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isotropic fluid. We find that an extensile active fluid preferentially accumulates at a boundary if

the anchoring is planar, whereas its boundary concentration decreases for homeotropic anchoring.

These tendencies are reversed if the active fluid is contractile. We argue that the sorting results

from gradients in the nematic order, and show that the behaviour can be driven by either imposed

boundary anchoring or spontaneous anchoring induced by active flows. Our results can be tested by

experiments on microtubule-kinesin motor networks, and may be relevant to sorting to the boundary
in cell colonies or cancer spheroids.

1 Introduction

A central challenge in biophysics is to understand how numer-
ous individual components self-organize to form more ordered
structures. For example, experiments with starfish embryos in
which endodermal and ectodermal cells were mixed showed that
the cells spontaneously sorted, with endodermal cells migrating
towards the interior and ectodermal cells moving to the outer
boundary of the embryo™. Similarly, in Huang et al.2, a co-culture
of homogeneously mixed metastatic breast cancer cells and non-
tumorigenic epithelial cells initially sorted and later exhibited an
inversion of tissue architecture. In confluent cell layers, different
cell types can self-arrange into distinct regions, and bacterial
species within a biofilm have been observed to spontaneously sort
based on differences in their mechanical properties®.

Biological phase separation has often been examined using the
framework of equilibrium thermodynamics, where sorting is as-
sumed to stem from the minimization of a free energy. Among
the most prominent of the equilibrium theories is the differen-
tial adhesion hypothesis (DAH)@E, which attributes the order-
ing to variations in the binding strength between like and unlike
cells. However, since living matter operates out of equilibrium,
the DAH may not adequately account for factors such as chemi-
cal signalling, cell division, and mechanical forces. Indeed, recent
experiments have demonstrated that the DAH alone is insufficient
to fully explain cell sorting in living systems&10,

A class of systems exhibiting out-of-equilibrium phase sep-
aration is active matter ™12 which describes self-motile par-
ticles. A paradigmatic example of active phase separation is
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motility-induced phase separation (MIPS), where a system of
self-propelled particles separates into dense and dilute phases™3.
Other routes to active phase separation include aligning torques,
chemical bonds, motility differences, and hydrodynamic interac-
tions™#20, Active phase separation has been documented in var-
ious continuum models?1"24 a5 well as in phase field and ver-
tex model simulations of heterogeneous cell layers. The
sorting can also be influenced by confining the active material;
in many active mixtures, the different species preferentially ag-
gregate at or move away from a bounda. Swimming mi-
croorganisms, in particular, congregate at walls by hydrodynamic
interactions3931,

A widely used formalism for studying dense cellular aggregates
is that of active nematics®2%4, These comprise elongated parti-
cles that align in a common direction but lack positional order.
The particles exert local dipolar forces on their surroundings by
pushing or pulling along their long axis. A consequence of this is
that active nematics in bulk are unstable to a chaotic flow state
called active turbulence®®. By contrast, in confinement, they
can exhibit a rich variety of steady flow states, including unidi-
rectional and bidirectional laminar flow, spontaneous rotational
flows, and a lattice of vortices which can be controlled by adjust-
ing the dimensions and the boundary conditions of the confin-
ing box36%39 Moreover, active nematics at a boundary or inter-
face give rise to interesting new physics, notably active anchor-
ing@], active wavesm, finger formation@], and interfacial self-
folding™>.

We have recently demonstrated that a binary mixture of an
active nematic and a passive fluid will sort even in the absence
of thermodynamic driving forces. However, many of the experi-
ments demonstrating sorting are carried out using confined cell
collectives, and the effect of boundaries on the active sorting re-
mains unclear. In this paper we use a two-fluid model to inves-
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tigate this problem numerically34047, We show that, in the ab-
sence of thermodynamically-controlled wetting, whether the ac-
tive or the passive component preferentially sorts to the boundary
depends on the director anchoring, and we give analytical argu-
ments to explain this result.

