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Graphical abstract Part II 

 

 

 

 

 

The features of space charge profiles and their dependencies are investigated in 
detail; arising prospects and limitations for applications are discussed. 
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Numerical Calculations of Space Charge Layer Effects in 

Nanocrystalline Ceria. Part II: Detailed Analysis of the Space 

Charge Layer Properties 

 

 

Marcus C. Göbel, Giuliano Gregori,I Joachim Maier 

Max Planck Institute for Solid State Research, Heisenbergstr. 1, D-70569 Stuttgart, Germany 

 

 

Abstract 

The numerical approach presented in Part I is used to investigate in detail some important 

characteristics of space charge layer (SCL) concentration profiles (steepness, extent, charge 

contributions and total charge), which determine the resulting SCL effects on the ionic and electronic 

transport. Here, as a case study the conductivity changes in nanocrystalline ceria are discussed over 

a broad range of dopant concentration (acceptor and donor-doped) as well as space charge potential 

values. In addition, the effects of a mobile dopant on the SCL charge carrier profiles are addressed. 

Finally, using the numerical approach the possibilities of adjusting (under realistic conditions) the 

SCL effects to improve the conduction properties of nanocrystalline CeO2 are discussed. 

 

                                            
I Corresponding author 
E-mail address: g.gregori@fkf.mpg.de, s.weiglein@fkf.mpg.de 
Fax: +49-711-689-1722 
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1. Introduction 

In the first part of the study1, we presented a numerical approach to solve the Poisson-equation of the 

charge carrier concentration profiles for one-dimensional, non-overlapping space charge layers 

(SCLs), which was then used in the case of nanocrystalline cerium oxide (CeO2). After having verified 

the reliability of the numerical calculations, it was shown that compared with the usual analytical 

approximation, the numerical approach allows for an accurate determination of the charge carrier 

concentration SCL profiles not only in the Gouy-Chapman and Mott-Schottky cases but, remarkably, 

also in the more complex, so-called mixed situations.  

The purpose of the second part of the study is to employ the numerical calculation to gain further 

insights on the space charge layers properties and on their effects on the ionic and electronic 

transport.II This contribution is hence organized as follows: First, the calculations are used to study in 

detail the main features of the SCLs without any assumption a priori regarding the spatial distribution 

of the mobile charge carriers. This section includes (i) the determination of which mobile charge 

carrier contributes most to the compensation of the grain boundary core charge CoreΣ  depending on 

SCL potential 0Φ  and dopant concentration; (ii) the assessment of the space charge steepness α  

and the space charge extent SCLl ; and (iii) the analysis of the SCL profiles (and their impact on the 

conduction properties) in the case of a mobile dopant (at equilibrium).  

In the second part of this contribution, the numerical calculations are used to examine realistic 

scenarios - particularly in terms of CoreΣ  (or SCLΣ ) - for adjusting the space charge effects to improve 

the electrical transport. It is worth recalling that, since SCL effects have a considerable impact on the 

conduction properties, there have been several attempts to modify 0Φ  with the aim of modifying the 

electrical conductivity2-5. Particularly interesting is the case of boron-decorated CeO2
4, in which the 

improved electronic conductivity (a factor 10 larger than undoped CeO2 at 500°C) could be 

quantitatively explained by an increase of the positive 0Φ . Here, we focus our attention on the ionic 

transport and show that although the adjustments of coreΣ  (or SCLΣ ) are in some cases (i.e. heavily 

doped CeO2) rather limited, the resulting beneficial effects on the conductivity can yet be extremely 

favorable for technological applications.  

 

 

                                            
II Here, the same parameters used in first part of this study are employed (see Table 2 of Part I), namely 

18 -32 10 cmn∞ = ⋅ , 973 KT = , 10
2 10 barpO

−= , 26rε =  and 40 nmd = . Please refer to Table 1 for the definition 
of the parameters. 
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3 

 

Table 1 Definition of the physical quantities used in the present study. Note that in this contribution the 
subscript 0 generally denotes the coordinate = 0x , i.e. the position adjacent to the interface (e.g. 0Φ  is the 
electric potential at the interface). The subscript ∞ denotes the bulk of the material. 

 

Variables Description 

'Ac  acceptor dopant concentration ( ' 1Az = − ) 

Cec  concentration of the cerium cations in CeO2 

D
c •  donor dopant concentration ( 1

D
z • = ) 

ic , ,i xc  concentration of mobile charge carrier i (at coordinate x ) 

,IM jc  bulk concentration of immobile charge carrier j 

,ic ∞  bulk concentration of mobile charge carrier i 

c∞  bulk concentration  

,OV
c •• ∞

 oxygen vacancy bulk concentration 

d  grain size 
e  elementary charge (1.60217648 · 10−19 C) 

E , xE  electric field (at coordinate x) 

i  counter variable for mobile charge carriers 

ms  normalized effectively measured conductivity (including parallel and perpendicular 
boundary contributions) 

,i ms  normalized effectively measured conductivity of the charge carrier i  (including parallel 
and perpendicular boundary contributions) 

j  counter variable for immobile charge carriers 

k  counter variable for calculation steps 

Bk  Boltzmann constant (1.380648 · 10−23 J/K) 

