Open Access Article. Published on 18 iyul 2022. Downloaded on 17.12.2025 11:28:01.

Chem Soc Rev

REVIEW ARTICLE

¥® ROYAL SOCIETY
PP OF CHEMISTRY

View Article Online
View Journal | View Issue

’ '.) Check for updates ‘

Cite this: Chem. Soc. Rev., 2022,
51, 6475

Received 13th March 2022

DOI: 10.1039/d2cs00203e

rsc.li/chem-soc-rev

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

Quantum machine learning for chemistry
and physics

#°¢ Raja Selvarajan, i Shree Hari Sureshbabu, (2
xabcd

a Junxu L,
£%° Rishabh Gupta,+®® Vinit Singh#®® and Sabre Kais

Manas Sajjan,
Sumit Suresh Kale,

Machine learning (ML) has emerged as a formidable force for identifying hidden but pertinent patterns within a
given data set with the objective of subsequent generation of automated predictive behavior. In recent years, it
is safe to conclude that ML and its close cousin, deep learning (DL), have ushered in unprecedented
developments in all areas of physical sciences, especially chemistry. Not only classical variants of ML, even
those trainable on near-term quantum hardwares have been developed with promising outcomes. Such
algorithms have revolutionized materials design and performance of photovoltaics, electronic structure
calculations of ground and excited states of correlated matter, computation of force-fields and potential
energy surfaces informing chemical reaction dynamics, reactivity inspired rational strategies of drug designing
and even classification of phases of matter with accurate identification of emergent criticality. In this review we
shall explicate a subset of such topics and delineate the contributions made by both classical and quantum
computing enhanced machine learning algorithms over the past few years. We shall not only present a brief
overview of the well-known techniques but also highlight their learning strategies using statistical physical
insight. The objective of the review is not only to foster exposition of the aforesaid techniques but also to
empower and promote cross-pollination among future research in all areas of chemistry which can benefit
from ML and in turn can potentially accelerate the growth of such algorithms.
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1 Introduction

The 21st century data revolution sparked by machine learning
(ML) has yielded unprecedented applications in several
domains of technology like natural language processing,'™
robotics,”'® image-

recommender systems,'* web-searching’®
16,17

translation,”> autonomous vehicles,®™®
recognition,’*?
and fraudulent email filtering and in medical sciences like
bio-informatics,"®'® medical imaging,>® brain-computer
interfacing® and in social sciences*® and finance®® and even
in problems like refugee integration.>* The primary reason for
such prodigious advances is the uncanny ability of ML based
protocols to detect and recognize unforeseen patterns in the
data analyzed and integrate the acquired knowledge into
decision-making, a process fancifully coined as ‘learning’.
The fruitful use of this ability has been further accelerated by
not only large-scale availability of shared databases and expo-
nential growth of computing resources but also ingenuous
algorithmic advances over the past few decades that precipi-
tated in efficient dimensionality reduction*® and data-
manipulation. Needless to say, this positively disruptive meth-
odology has also fruitfully impacted several domains of
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physical sciences.?® Applications ranging from astronomy,>”"*®
particle-physics,> atomic and molecular physics,*® optical
manipulations of matter,>* forecasting of weather patterns
and climate dynamics®*** and even identification of evolution-
ary information from fossil records in paleontology®*® have
been recorded with an unforeseen success ratio. Chemical
applications like understanding the electronic properties of
matter,”’*® materials discovery with optimal properties,*>*°
retrosynthetic design and control of chemical reactions,*'~**
understanding reaction pathways*>*® on a potential energy
surface, and cheminformatics®” have been analyzed using the
newly acquired lens of ML and continue to register a meteoric
rise. Simulations performed in a recent review*® bear testimony
to this fact by highlighting that keywords based on ML have
made steady appearances (>10%) across all divisions of chem-
istry over the last 20 years in technical journals of a particular
publishing house. The number of such occurrences has speci-
fically increased steadily for applications in physical chemistry/
chemical physics. While ML based algorithms were enjoying
this attention, much along the same time, the world was also
witnessing the rapid emergence of another computing revolu-
tion which is fundamentally different from the familiar
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classical bit-based architecture. The new paradigm, called
quantum computing,*® leverages the power of quantum paral-
lelism and non-classical correlations like quantum entangle-
ment to offer a platform that has shown algorithmic speed-up
over the classical version in many instances.’** The natural
question which has been posed in the community is whether
quantum computing can also expand the horizon for predicting
and identifying relevant features in a given data-set,>® lead to
newer, more efficient algorithms for machine learning or even
record algorithmic speed-up for some of the established toolk-
its that are now routinely employed by ML practitioners in
physics and chemistry.>® In this review, we shall try to explore
this exciting intersection.