The paper is structured as follows: In Sec. |2} we review the
model introduced in Bhattacharyya et al. 4948l to study a mixture
of an active nematic and a passive isotropic fluid and give details
of the numerical approach. In Sec.|3] we confine the mixture to a
square box, imposing either homeotropic or parallel anchoring on
the nematic director. We find that an extensile (contractile) active
nematic component preferentially sorts to the wall if the anchor-
ing is planar (homeotropic). We then show that the behaviour is
similar if the wall anchoring itself results from activity (Sec. [4).
In Sec.[5lwe turn to confinement in a circle. This allows us to sta-
bilise a circulating flow pattern and hence to compare the effects
of curvature forces to those resulting from gradients in the mag-
nitude of the nematic ordering. The final section, [6] summarises
the results and suggests a possible mechanism for the inversion
of tissue architecture observed in Huang et al.2,

2  Model

We consider a mixture of two fluid components i = 1,2 where i = 1
is an active nematic and i = 2 is a passive, isotropic fluid. Each
component satisfies mass and momentum conservation:

P +V-(piu) =0, )]

at (piui) + fbodyJ

fthermo,i

(pzuzuz) _ fvisc,i +

+rp(1-¢)( ' —u) (2
where p’ and u’ are the density and velocity of component i and
¢ is the concentration of component 1. The right hand side of
Eq.(2) describes the forces acting per unit volume of the fluid,
and accounts for viscous (f¢), thermodynamic (f¢"%:) and
local body forces (%) In addition, the term y¢ (1 — ¢)(u?~ —
u’) models relative drag between the two fluid components, the
strength of which is controlled by the coefficient y.

It is convenient to reformulate the equations of motion in terms
of a centre-of-mass (COM) fluid, and a relative fluid. The density
field of the combined COM fluid is p¢ = p! + p2, and the COM flow
field is u¢ = ¢u! + (1 — ¢)u. We also define a relative flow field
Su =u' —u2. We will work in the limit where the relative drag is
the fastest mode of relaxation in the system i.e. y is large. Thus,
the relative flow is much smaller than the combined velocity of
the fluid i.e. |8u| < |u¢|. Adding Egs.(@)-(2) for each fluid, and
dropping terms of order (8u)?, gives the equations of motion for
the COM fluid4048-50.

ap‘+V-(pu) =0, €))]
2
at (Pcuc) pc u I.lL Z fL isc,i + fthermo,i + fbody,i} ) (4)

i=1

We now describe the terms on the right-hand side of Eq.(d).
The viscous term can be written as the divergence of a viscous
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stress tensor,
el = v plvi((Va) + (V)T — (V-u)I), (5)

where v/ is the kinematic viscosity of fluid i. To simplify things
further, we assume that v! = v2 = v. Since |Su| < |u‘|, the viscous
term for the combined fluid is then42>0

fvisc,c ) + (VuL')T

=V-p°v ((Vu —(V-u)T). 6)

The second term on the right-hand side of Eq. is the ther-
modynamic force derived from a free energy density %, which
we will describe below. The thermodynamic force acting on each
fluid component can be written as

fthermo,i — 7in‘u,i, 7)

where u’ = §.% /8p’ is the chemical potential of species i. The
total thermodynamic force acting on the COM fluid can be written
as the divergence of a stress tensor, ¢h¢rme 46149

fthermo,c -V. O.Ihermo —V. ( T _ p

AN

The final term on the right-hand side of Eq.() is a body force
that models the active and passive forces arising from the ne-
matic nature of the first fluid component. The nematic order is
described by a rank-2 nematic tensor field>1

Q:2S<nn—%>, )]

where S is the magnitude and n is the alignment axis of the ne-
matic ordering. The dynamics of Q is governed by the Beris-

Edwards equation'32:>2
(9 +u'-V)Q+W=TH, (10)
where
- (lﬁl +91) : (QJ%) + (Q+g) : (“:;1 _Ql>
_2)L(Q+ >(Q i) an

is the co-rotation term describing the response of the orientation
field to the traceless™? strain rate tensor E! and vorticity tensor
Q! in the fluid. The flow-tumbling parameter A describes the
relative importance of strain and vorticity. Finally,

8.7 1 S5.F
H:‘(%‘E“(%))

is a molecular field describing relaxation to the minimum of the
free energy at a rate depending on T, the rotational diffusivity.