SCLl  combined length of the SCL 

n∞  electron bulk concentration 

IMN  number of immobile charge carriers 

MN  number of mobile charge carriers 

2pO  oxygen partial pressure 

r  
criterion to define the SCL length (percentage of charge iΣ  (or iΩ ) inside a SCL of 

certain length) 
T  temperature in Kelvin 

x , kx  distance from boundary (at calculation step k) 

xρ  coordinate of charge balance point 

,IM jz  charge number of immobile charge carrier j 

α  SCL steepness 

rε  relative permittivity 

θ  temperature in °C 

λ  Debye length 
*λ  screening length (Mott-Schottky case) 

'eλ  Debye length (concerning 'e  bulk concentration) 

OV
λ ••  Debye length (concerning OV

••  bulk concentration) 

mσ  total effectively measured conductivity (including parallel and perpendicular boundary 
contributions) 
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,i mσ  total effectively measured conductivity of charge carrier i  (including parallel and 
perpendicular boundary contributions) 

,iσ ∞  bulk conductivity of charge carrier i  

σ∞  bulk conductivity 

ρ , xρ  (3-dimensional) charge density (at coordinate x) 

IMρ  charge density contribution of immobile charge carriers 

'AΣ  charge contribution due to the enrichment (or depletion) of the mobile acceptor dopant 

CoreΣ  GB core charge 

D
Σ •  charge contribution due to the enrichment (or depletion) of the mobile donor dopant 

DopΣ  charge contribution due to the enrichment (or depletion) of the mobile dopant 
(acceptor or donor) 

'eΣ  charge contribution due to the enrichment (or depletion) of the electrons 

iΣ  charge contribution due to the enrichment (or depletion) of mobile charge carrier i 

SCLΣ  charge of the SCL 

OV
Σ ••  charge contribution due to the enrichment (or depletion) of the oxygen vacancies 

Φ , xΦ  electric potential (at coordinate x) 

iΩ  reduced resistance change of the SCL in perpendicular direction concerning the 
transport of mobile charge carrier i 

 

 

1.1 Numerical Method 

In the following, we summarize the main equations of the numerical approach used to calculate the 

SCL charge carrier profiles. Please refer to Part I and the corresponding Supplementary Information 

for the detailed treatment and for a derivation of the relationships shown below.1 A description of the 

physical quantities used here is given in Table 1.  

The excess charge in the grain boundary core CoreΣ  is compensated by two adjacent space charge 

layers (each with charge SCLΣ ). 

 

 1
2SCL CoreΣ Σ= −  {1} 

 

In the SCL, the mobile charge carrier concentrations ic  (i denotes an arbitrary mobile charge carrier) 

are rearranged compared with the bulk values ,ic ∞  according to  

 

 ,

i

B

z e

k T
i ic c e

Φ−

∞= ⋅ , {2} 

 

where Bk T  is the Boltzmann term, e the elementary charge, iz  the corresponding charge number 

and Φ  the electric potential arising from CoreΣ . For an arbitrary coordinate kx  (distance from the 
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boundary), the algorithm to numerically solve the Poisson-equation relies on the following 

expressions for the electric field E and the charge density ρ . 6 

 

 ( ) ( ), ,
0 1

2
sgn

M

k k k k

N
B IM

x x i x i x
r Bi

k T
E c c

k T

ρ
Φ Φ

ε ε ∞
=

 
= ⋅ − −  

 
∑  {3} 

 ( )
1

MN

i i IM
i

e z cρ ρ
=

= ⋅ +∑ ;     ( ), ,
1

IMN

IM IM j IM j
j

e z cρ
=

= ⋅∑  {4} 

 

Here the subscript M refers to the mobile charge carriers and IM to the immobile ones.III At 0 0x = , 

the concentrations ,0ic , the charge density 0ρ , and the electric field 0E  are determined using eq. {2} 

to {4}. Then, the spatial coordinate is increased by 1k k kx x x∆−= + , and the corresponding 
kx

Φ  is 

calculated according to the following Taylor approximation: 

 

 
1

2 32 3

2 32 6k k

k k
x x k

x xd d d
x

dx dx dx

∆ ∆Φ Φ Φ
Φ Φ ∆

−
≈ + + + , {5} 

 

from which 
 

 
1 1 1

2

02 3k k k k

k
x x k x x

r

x
x E

∆ ∆ρ
Φ Φ ∆ ρ

ε ε− − −

 
≈ − ⋅ − + 

 
 {6} 

 

results. The potential value at the new coordinate allows for the determination of the electrical field 

E , the charge density ρ  and the defect concentrations ic  there. The iteration of the described steps 

allows for the numerical computation of the SCL profile, i.e. the functions Φ (x), E (x), ρ (x) and all 

concentration profiles ic (x). It is important recalling that as pointed out previously1, 0Φ  is used here 

as input parameter for the calculation. Subsequently, in the light of the brick layer model,8, 9 the effect 

of non-overlapping SCLs on the conductivity of a polycrystalline sample can be determined according 

to the following expressions: 

 

 ,
,

,

i m
i m

i

s
σ

σ ∞

=  {7} 

                                            
III Concerning the immobile charge carriers, eq. {3} is based on the classical Mott-Schottky assumption of a flat 
dopant profile. It is noteworthy that in some cases the more complex situation of a frozen x-dependent 
concentration profile of an immobile dopant is realized. In the literature this situation was already considered, 
see e.g. ref. 7. 
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 ,
, ,