1.1 Scope of the review

The scope and philosophy of this review would thus be the
following:

1. Ref. 48 highlights that a survey has indicated that ML
algorithms are increasingly becoming opaque to human com-
prehension. We feel that a part of the reason for this is the
under-emphasis on the various methodologies that inform the
basic building blocks of ML in recent reviews. Although such
topics are usually covered elaborately in data-science
textbooks®”>° yet the resources lack domain-specific exam-
ples/applications which a new researcher in the field may find
beneficial. Thus a holistic yet detailed account which focuses
on both the basic tools used by ML practitioners and how such
tools are enabling various physico-chemical applications, con-
solidated in one place for researchers to use synergistically, is
lacking. This review will try to address this gap.

2. We shall not only discuss the common tools that are used
by traditional ML practitioners in theoretical and computa-
tional physics and chemistry but also delineate the analogues

Mr. Vinit Kumar Singh received
his Master of Science (MSc)
degree from the Department of
Physics, Indian Institute of Tech-
nology, Kharagpur. He is cur-
rently a PhD candidate at the
Department of Chemistry at Pur-
due University. He is researching
quantum-computing algorithms
for machine learning and quan-
tum simulations and under-
standing quantum entanglement
in higher dimensions using Ten-
sor Networks.

Vinit Singh

This journal is © The Royal Society of Chemistry 2022

View Article Online

Review Article

of these algorithms trainable on a quantum computer. This will
be attained in two steps. First, we shall discuss the underlying
theoretical framework of quantum versions of each of the
vanilla ML algorithms in detail along with their classical
counterparts. Second, the contributions made by both the
classical and the quantum versions would be discussed sepa-
rately while exploring each of the respective applications in
subsequent parts of the review. To this end, it is important to
clearly define certain terms which will set the tone for the
review. All applications to be discussed in this review will entail
deploying ML based algorithms on datasets involving features
or representations of molecules/atoms and/or nanomaterials.
Due to the specific nature of the data, we shall broadly call all
such examples as instances of quantum machine learning (as is
commonly done in this domain®”') even if the analysis is
performed on a classical computer. However, to distinguish
examples wherein quantum computers have been used as a
part of the training process for the ML algorithm we shall
specifically call such applications as ‘quantum computing
enhanced’. To the best of our knowledge, explicating such
quantum computing enhanced variants in the physico-
chemical domain has not been attempted in any of the recent
reviews which distinctively sets this one apart from the rest in
terms of coverage and focus.

3. We shall also discuss five different domains of physico-
chemical applications which includes tomographic preparation
of quantum states in the matter, classification of states and
phases of matter, electronic structure of matter, force field
parameterization for molecular dynamics and drug discovery
pipeline. For each of these applications, we shall discuss ML
algorithms (both the classical and quantum computing
enhanced variants) that have been successfully used in recent
literature focusing on as many different architectures as
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possible. The objective of treating such a diverse portfolio of
applications is to ensure that the reader is aware of the many
distinct domains in physical chemistry that have benefited
immensely from ML over the past decade. Since the
quantum-computing variants are still a nascent variety, bulk
of the applications to be discussed will involve classical ML
algorithms on quantum data even though the focus will cer-
tainly be on how the capabilities in each domain can be
augmented with the former in the arsenal. To the best of our
knowledge, such a diverse and comprehensive portfolio of
applications consolidated in one place has not been presented
in any single review most of which have been topical and
focused on a single domain only. It must also be emphasized
that the aforesaid list is by no means exhaustive. Indeed we
shall enlist several other domains later which have not been
discussed in this review. Topical reviews on such applications
will be duly referenced which the interested reader may
consult.

