measures the time required for the proteins to cover
an area that scales with the typical length of the bud ~L?. We
notice that the growth of this area in time must involve
diffusion as it helps increase the area on the membrane in
which H > H,. Such a diffusive motion scales by a balance
between the two terms on the left hand side of the evolution
equation for &, eqn (15), which indicates that %Nﬁ’

cu
equivalently t.,, ~ L> On the other hand, within the region
where H > H,, the increase of the protein density is kinetically
limited and the characteristic length scale is given by L ~

or

. . . G
(Co5)". Since we have for the region with H > H, that — ~ K|,

feut
or, ¢ ~ tekq and then L ~ (CoKytew) '. By combining these
relations between t. and K, i.e., teyt ~ L* ~ (CoKiteu)) >, We
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Fig. 7 (a) The membrane shape at time t., for Ky = 4.5 and Ho = 0.15
(point of the phase space highlighted in a black circle on b). The inset
shows a zoom of the membrane neck region. The color bar represents the
protein density a(s,t = t.,) along the membrane. (b) The dependence of
the scission time t., as a function of K; for different values of Hg in
logarithmic axis, showing that t. follows a power law respect to K;. The
scission time follows a power law t.« ~ K%, with o &~ —2/3 for all values of
Ho. The dashed lines in each of the curves is a fit respect to the average
value of the slopes obtained for each value of Hg. The two regions in (b)
represent the parts of the phase space where single buds (blue) or pearls
(white) are formed. When Hyg is small, the formation of pearls is observed
across all the values of K;. When Hg = 0.015, the formation of pearls is
observed only for small values of K; and as K increases pearls are no
longer observed. When Hg = 0.15 pearl formation is prevented and only
single buds are formed, up to K; = 1.35. For smaller K; we predict no
budding structures.

obtain t., ~ K, 2° as predicted by our numerical simulations.

Thus, the time scale associated with bud formation, t.., is a
combination of a diffusive front spreading the proteins and the
kinetically-limited recruitment process responsible for the local
increase of the protein density on the membrane.

At the defined scission time we are now in place to measure
the size, r,uaq, of the vesicle that forms. Fig. 8a reveals that also
'bud 1S a function of K; and H,. We find that when H, is small,
the bud radius is sensitive to the parameter K;, but as H,
increases, the bud radius becomes insensitive to K; where the
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Fig. 8 (a) The bud radius r,,q as a function of K. For small values of Ho,
the vesicle size depends on the parameter Ki: As K; is smaller the vesicles
have larger sizes, but as Hp increases this dependence becomes less
significant, as it happens when Hp = 0.15. In this case, all the vesicles
formed have nearly the same size, independent of Kj. (b) We approximate
the bud size as the inverse of the spontaneous curvature induced by the

00av

average concentration of proteins on the bud ~ The average protein

density on the bud is computed as G,y = —J'Ab d6dA. It is observed that

Abud
all vesicle sizes shown in (a) collapse onto a single curve. The dashed

straight line illustrates the average ratio (Coday)rbua. In figure (c)—(e) we plot
the rescaled shapes at t = t. for selected values of Kj, when (c) Hg =
0.0015, (d) Ho = 0.015 and (e) Ho = 0.15. The radial coordinate r and the
height z have been scaled with 1/(5,,Co) for each of the values of K1 and Hq
considered. (c)—(e) Show that the upper part of the budding structures are
very similar despite being connected to a membrane with very different
shape (Q, pearl, flat). In (f) we zoom into the vesicle and plot together all the
obtained shapes at t.. This reveals that in addition to the vesicle radius, the
vesicle neck has almost the same shape regardless of K; and Hp.
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formed vesicles have nearly the same size. To understand what
sets rpyg We turn to the mechanism that drives the dynamics,
i.e., the spontaneous curvature induced by the protein density
on the membrane. A length scale that appears in our system is