4
1

2
i

i m
i i i i i

d
s

d z ec z ec d

Σ
Ω∞ ∞

 
= ⋅ + ⋅   + 

 {8} 

 
1

, ,
1

( )
Steps

k

N

i i i x i k
k

z e c c xΣ ∆
−

∞
=

= ⋅ − ⋅∑  {9}  

 ( )
1

1 1
,

1

1 StepsN

i i i k
i k

c c x
z e

Ω ∆
−

− −
∞

=

= ⋅ − ⋅∑ . {10} 

 

Here ,i ms  is the effectively measured conductivity of the charge carrier i ( ,i mσ ) normalized with 

respect to the bulk conductivity ( ,iσ ∞ ) including the influence of both parallel and perpendicular SCLs. 

Another important parameter is the total SCL charge SCLΣ , which is the integrated charge density of 

the SCL. It can also be expressed as the sum of the individual charge contributions iΣ  of the mobile 

charge carriers:  

 

 ( )
1

mobileN

SCL i
i

Σ Σ
=

= ∑  {11} 

 

In order to quantitatively compare different SCL profiles, it is convenient to describe the profile shape 

by parameters such as the SCL extent SCLl  and the SCL profile steepness α . The effective extent of 

the SCL is defined1 here as the upper limit of the integration that is necessary to reach 99% of the 

charge iΣ  (or of iΩ ) (in contrast to the formal extent, i.e. the Debye-length λ  (or 2λ ) and the Mott-

Schottky length *λ ): 

 

 

||
,

, ,
0 0

( ) ( )
i SCL

i i i i i i ir r z e c c dx z e c c dxΣ
∞

∞ ∞⋅ = ⋅ ⋅ − = ⋅ −∫ ∫
l

 {12} 

 

 
,

1 1 1 1
, ,

0 0

1
( ) ( )

i SCL

i i i i i
i i

r
r c c dx c c dx

z e z e
Ω

⊥
∞

− − − −
∞ ∞⋅ = ⋅ − = ⋅ −∫ ∫

l

 {13} 

 

with r equal to 0.99. Notably as the values of ||
,i SCLl  and ,i SCL

⊥
l  can be different, the largest between 

them determines here the SCL extent SCLl .  

The SCL steepness α  can be defined as the ratio between the SCL extent SCLl  and the charge 

balance point xρ , which is expressed as follows: 
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( )

1

0 1

0

Steps

k

N

k x
k

SCL

x dx x

x

dx

ρ

ρ ρ

Σ
ρ

+∞ −

=
+∞

⋅ ⋅

= ≈

⋅

∫ ∑

∫
 {14} 

 

 SCL xρα = l . {15} 

 

This means that α  is large for steep SCL profiles, in which the majority of the charge is located close 

to the boundary (low xρ  value), whereas for SCL profiles characterized by a flat charge density α  is 

small. IV The minimum value of α  is 2 for a hypothetical, extremely flat, step-like charge density 

profile ( 1
2 SCLxρ = l ).  

 

 

2.  Results and Discussion 

 

2.1 Main features of the space charge layers 

 

(i) Conductivity maps 

The impact of the SCL effects on the overall ionic (left panel) and electronic (right panel) conductivity 

calculated according to the numerical method is shown again (cf. Part I) in Fig. 1 for clarity.V The 

normalized effective conductivity /m ms σ σ∞=  is plotted as a function of the dopant concentration 

and 0Φ . The resulting conductivity change (z-axis) is color-coded (e.g. the green area represents a 

strong conductivity enhancement, the pink area a significant conductivity drop). In order to discuss 

the outcome of a possible adjustment of the SCL potential as experimentally attempted in several 

studies (see the introduction), a wide range of 0Φ  values was considered here. Therefore, the dopant 

concentration as well as the values of 0Φ  addressed here span over a range, which is clearly larger 

than those considered (or obtained) in previous contributions (ranging between 0.19 and 0.34 V 2, 10-

14; cf. also the area delimited by the blue rectangle in Fig. 1).  

Notably, as illustrated in Fig. 1, the variations of mσ  with respect to σ∞  do not only depend on 0Φ  

but also on the dopant content. For a given potential, the conductivity change becomes smaller when 

the dopant concentration increases (e.g. sm approaches unity). 

                                            
IV A graphical example is given in Fig. S1 of the Supplementary Information of Part I. 
V Note that the corresponding bulk concentrations are given in Fig. 4 of Part I. 
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The reason for the decreasing conductivity change with increasing dopant content stems from the 

fact that the charge carrier concentration profiles vary considerably with changing dopant 

concentration. It is instructive to consider a selection of profiles determined for constant potentials of 

-0.3 V and 0.3 V as illustrated in Table 2. They correspond to the positions marked by the white solid 

circles in Fig. 1, while the black circles with the white edge correspond to the profiles given in 

Table 4 (obtained for a constant SCLΣ ). 