4. Lastly, another reason for the obscurity in the interpreta-
tion of machine learning algorithms especially those involving
neural networks is the lack of clarity in the underlying learning
process. Indeed, physicists and chemists are motivated to
design computational tools which explicitly use physical laws
and scientifically guided domain intuition to understand a
given natural phenomenon. However, in most of machine
learning algorithms, the models are initially agnostic to such
physical principles. Instead they identify pertinent features
and/or strategies directly from the data without the need for
human intervention. While this process is intriguing, certain
researchers may be reluctant to reap the full benefits of ML due
to this fundamental difference in the operational paradigm. In
this review we strive to address this issue by discussing several
statistical physical tools which have been used in recent years
to demystify the learning process. This is either completely
absent or is less emphasized in recent reviews which we believe
also fuels the increasing opacity as highlighted in ref. 48

1.2 Organization of the review

The organization of the review is as follows. In Section 2 we
offer a glimpse of some basic notions in quantum computing to
be used for understanding the subsequent portions of the
review. In Section 3 we discuss in detail each of the commonly
used architectures in ML and DL (both the classical and the
quantum computing enhanced variants). The basic theoretical
framework discussed in this section for each of the methods
will be frequently referred to subsequently. In Section 4, we
enlist and discuss in detail some of the recent reports wherein
the power of quantum computers for machine learning tasks
has been explicitly demonstrated or theoretically proven to be
superior to that of classical models. In Section 5, we discuss the
applications of ML in five different domains of physics and
chemistry. In Section 6, we discuss several different models for
explaining the learning mechanisms of deep learning algo-
rithms using statistical physics. In Section 7, we conclude with
a foray into emerging domains not discussed in this review.

6478 | Chem. Soc. Rev., 2022, 51, 6475-6573
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2 A short primer on quantum
computing

In this section, we shall discuss some of the basic terminologies
and conceptual foundations of quantum computing that will be
used in the rest of the review. This is not only being done for
completeness but with the motivation that since quantum com-
puting as a paradigm is relatively new, it may be unfamiliar to
traditional ML practitioners and/or new entrants into the field. To
appreciate the quantum analogues of commonly used machine
learning algorithms, a basic understanding of some of the opera-
tional concepts and terms used in this domain would be bene-
ficial. This section would attempt to familiarize the reader with
this knowledge. We shall visit the common operational paradigms
of computing using quantum devices that are widely used. Just as
in classical computers where one has binary bits encoded as {0,1}
used for all logical operations, on a quantum computer the
primary unit of information is commonly encoded within a qubit.
To define a qubit, one would need two two-dimensional vectors
commonly denoted as |0) and |1) and are referred to as computa-
tional basis states. Physically these two states can be the two
hyperfine energy levels of an ion like in trapped-ion based
quantum computing platforms®>®® or can be energy levels corres-
ponding to different number of Cooper pairs in a superconduct-
ing island created between a Josephson junction and a capacitor
plate®® or can be the highly excited electronic energy levels of a
Rydberg atom based cold atomic-ensembles®®® or polar mole-
cules in pendular states®””' to name a few. Mathematically the
two states can be represented as |0) = (1 0)" and [1) = (0 1)” and
collectively form a basis for the two-dimensional state space (H)
of the system.