(12)

Distortions in the nematic field exert a restoring stress on the
underlying fluid, known as the elastic backflow term. This is given
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I 0F
—A(Q+E> ‘H-(VQ) .m+Q~H—H-Q>. (13)
Importantly, the active nematic species exerts dipolar forces along
the local elongation axis. This can be modelled by an active
stressS2i32

" = -£9Q, a4

where the activity parameter { describes the strength of the dipo-
lar forces and the sign of { determines their direction. Positive
(negative) { corresponds to extensile (contractile) activity, where
the elementary dipoles exert a net force outwards (inwards) along
their long axis. Combining Egs.(13)) and (I4), the total body force
appearing in Eq.(4) is

fbody.,i _ 51' V- (Hhackflow + Hact) . (15)

It now remains to define the free energy % which is used
to calculate the chemical potential and the molecular field. We
choose®

1 . X 1 1
7 =30 Ip+{alo— 5 +b(9—5)'}

+ [%c(sg - %Tr(Qz))z + %K(VQ)Z] (16)
where the first term defines an isothermal equation of state for the
combined fluid. Thus, the combined fluid is essentially incom-
pressible, and density variations are resolved much faster than
the timescale of system dynamics. However, the individual com-
ponent fluids are compressible, allowing sorting.

The second term in Eq.(T16), in curly brackets, is the Landau
free energy. The material parameters a and b describe the equi-
librium state of the system in the absence of activity. If « > 0 and
b > 0, equilibrium corresponds to the active nematic and passive
isotropic fluids being homogeneously mixed.

The final term in Eq.(16), in square brackets, is the Landau-de
Gennes free energy describing the thermodynamics of a passive
nematic. C and K are bulk material properties of the nematic,
and Sy is the magnitude of the nematic order in equilibrium. We
take Sy = 0 corresponding to a paranematic, i.e. no nematic order
in the absence of activity or boundaries.

We solve Egs.@)-() for the combined fluid using an incom-
pressible Lattice-Boltzmann method”®. Eqs.(I)-(2) for the com-
pressible active component are solved using a compressible Lat-
tice Boltzmann method4®42, Eq.(T0) for the Q-field is integrated
using a finite difference approach. More details of the simulation
techniques can be found in Bhattacharyya et al.4248 where we
used the algorithm to study the ordering of bulk mixtures of an
active and a passive fluid, and mixtures of active fluids.

In this paper, we extend our previous work by confining an
active-passive mixture. We consider two different geometries. In
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the first of these, the mixture is confined inside a square box of
side L with solid walls. We impose free-slip boundary conditions
for each fluid component at the box walls. This is simulated nu-
merically by using a Lattice Boltzmann bounce-back scheme. The
orientation field is constrained to be perfectly anchored at the
walls in either a planar or homeotropic configuration.

In the second case, the mixture is confined inside a fixed region
by a third highly viscous fluid, with no-slip and no-penetration
conditions at the boundary. The nematic field at the boundary is
free, and its orientation is controlled by active flows. Numerically,
we use a fixed phase field ¥ to distinguish between the inside
(¥ = 1) and the outside (¥ = 0) of the confinement. In order to
have a smooth boundary, ¥ is chosen to minimize the free energy
Fy = AgW?(1 — ¥)? + Ky (V¥)? with Ay = 0.4 and Ky = 0.1. The
external confining fluid is chosen to have the same density as the
fluid mixture inside, but it is highly viscous (v** = 10/6) and has
strong frictional damping quf(')i = —10u/, ensuring no flow outside
the confinement. At the boundary, ¥ varies smoothly from 1 to
0 over 4 lattice sites. The activity is localized inside the confined
region by setting it to 0 if ¥ < 0.90. To deal with the finite width of
the interface, we linearly interpolate the kinematic viscosity and
friction coefficient for ¥ € (0,1). The velocity field is continuous
at the interface, and zero outside the boundary.

We use the parameters p€ =40, vi = v, =1/6, y=0.1, a =
0.0001, b =0, T' =0.33, C = 0.001, K =0.02, So =0, A =0.7,
and § € [0.001,0.012]. The system is initialized in a uniformly
mixed configuration, with equal concentrations of active and pas-
sive material (¢ = 1/2) everywhere. We initialize the nematic
tensor in a random configuration with noise, and then simulate
for 500 burn-in steps with no activity. Simulations are then run
for at least 6 x 103 timesteps, with snapshots taken every 1000
timesteps, until a steady state is reached. We quantify the typical
concentration and fluctuations of the active fluid near the bound-
ary, Qoqqe, by measuring the mean and standard deviation of ¢ ina
small region near the boundary, across different time snapshots.
For a circular (square) confinement, these regions are given by
annuli (square annuli) of width 2 units.