It is important to note that for the following three situations the defect concentration of the enriched 

charge carrier exceeds the physical limit / 1Cec c = :  (i) 20 mol% donor doped and 0 0.3 VΦ = , (ii) 

1 mol% acceptor doped and 0 0.3 VΦ = − ,  (iii) 20 mol% acceptor doped and 0 0.3 VΦ = − . Such 

unrealistically high / Cec c  ratios correspond to unrealistically large values of SCLΣ . The role of SCLΣ  

and, hence, the consequences arising from the impossibility to exceed realistic concentration values 

are discussed in Section 2.2.  

 

      
 

Fig. 1  Normalized effective conductivity m ms σ σ∞=  of (a) the oxygen vacancies and (b) the electrons calculated 
with the numerical approach in a polycrystalline CeO2 pellet with d = 40 nm as function of doping content and 
SCL potential. The sm values plotted along the z-axis are color-coded. The blue rectangle indicates the potential 
values obtained in the literature. The circles locate the positions of the SCL profiles given in Table 2 (constant 

0Φ , white solid circles) and Table 4 (constant SCLΣ , black circles with white edge). The borders between the 
different cases are adopted from Fig. 2a. 
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9 

 

Table 2  SCL profiles of constant potentials Φ0 = 0.3 V and -0.3 V calculated using the numerical approach. The 
profiles correspond to the positions marked by the white solid circles in the contour plots of Fig. 1 to Fig. 3, Fig. 5 
and Fig. 6.  
 

20 mol% donor doped 
CeO2 (z = 1) 

1 mol% donor Doped 
CeO2 (z = 1) Pure CeO2 

1 mol% acceptor 
doped CeO2 (z = -1) 

20 mol% acceptor 
doped CeO2 (z = -1) 

0 0.3const VΦ = = +  

     

     
 

0 0.3const VΦ = = −  
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(ii) Charge compensation mechanism and SCL extent 

From the profiles shown in Table 2, one can clearly recognize that, depending on the situation 

considered (e.g. dopant concentration, SCL potential), the net charge CoreΣ  can be compensated in 

different ways. Fig. 2 and Fig. 3 visualize this aspect. Let us first consider the left panel of Fig. 2, 

where the ratio 
O

SCLV
Σ Σ••  is depicted as a function of 0Φ  and dopant concentration. Here, 

O
SCLV

Σ Σ••  ≈ 1 (white area) indicates a compensation of the core charge predominantly due to an 

enrichment (or depletion) of OV
•• . For 

O
SCLV

Σ Σ••  ≈ 0 (black area), the core charge CoreΣ  is 

compensated mainly by an enrichment (or depletion) of electrons. The grey areas represent mixed 

situations, in which concentration changes of both OV
••  and electrons contribute significantly to the 

compensation of CoreΣ . Notably, depending on 0Φ  and 
O

SCLV
Σ Σ•• , 5 different compensation 

mechanisms can be identified as summarized in Table 3. The situations in which the SCL profiles are 

dominated by an enrichment or depletion of a single charge carrier so strongly that the counter 

charge carrier can be neglected are the well-known Gouy-Chapman and Mott-Schottky cases, 

respectively. All other cases in which both the enriched and the depleted charge carrier contribute 

significantly to SCLΣ  are here indicated as “mixed case”. 

 

 

Table 3  Charge compensation mechanisms defined as a function of 0Φ  and 
O

SCLV
Σ Σ•• . 

0 0Φ >  0.1
O

SCLV
Σ Σ•• <  Gouy-Chapman case (profiles dominated by the enrichment of 

electrons) 

0 0Φ >  0.9
O

SCLV
Σ Σ•• >  Mott-Schottky case (profiles dominated by the depletion of oxygen 

vacancies) 

0 0Φ <  0.1
O

SCLV
Σ Σ•• <  

Mott-Schottky case (profiles dominated by the depletion of electrons) 

0 0Φ <  0.9
O

SCLV
Σ Σ•• >  Gouy-Chapman case (profiles dominated by the enrichment of 

oxygen vacancies) 

 0.1 0.9
O

SCLV
Σ Σ••< <  Mixed case (both oxygen vacancies and electrons contribute 

significantly to the total SCL charge) 

 

 

It is important to stress here that the Gouy-Chapman and Mott-Schottky cases naturally result 

from the numerical calculations without the necessity of any assumption a priori. A great advantage 

of the numerical approach in comparison with the standard analytical models is given by the 

possibility to accurately describe the fairly large transition region between these two extreme 

cases, i.e. the grey colored area in Fig. 2 (left) where ' 1/ 2
O

SCL e SCLV
Σ Σ Σ Σ•• ≈ ≈ . 
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The different shapes of the SCL profiles in the Gouy-Chapman and Mott-Schottky cases are 

visualized in the right panel of Fig. 2 by using the profile steepness α . On the one hand, the GC-type 

profiles are characterized by a steep enrichment of charge carriers and a high concentration of the 

charge SCLΣ  very close to the interface (high steepness values increasing with 0Φ ). On the other 

hand, in the MS case the SCL profiles are dominated by the depletion of charge carriers which leads 

to a smoother distribution of the charge density SCLΣ  over the whole SCL extent. Hence, the 

steepness values are low and approach the minimum value of 2 of an ideal, step-like depletion 

profile.  