1/(CoGay), With G,y = 6dA is the mean protein density

mj/‘lbud
on the bud, ie. in the region above the membrane neck, and
Apya is the area of the membrane comprised between s = 0 and
the membrane neck. The vesicle size is now predicted to scale
as yua ~ 1/(Cofay). To test our scaling prediction we scale the
bud radius rpuq With Coé,y, Which collapses the data onto a
single line. To further illustrate the self-similar dynamics in the
budding process, we rescale all lengths with the predicted bud
size ~1/(CyG,y,) at the time ¢, and shift the profiles so they all
start at the same z,,x at r = 0, see Fig. 8c-e. The upper part of
the vesicle all follow the same spherical cap as we would expect
from Fig. 8b, but interestingly the profiles map onto a universal
shape also in the neck region (inner region) although the far
field (outer region) is very different as it takes an Q, pearl and
flat shape. We zoom into the shedding vesicle and plot all the
obtained membrane profiles together, which collapses onto a
universal shape, shown in Fig. 8f. It is interesting to place this
in the context of models for neck closure, where it was recently
shown that there are optimal angles formed by the membrane
depending on the outer membrane shape with a shape of a
dome or a cone.®® In the model developed here neck constric-
tion is achieved despite that there is no assembly of specialised
scission proteins, but still reveal an optimal angle shared
among all shapes Fig. 8f for all the rescaled data K; € [1.35-9],
H, € [0.0015-0.15].

4 Conclusions

We proposed a minimal mathematical model to describe the
diffuso-kinetic membrane dynamics as curvature inducing
proteins are recruited to a membrane and diffuse along its
surface. The ratio of the diffusive and the kinetic time scale (K;)
and the proteins sensitivity to mean curvature (H,) are system-
atically changed in our numerical simulations, which predicts a
continuous formation of vesicles from a pearl-like membrane
structure to the formation of a single vesicle from a nearly flat
membrane. The coupled mechanism between diffusion and
kinetic recruitment of proteins in the membrane leads to the
formation of vesicles with narrow necks at the last stages of the
membrane deformation, without the action of additional
mechanisms or protein complexes that might be responsible
for constriction of membrane vesicle necks. The budding time
is found to follow a power-law t.,. ~ K; >, despite varying the
parameter H, over a few orders of magnitude and of going
from diffusion (K; < 1) dominated to recruitment dominated
(K; > 1) dynamics.

We derive a scaling law t.,. ~ K; > based on considering
the interplay between the time scale associated with the diffu-
sive spreading of the area allowing protein recruitment
and the kinetically limited recruitment process associated
with the increase of the local protein density in this area of
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the membrane. We extract the predicted vesicle size ry,q that
is a function of both K; and H,, but asymptotes towards a
constant vesicle size for K; > 9 where it becomes insensitive to
H,. We propose a scaling law for the vesicle size r,uq ~ 1/(CyGay)
based on the spontaneous curvature induced by the recruited
proteins (Cyd,,) where &,, is the mean protein density in the
vesicle. By rescaling the numerical prediction for ry,,q with this
scaling law collapses the data onto a single curve, further
highlighting the self-similar budding dynamics.

The membrane shapes predicted by our minimal model can
be found in a wide range of biological processes as well as
induced by polymers and nanoparticle on lipid vesicles.'®®"
The mathematical model couples the energy of the membrane
to the diffuso-kinetics of the recruited proteins, providing a
minimal description of the dynamics. Since the kinetic models
describing protein recruitment are phenomenological, as
details about the precise binding mechanisms of proteins are,
to a large extent, missing in the field, we hope future work can
closer couple these and incorporate the statistical mechanics
properties as well as viscous flow effects in the recruitment
dynamics of curvature sensing proteins. The model proposed
here may form a basis for further characterizing how additional
biophysical effects e.g., line tension, non-homogeneous bend-
ing rigidity and diffusion coefficient and direct protein-protein
interactions influence the membrane dynamics.
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