3 Active sorting to boundaries driven by imposed
anchoring

We first study an equal mixture of an active nematic and a pas-
sive isotropic fluid confined inside a square box (L = 120). The
velocity field satisfies a free-slip boundary condition, while the
nematic director field at the walls is anchored in a planar (paral-
lel to wall) or homeotropic (perpendicular to wall) configuration.

In the bulk of the box we observe active turbulence and mi-
crophase separation as detailed in Bhattacharyya et al.4®. Note,
however that the snapshots in Fig. [l{and Movies 1-2, which are
for a mixture with extensile activity { = 0.01, suggest that the ac-
tive nematic component preferentially accumulates at the bound-
ary if the anchoring is planar (panel a) but has a lower concen-
tration at the boundary for homeotropic anchoring (panel b).

These observations are quantified in Fig. [I[c) where the con-
centration of the active fluid component near the wall is plotted as
a function of activity for the two anchoring configurations. This
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Fig. 1 Active nematic-passive mixture with imposed strong anchoring: (a) Extensile activity, planar anchoring: For extensile activity ({ =0.01), with
planar anchoring, the concentration of active nematic at the boundary wall is enhanced. The colourbar shows the concentration of active nematic fluid
¢.(b) Extensile activity, homeotropic anchoring: If the anchoring is changed to homeotropic, the concentration of active nematic at the boundary is
depleted. (c) Concentration of active nematic near the wall, averaged over time, for varying activity. Error bars show the standard deviation.

figure also allows a comparison of sorting for a contractile ac-
tive component, where the opposite behaviour is seen, with the
wall concentration being suppressed by planar, and enhanced by
homeotropic, anchoring. This comparison indicates that the con-
centration ordering at the boundary is driven by active forces.

Indeed, the boundary sorting can be explained by noting the
form of the active stress, Eq. (14), which implies that gradients
of nematic order or material concentration generate active forces.
Consider a nematic field, with orientation n, at a boundary, with
unit vectors m and 1 denoting the normal and tangential direc-
tions to the boundary, as shown in in Fig. 2[(a). For a gradi-
ent of nematic order or concentration V(¢S) that points along
m, the component of the active force normal to the boundary is
From — £1V(¢S)|(2(m-n)2 — 1)m49, Its direction depends on the
anchoring angle of the nematogens at the boundary, for example
for an extensile nematic with planar anchoring F°"™ points in the
same direction as the gradient, V(¢S). The gradients of S and ¢
play a similar role as an interface between two immiscible fluids,

and the resultant forces look similar to those described by Coelho
et al.>s,

Thus the accumulation of the active fluid at the anchored
boundary can be attributed to the nematic order gradient
between the nematogens influenced by the boundary anchoring
and the more disordered bulk. For an extensile nematic with
planar anchoring, the order gradient sets up active flows towards
the boundary (Fig. b,d)). This increases the concentration of
extensile nematic at the boundary, setting up a concentration
gradient, V¢, which reinforces the order gradient. The balance
between the active force and these restoring forces controls the
magnitude of the sorting. The sorting is opposed by the chaotic
flows of active turbulence and by the Landau free energy, which
favours a mixed state. Fig.[2)(e) contrasts the case of homeotropic
anchoring, where the gradient-induced flows are away from the
wall. The change in behaviour can easily be explained by noting
the change in the sign of the activity, {. The flow direction would
be reversed for a contractile nematic (Fig. c)).

4] Journal Name, [year], [vol.], 1ﬂ

(d)

AVA) -(---)-*T-)»-e?-r

Fig. 2 Forces at a boundary: Schematic representation of (a) a nematic
at a boundary showing the vectors defined in the text. Background
colours show the magnitude of nematic order, with yellow denoting high
nematic order and blue denoting low nematic order. The gradient of
nematic order points from blue to yellow. (b) flows due to an extensile
(¢ > 0) active nematic. (c) flows due to a contractile (§ < 0) active
nematic. (d)-(e) nematic order gradient and active forces at an anchored
boundary. Extensile nematics are ordered at the boundary, but disordered
in the bulk (shown by curved black lines), resulting in a gradient in
nematic order, S. The resultant active force fu; points (d) towards
the boundary for planar anchoring, and (e) away from the boundary for
homeotropic anchoring.
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Fig. 3 Active nematic-passive mixture with active anchoring: (a) Extensile activity, active anchoring: At a low activity, { = 0.004, the active material
has a slightly enhanced concentration at the boundary. (b) Extensile activity, active anchoring: At higher activity, { =0.01, bulk flows are chaotic, but
the active anchoring, and hence the sorting is stronger. The colourbar shows the concentration of active nematic fluid ¢. (c) Average concentration
of active nematic near the wall for varying activity. Error bars show the standard deviation.