 

        
 

Fig. 2  Panel (a): relative contribution of the oxygen vacancies 
O

SCLV
Σ Σ••  to the total SCL charge. In the white 

areas, the SCL is dominated by an enrichment or depletion of oxygen vacancies; in the black areas by an 
enrichment or depletion of electrons. Panel (b): map of the SCL profile steepness α . While the Mott-Schottky 
profiles are characterized by a rather flat charge distribution (low α ), the Gouy-Chapman type profiles are very 
steep since the majority of the SCL charge is located very close to the interface. Furthermore, the steepness of 
the Gouy-Chapman type profiles increases with increasing absolute potential value. For the Mott-Schottky type 
profiles, α  decreases but cannot fall below the limit of 2 (the steepness of an ideal, flat step-like profile). 
 

 

Another interesting feature of the SCL profile is its extension SCLl  which is plotted in Fig. 3a. For the 

parameters used here the SCLl  values are in the range between 0.4 and 5 nm. Given that 40 nmd =  

the assumption SCLd � l  (non-overlapping SCLs) is fulfilled for all data points (under the conditions 

considered here). The fact that SCLl  primarily depends on the bulk concentration ( SCLl  decreases 

with increasing dopant bulk concentration) explains the dopant content dependency of the 

conductivity at constant potentials as illustrated in Fig. 1. This is consistent with previous 
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experimental findings.7, 15 Nonetheless, it is worth noting that, although the influence of the SCLs on 

the total conductivity decreases with increasing doping content, the numerical calculations show that 

for moderate potentials the SCL effects continue to significantly dominate the conductivity properties 

for heavily doped, nanocrystalline samples. 

As far as the effect of the space charge potential on SCLl  is concerned, it is worth recalling 

that the analytical approximations of the solution of the Poisson-equation lead to the following well-

known conclusions: (1) In the Gouy-Chapman case for high potentials the SCL size (double Debye 

length 2λ ) is independent of the potential and (2) in the Mott-Schottky case the SCL extension (the 

screening length *λ ) increases with increasing potential. The numerical calculations confirm that the 

outcome of the approximations are correct with one exception: Also in the Gouy-Chapman case, 

SCLl  was found to slightly increase with increasing 0Φ , particularly for very small potentials (cf. 

Fig. 3a).  

By taking into account the dependencies of the SCL extent (Fig. 3a) and the SCL steepness 

(Fig. 2b), the rather complex dependencies of the conductivity change (Fig. 1) on the doping content 

and 0Φ  can be fully understood. As discussed above the decrease of the conductivity change for an 

increasing dopant level is a result of the decreasing SCL extend. Interestingly, for a given negative 

potential the oxygen vacancy conductivity shows a distinct maximum not for the undoped 

composition but for donor doping (e.g. see the green area at about 1 % donor doping for a potential 

of -0.6 V in Fig. 1, left panel). Also for positive potentials the conductivity decrease becomes maximal 

not for pure ceria but for acceptor doped material; here, however, the maximum is less distinct. 

Remarkably, the origin of these maxima can be explained in terms of SCL steepness. For a 

given potential the defect concentration at the interface ( 0x = ) is fixed and, for steep profiles, the 

defect concentrations quickly reach the bulk values with increasing distance from the interface. 

Hence, the integral of such a profile results in a small conductivity change. On the contrary, for rather 

flat profiles, the defect concentrations deviate from the bulk values even over relatively large 

distances from the interface resulting in a larger net conductivity change. In conclusion, for a given 

potential the conductivity change within the SCL increases for decreasing α  and increasing SCLl  

values. This situation is fulfilled best in the mixed case (compare Fig. 2 with Fig. 3a) where indeed 

for a given 0Φ  the largest conductivity changes are observed (cf. also Fig. 1). 

This can also be well recognized by considering Fig. 3b, where the charge balance point 

xρ  = SCLl /α  is plotted. Here, large values of xρ  (corresponding to large SCLl  and low α  values) 

are in fairly good agreement with strong conductivity changes (Fig. 1) for a given potential.  
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Fig. 3  (a) Extent of the SCL ( SCLl ) as a function of doping content and potential. The borders between the 
different cases are adopted from Fig. 2a. (b) Charge balance point xρ  as a function of doping content and 

potential. 
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(iii) Influence of a mobile dopant 

The conductivity maps presented above were calculated for an immobile dopant. It is now worth 

considering also the more complex case, in which the dopant cations can be rearranged under the 

influence of the SCL potential for example during sintering. It is important emphasizing that the 

resulting concentration profiles correspond to the equilibrium situation. The upper panels in Fig. 4 

show that the normalized conductivity ( ms ) maps are in this case somewhat changed, with more 

symmetrically distributed conductivity values. The reason for this is shown in the charge distribution 

graph of Fig. 4c, in which the areas corresponding to the Mott-Schottky case of Fig. 2a are here 

dominated by the enrichment of the mobile dopant leading to typical Gouy-Chapman-like profiles. 

This effect can also be observed in the profile steepness plot of Fig. 4d where the α  values in these 

areas are much higher compared with Fig. 2b. Due to this effect, in the regions of large dopant 

enrichment the influence of the SCLs on the conductivity is reduced compared with the immobile 

case.  

Note that in Fig. 4d for donor doped ceria and negative potentials the steepness is still dependent on 

the dopant concentration. This results in a maximum of the conductivity increase (green area in 

Fig. 4a), which is similar to the one observed an immobile dopant (i.e. the green area in Fig. 1a), 

although here the maximum is less pronounced. The origin of this effect is the larger charge of the 

oxygen vacancies (+2) in comparison with the donor dopant (here +1) leading to an extremely steep 

enrichment of the oxygen vacancies in the SCL.  

Obviously, charge carriers with large charges iz  perceive particularly strongly SCL effects (e.g. 

compare Fig. 4a with Fig. 4b). However, if the highly charged defects are enriched as majority 

charge carriers, the above described increase of the SCL steepness α  partly compensates this 

effect. As an example, it is instructive to consider the case of pure ceria (see Fig. 1a or Fig. 4a). The 

conductivity increase for 0 0.6 VΦ =  is more than three orders of magnitude and the concentration 

profiles are dominated by the enrichment of the singly charged electrons. For pure ceria and 

0 0.6 VΦ = −  the doubly charged oxygen vacancies are enriched but their conductivity increase is 

significantly smaller than three orders of magnitude. 

Such considerations indicate that one possible way to reduce the SCL effects on the conductivity 

(e.g. to reduce the drop of the ionic conductivity in acceptor doped ceria) can consist in using 

sufficiently mobile dopants, which, if possible, should be highly charged.VI 

 

                                            
VI Note that in ref. 7 a similar case is discussed. Here, however, the mobility of the dopant is sufficient only at 
very elevated temperatures resulting in a “frozen” dopant profile at lower temperatures which complicates the 
situation considerably. 
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Fig. 4  The properties of the SCLs under the assumption of a mobile dopant. The top panels depict the 
normalized conductivity ms  maps for the (a) oxygen vacancies and (b) electrons. Panel (c): map of the charge 
contributions 

O
SCLV

Σ Σ••  (white and black areas), SCLD
Σ Σ•  and 'A SCLΣ Σ  (red areas). Panel (d): SCL steepness 

map. 
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2.2  Adjustment of the grain boundary core charge 

In this section, we use the numerical calculations to study to which extent (under realistic conditions) 

the space charge effect could be adjusted to possibly enhance the conduction properties of 

nanocrystalline CeO2. Before addressing this aspect, it is worth noting that usually, given the 

analytical approximations, as the ones shown in ref. 16, the conductivity changes are discussed as a 

function of the SCL potential. This is one of the main reasons why, with some exceptions, in most of 

the literature dealing with SCL effects in ionically and mixed conducting solids 0Φ  is used to 

characterize the SCL properties. On the one hand, this is of course practical, but on the other hand, 

this approach might be misleading, since it can give the impression that the electrical conduction 

properties could be drastically increased independently of other parameters if only the SCL potential 

can be modified. It is worth recalling here that the SCL potential 0Φ  only describes the defect 

concentration at the interface ,0ic  relatively to the bulk value ,ic ∞  and it is not an absolute quantity as 

CoreΣ  (or SCLΣ ), which is instead constrained by microstructural reasons.VII In the following, it is 

shown that there are cases in which the adjustment of the grain boundary charge – e.g. by grain 

boundary decoration4, 5, 18 – is useful, but also other situations, in which a substantial conductivity 

increase within the framework of the SCL theory is not possible. 

For applications, such as solid oxide fuel cells (SOFCs), acceptor doped ceria is of key 

interest due to its high ionic conductivity. However, due to the positive SCL potential in polycrystalline 

material the ionic conductivity is severely reduced. Therefore, there is a strong interest towards 

adjusting the SCL properties and increase the ionic conductivity. Obviously, the extent to which one 

can improve the ionic conductivity is clearly limited by the extent to which one can modify CoreΣ . To 

get a rough estimate for the maximum value of CoreΣ  one can assume that half of the oxygen ions in 

one (100) plane of CeO2 are missing. With the lattice constant of 5.41 Ǻ, this yields an upper limit of 

10 2 22 2 (5.41 10 m) 2C me
−⋅ ⋅ ≈ . As CoreΣ  is shielded by both sides of the GB (see eq. {1}), 

21 C mSCLΣ ≤  holds. 

Using the numerical algorithm, it is possible to determine SCLΣ  as a function of the potential 

0Φ  (Fig. 5a) and vice versa (Fig. 5b). Note that for 0 0Φ >  the negatively charged charge carriers 

are accumulated, leading to a negative value of SCLΣ  (and a positive SCLΣ  for 0 0Φ < ). As shown in 

the graphs, the relationship between both parameters is rather complex: Quite remarkably, a high 

                                            
VII The origin of space charge effects at grain boundaries stems from the fact that the charge carriers have 
different standard chemical potentials at the grain boundary core than in the bulk. Thus the SCL properties can 
be described in terms of standard chemical potentials as for example in ref. 17 in the case of CeO2. 
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value of SCLΣ  does not necessarily correspond to a high 0Φ .VIII As an example, it is worth noting 

that, in Fig. 5a, for donor doped CeO2 at a negative 0 0.3 VΦ = −  the charge is about 20.2 C m  (at 

1 % donor doping), whereas for the same potential in the acceptor doped material SCLΣ  increases far 

above the limit of 21 C m  leading to unrealistic situations (crossed area in the plot). Correspondingly, 

in Fig. 5b, for a charge of 20.4 C m  the potential is about 0.5 V−  for donor doped but only 

approximately 0.1V− for strongly acceptor doped ceria.  