For extensile systems, the bulk is turbulent, and the velocity
field in the bulk is higher than that at the edges (for both planar
and homeotropic anchoring). However, the velocity field align-
ment near the edges is uniform, while it is chaotic in the bulk.
(Fig. A1l in the ESI). Similar results are observed for a box with
imposed anchoring and no-slip boundary conditions (see Fig. A2
in the ESI).

4 Active sorting to boundaries driven by sponta-
neous active anchoring

We next investigate whether sorting to a boundary can be ob-
served even in the absence of imposed anchoring. We consider a
square box containing an active nematic and a passive isotropic
fluid component in equal amounts, and delineated by a third
highly viscous confining fluid. Boundary conditions on the flow
are no-slip, and the nematic field at the box boundary is free, so
that its orientation is controlled by active flows.

The results are summarised in Fig. [3]for extensile activity and a
box length L=160 which is sufficiently large that the bulk shows
active turbulence. We quantify the degree of sorting by measur-
ing the peak of the average concentration profile of the active
fluid near the edge of the box. At low activities, { = 0.004, the
snapshot in Fig. (see also Movie 3) shows a slight accumula-
tion of the active component at the boundary. For higher activi-
ties, { = 0.01 (Fig. [3b, Movie 4), there is a clear sorting of active
fluid to the boundary. Fig.[3((c) demonstrates the increase of the
boundary accumulation with the activity. While this is significant,
it is weaker than that caused by strong thermodynamic anchor-
ing.

The boundary sorting that occurs, even in the absence of
imposed boundary conditions, is a result of active anchoring,
the alignment of nematogens at a boundary caused by active
flows 40156 Returning to the argument in Section [3| and Fig.
the component of the active force tangential to the boundary is
Frang = 2¢|V(S¢)| (m-n)(1-n)149, If the director at the boundary
is unconstrained, this force creates flows which tend to rotate the
orientation field into the planar configuration for extensile fluids.

The active anchoring at the surface then acts in the same way
as thermodynamic anchoring to establish a gradient of nematic
order normal to the surface which leads to preferential accumu-
lation of the active component at the surface. (If A > 0, there
are no active flows for contractile activity as we are considering a
system with no nematic order in the passive state and the shear-
induced nematic ordering required for active turbulence in this
limit requires A& > 0°7.)

Similar results are observed for a channel with spontaneous
active anchoring and no-slip boundary conditions (see Fig. A3
in the ESI). Figures showing the spatial variation of the active
concentration ¢ is presented in Fig. A4 of the ESI.

5 Active sorting to boundaries driven by correlated
director gradients

Returning to the expression for the active stress, we have so
far considered the active forces due to gradients in concentration
or nematic order,

Fo" — {V(S9)- (2nn—1). a7

However, gradients in the direction of the nematic order param-
eter may also lead to flows that can push the active fluid compo-
nent radially,

F“" =2(S$ V- (nn). (18)

To investigate the relative contributions to sorting from gradi-
ents in the magnitude or direction of the order parameter, we
consider a circular confining region. As predicted theoretically in
Woodhouse et al.*® and demonstrated experimentally in Opatha-
lage et al.®8 for a small confining radius active turbulence is re-
placed by azimuthal flows with the gradients associated with the
curvature of the director field driving spontaneous rotation. This
is shown in Fig.[4{(a) (see also Movie 5) for R = 30 and an activity
£ =0.005. Figs. E}kb,c) (see also Movies 6-7) show similar plots
for R = 60 and R = 90, where the bulk shows chaotic active flows.