 

                                            

 
VIII In order to understand this finding, let us consider Fig. 5. For given temperature and 0Φ , i.e. a constant 
relative concentration change at the interface, the defect concentration of the majority charge carrier at the 
interface linearly increases with increasing bulk defect concentration (eq. {2}) and, hence, with increasing 
doping content. This increase overcompensates the corresponding decrease of SCLl , which is proportional to 
the square root of the doping content (cf. the Debye length λ) resulting in a net increase of the SCL charge with 
increasing doping content as displayed in Fig. 5a. 
Furthermore, in contrast to the GC case, the local charge density in the MS case cannot exceed the charge 
density of the immobile dopant. Hence, for a given 0Φ , ΣSCL  is generally lower in the MS case compared with 
the GC case. As a result, for a given 0Φ , the lowest ΣSCL  values occur approximately at the border between 
the MS and the mixed case in Fig. 5a where a low dopant level coincides with a MS type profile. For a given 
potential the minimum of the SCL charge is, thereby, located at about the same dopant level where the 
conductivity effects are maximum (compare with Fig. 1). For this reason, if the conductivity is plotted versus the 
SCL charge (Fig. 6) very pronounced •• ,OV m

s  and ',e ms  maxima as well as asymmetrically distributed 

conductivity changes result.  
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Fig. 5  Panel (a): SCL charge SCLΣ  as a function of SCL potential 0Φ  and doping content (The crossed area 
indicates unrealistically high charges 21SCL C mΣ > ). Panel (b): SCL potential as function of SCL charge and 
doping content. Note that a positive 0Φ  corresponds to a negative SCLΣ  and vice versa. The circles indicate the 
positions of the SCL profiles given in Table 2 (constant 0Φ , white solid circles) and Table 4 (constant SCLΣ , black 
circles with white edge). 
 

 

These aspects are extremely relevant for the practical use of SCLs effects in CeO2, since they reveal 

that in some cases the resulting improvement of the ionic conductivity can be rather limited. Fig. 6 

illustrates the conductivity change as a function of SCLΣ . (Note that Fig. 6 differs significantly from 

the charts in Fig. 1, see also footnote VII). The variations of conductivity are large for strongly 

acceptor doped materials and negative SCLΣ  (or donor doped and positive SCLΣ ). Thus a reduction 

of the negative charge (upper white arrow in Fig. 6a) could strongly improve the conductivity of 

nanocrystalline acceptor doped CeO2 by orders of magnitude. However, this conductivity increase 

cannot exceed the bulk value (when SCLΣ  becomes zero). A further change of SCLΣ  towards positive 

values cannot enhance significantly the conductivity (lower white arrow in Fig. 6a) owing to the 

already high OV
••  concentration in the bulk. As an example, if we consider a 20 mol% acceptor doped 

CeO2 bulk ( 21 35 10 cmAc
−= ⋅ ), a large GB core charge of 22 C m−  ( 21 C mSCLΣ = ) and an average 

grain size 40 nmd = , the concentration of OV
••  increases by only 20 33 10 cm−⋅ . It is worth noting that 

alternatively, the same conductivity could be obtained by using an only slightly larger doping content 

of 22 mol% and 0CoreΣ =  (assuming that defect association effects can be neglected).  
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Let us now consider Fig. 1a again. Here it is shown that e.g. for 10 mol% acceptor doping 

0 0.5 VΦ = −  leads to an increase of the OV
••  conductivity of one order of magnitude. However, as 

shown in Fig. 5a for such a 0Φ  value the resulting SCLΣ  exceeds the limit of 21 C m . As a matter of 

fact, for 21 C m  the 0Φ  value for 10 mol% acceptor doped ceria is only −0.2 V  (Fig. 5b). For such 

values, the corresponding ionic conductivity 
,OV m

s ••  is improved only slightly compared with the bulk 

value (Fig. 1a). 

 

 

        
 

Fig. 6  Expected normalized conductivity ms  for the (a) oxygen vacancies and (b) electrons as a function of SCL 
charge SCLΣ  and doping content. The circles indicate the positions of the SCL profiles given in Table 2 (constant 

0Φ , white solid circles) and Table 4 (constant SCLΣ , black circles with white edge). 

 

 

This effect can also be observed in the SCL profiles. In Table 4, characteristic profiles of constant 

SCL charge SCLΣ  are summarized. Note the differences compared with the profiles, which are 

obtained for a constant potential. (Table 2). The profiles in Table 2 are characterized by a constant 

relative conductivity change (i.e. the ratio 0c c∞  is constant, eq. {2}), as it can be observed in the 

logarithmic plots (since the relative conductivity change is independent of the absolute bulk value, the 

linear plots are quite different). The profiles with SCL constΣ =  (Table 4) have instead rather similar 

linear plots with an identical area enclosed between the curves of ic  and ,ic ∞  (after having taken iz  
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into consideration). Here it is the relative change (logarithmic plot) that differs between the 

spectra: For strongly acceptor doped ceria and a positive SCLΣ  the relative change is only very small. 

As a consequence, the adjustment of the SCLs in strongly doped materials can (i) certainly nullify the 

blocking character of the grain boundaries, but (ii) result in an overall ionic conductivity which 

exceeds the bulk conductivity only slightly. Nonetheless, it is worth emphasizing that for application 

purposes such effects would yet be extremely beneficial.   

In addition, the fact that the SCL charge cannot exceed certain values (physical limits) is crucial for 

another fundamental aspect. The underlying relationship usually applied to deal with SCL effects is 

the Poisson-Boltzmann equation which, however, is restricted to diluted systems. Clearly, if both the 

bulk concentration and the SCL potential become too large, eq. {2} yields unrealistic concentration 

values above unity. In such situations also the SCL charge becomes extremely high (crossed areas 

in Fig. 5a). On the contrary, in good approximation a low SCLΣ  indicates that the Poisson-Boltzmann 

equation is applicable (non-crossed areas in Fig. 5a). This can also be observed in the SCL profiles 

shown in Table 2 and Table 4. While for some of the profiles in Table 2 (constant 0Φ  but in some 

cases very large SCLΣ ) the concentration exceeds unity, in the profiles of Table 4 (constant and not 

too high SCL charge) this is not the case.  
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Table 4  SCL profiles of constant SCL charges 0.3 C/m²SCLΣ =  and -0.3 C/m² calculated using the numerical 
approach. The position of the profiles in the contour plots of Fig. 1 to Fig. 3, Fig. 5 and Fig. 6. is marked by the black 
circles with white edge. 
 
20 mol% Donor Doped 

CeO2 (z = 1) 
1 mol% Donor   Doped 

CeO2 (z = 1) Pure CeO2 
1 mol% Acceptor 

Doped CeO2 (z = -1) 
20 mol% Acceptor 

Doped CeO2 (z = -1) 
 

0.3 / ²SCL const C mΣ = = −  

     

     
 

0.3 / ²SCL const C mΣ = = +  
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3  Summary 

 

The numerical approach presented in Part I has been used here to investigate the main properties of 

the SCL profiles and the resulting conductivity effects in the case study of nanocrystalline ceria. 

Hereby a broad range of dopant concentration as well as space charge potential values has been 

considered. Furthermore, the role of a mobile dopant on the determination of the SCL profiles has 

been addressed. The complex relationships among the various SCL characteristics and their 

dependencies on the material parameters (doping content, defect equilibria, etc.) were discussed in 

detail. A summary of the main dependencies is given in Table 5.  

 

 

Table 5  Schematic summary of the main dependencies of relevant SCL characteristics. Note that many of the 
given relationships are at a first glance rather intricate and sometimes even counteract each other. 
 

The SCL conductivity effect 
increases  

- with increasing absolute value of the SCL potential 0Φ . 

- with increasing SCL extent SCLl . 

- with decreasing SCL steepness α . 

- with increasing absolute value of the charge number iz  

The SCL extent SCLl  increases  - with decreasing doping content/intrinsic bulk concentration. 

- with increasing absolute value of the SCL potential 0Φ  (in the MS 
case). 

- slightly with increasing absolute value of the SCL potential 0Φ  (in 
the GC case). 

The SCL steepness α  
increases 

- with increasing relative charge contribution of the enriched charge 
carrier (i.e. if the GC case and not the MS case applies). 

- with increasing absolute value of the SCL potential 0Φ  (in the GC 
case). 

- with decreasing absolute value of the SCL potential 0Φ  (in the MS 
case). 

- with increasing absolute value of the charge number of the 
enriched majority charge carrier (in the GC case).  

The relative charge contribution 

iΣ / SCLΣ  of the enriched charge 
carrier i increases  
(i.e. a MS case profile changes 
into a GC case profile) 

- with increasing absolute value of the SCL potential 0Φ . 

- with decreasing dopant concentration (if the enriched charge 
carrier and the dopant are charged likewise). 

- if the mobility of the dopant is sufficient to follow the SCL potential 
and this dopant becomes the enriched majority charge carrier. 

The SCL charge SCLΣ  
increases 

- with increasing absolute value of the SCL potential 0Φ . 

- with increasing doping content/intrinsic bulk concentration. 

- with increasing relative charge contribution of the enriched charge 
carrier (i.e. if the GC case and not the MS case applies). 

- with increasing absolute value of the charge number of the 
(enriched or depleted) majority charge carrier 
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Finally, the possibility of adjusting (under realistic conditions) the SCL effects to improve the 

conduction properties of nanocrystalline CeO2 has been discussed. The results of the numerical 

analysis indicate that for strongly acceptor doped ceria a hypothetical enhancement of the ionic 

conductivity (oxygen vacancies) above the bulk value through an adjustment of the SCL potential to 

negative values is limited. Nonetheless, even if the bulk conductivity cannot be surpassed, the 

calculations show that already a reduction of the positive space charge potential can still result in a 

drastic ionic conductivity increase (given that for positive 0Φ  the oxygen vacancy transport can be 

strongly hindered at the grain boundaries, in some cases up to several orders of magnitude). A 

reduction of the positive SCL potential can thus be extremely beneficial for applications. 
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