The variation with R of the concentration enhancement near
the edge of the circle is plotted in Fig. [d[(g). This increases to
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Fig. 4 Active nematic — passive mixture in circular confinement: Extensile activity, active anchoring: Concentration profile of the active nematic fluid,
¢ (colourbar) and director (black lines) for (a) R =30, (b) R=60, (c) R =90 for { =0.005. Comparison of the radial forces due to gradients in the
nematic order parameter and gradients in the director field as a function of the radial co-ordinate, r, for (d) R=30, (¢) R=160, (f) R=90. (g) Average
concentration of active nematic near the wall for varying radii of confinement.

R ~ 60 and then decreases slightly as the director ordering is dis-
rupted by the turbulent bulk flows. The no-slip boundary con-
ditions imply that the maximum shear-induced nematic order is
achieved slightly away from the edge of the confinement. There-
fore we calculate the concentration enhancement by averaging
over an anulus centred on the peak of the radially-averaged ac-
tive concentration profile.

To assess the relative contributions of the nematic ordering and
director curvature gradients to the radial force we assume az-
imuthal symmetry, S = S(r), ¢ = ¢(r), and n = (cos ©,sin®) where
O = 0 + 0y, with @ a constant tilting angle. It then follows from

Eqns. and that46

forder - £ = _CCOS(2®0)81‘(S¢) ) (19)

A 28
four £ = — L cos(200) (= ). (20)
r
These contributions, which can be calculated numerically, are

6| Journal Name, [year], [vol.], 1ﬂ

plotted in Fig. [l(d,e,) for R = 30,60,90. We find that f,,,,, and
f., contribute approximately equally to setting up the concen-
tration profile. The error bars on these curves indicate that the
forces fluctuate much more strongly for larger R because of the
active turbulence in the bulk. Note that f,,,,, - # becomes negative
near the boundary - this is a consequence of the active anchoring
being suppressed by the no-slip boundary conditions.

6 Discussion

To summarise, we have shown that a mixture of an active ne-
matic fluid and a passive isotropic fluid spontaneously sorts at a
boundary. The sorting mechanism depends on gradients in the
nematic order which are set up by boundary anchoring which can
be externally imposed or result from active boundary flows. An
extensile (contractile) active nematic preferentially accumulates
at a boundary where the anchoring is planar (homeotropic) but
migrates away from a boundary with homeotropic (planar) an-
choring. In the absence of any imposed anchoring, spontaneous
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o

Fig. 5 Active Sorting: Extensile activity, active anchoring: (a) Stable initial configuration in a thermodynamically phase-separated system (a < 0,5 > 0).
(b) When the inner species becomes active, it elongates into an elliptical shape. (c) On contact with the boundaries, the active material spreads along
the confinement. (d) The active material accumulates into a ring at the edge of the container, which spontaneously rotates. The colourbar shows the

concentration of the active species, ¢.

anchoring leads to an active species accumulating at the bound-
aries of its confinement.

Balancing thermodynamic driving with active forces resulting
from confinement provides a way to control the positioning of an
active fluid component. An example is shown in Fig. |5| (see also
Movie 8). A fluid component is initiated at the centre of a con-
fining region, stabilised by thermodynamic phase separation (by
choosing a < 0, b > 0 in Eq.(T8)). If the inner fluid becomes active
it elongates into an elliptical shape, driven by the active instabil-
ity, and then spreads into a rotating ring at the boundary. Indeed,
cells sorting to the boundary of a confined region or droplet is
ubiquitous in biology, and has been observed in embryonic am-
phibian cells®®, mouse embryoid cells®0, regenerating hydra,
reconstituted starfish embryoll,
results highlight a possible role of active forces in driving the cel-
lular organisation, which may be particularly relevant when cells
organize opposite to the DAH prediction. For instance, architec-
ture inversion in Huang et al.2 would be consistent with active ne-
matic stresses associated with cell division, while cell sorting out-
comes in Moore et al.0 may be driven by active nematic stresses
generated by E-cadherin.

and cancerous tumours. Our

In future work, it would be interesting to study the effects of
confinements with locally changing curvatures, and how this af-
fects the boundary distribution of active material. It might be pos-
sible to design confinement shapes such that an active nematic
material would spontaneously accumulate in a specific region.
Another interesting avenue for exploration would be the evolu-
tion of an three-dimensional active droplet with a deformable
shape which contains an active-passive mixture. The feedback
loop between active flows deforming the shape of the droplet and
boundary sorting changing the activity distribution may provide
a route to the spontaneous organization of complex patterns.
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