2.1 Single qubit state

The state of the qubit in the two-dimensional basis of (|0),|1))
is defined by the unit trace positive semi-definite operator
(denoted as p € #(H)) as follows:

p = (%+n:)|0><0| + (- imy ) |0)(1]
| | (1)
+ (ny — iny)|[1)(0] + <§* n;>\1><1|

wherein (ny,n,,n. )"€ R® and i = v/—1 and the operators of the
form |i)(j| ¥ (i,/) € (0,1) correspond to familiar outer-product
of two vectors.”® Positive semi-definiteness of the matrix in eqn (1)
guarantees that n,> + ny2 + n,2 < 1, which allows the vector
(nony,n,)" to reside within a Bloch sphere.*” For pure states which
are defined by the additional idempotency constraint of p* = p, the
inequality is saturated. One can then parameterize (nx,ny,nz)T =
(cos 0sin ¢,sin O cos ¢p,cos §)7 and establish a bijective correspon-
dence with a vector (say |) € H) defined as

) =cos(5) 0) + ¢ sin(5) @)

The parametric angles {0 € [0,n], ¢ € [0,2n]} are geometri-
cally defined in the Bloch sphere in Fig. 1 Such states of the

This journal is © The Royal Society of Chemistry 2022


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d2cs00203e

Open Access Article. Published on 18 iyul 2022. Downloaded on 17.12.2025 11:28:01.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

Chem Soc Rev

(nXanle nZQ)T

1)

Fig. 1 The Bloch sphere (blue) and the parametric angles 6 and ¢ as used
in egn (2). The point P marked in red lies on the surface of the Bloch sphere
and has (nx,ny,nZ)T = (cos@sin¢,sinfcos ¢,cosh)’. Such states can be
represented as in egn (2). On the other hand, states like point Q (marked
in black) lies inside the Bloch sphere nX2 + ny2 + nZ2 < 1 and cannot be
represented as in egn (2). The only way to denote such states would be
using egn (1).

system defined by eqn (2) will be extensively used in this review
and will be exclusively referred to for single-qubit states unless
otherwise specified. For certain magnitudes of the parameter 0

2
the system in eqn (2) is said to be in a superposition of the two
basis states. Realization of such superpositions presents one of
the fundamental differences between qubit paradigm of com-
puting and the bit paradigm of computing as used in classical
processors. The parametric angle ¢ controls the relative phase
difference between the computational basis in such superposi-
tion states. However, a superposition even though is respon-
sible for quantum parallelism would not survive a projective
measurement protocol.**’> Such measurements would collapse
the state in eqn (2) in either the computational basis state |0)

) 0 .0 .
wherein both (cos =, sin E) acquire non-zero values, the state of

. . 0 . . .
with probability cos? 5 orin the computational basis state |1)

0
with probability sin’ >

2.2 Multi-qubit state

For multiple qubits (say N), the corresponding state space is
Ha ® Hg ® He ... Hy.*® One can thus define a computational
basis using the Kronecker product such as |is) ® |ig),.-.|in),
where the labels (4, B, C,.. ., N) are physically used to demarcate
the state-space of each qubit. There are now 2V basis states
generated from two choices (|0),|1)) for each of ;, j € {4, B,.. .,

N _
N}. Let us denote this set collectively as { \él)}fzo !. For nota-
tional convenience such multi-qubit basis states will often be

This journal is © The Royal Society of Chemistry 2022
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abbreviated in this review such as |iy, iz, . ., in) = |ia), |i5);-- -
Hp ® He ... Hy) of the multi-qubit system would again corre-
spond to a positive semi-definite operator with unit trace
defined as

2"—12"—1

PuBC,. N = Z Z piléa (&l 3)
=0 =0

where the elements p; € C?VY(i,j). One can also define a
reduced state for each of the sub-system qubits (say for the k-
th qubit) through partial tracing of the state p, 5o, .~ Over
computational basis states of the remaining qubits as follows:

Px=Trap.  ji,.. N (PA,B,C,. . 4,N) (4)

where pp € #(Hg). Such operations are completely positive
trace-preserving (CPTP) maps and hence generate valid
states*>”> of the sub-system (often called the reduced density
operator of the K-th qubit). Just like in the case of single qubits,
if the general state in eqn (3) is pure (pa 5., . _,NZ =paB,c, ..~ ONe
can associate a vector (say ) pc v € Ha @ Hg ® He ... Hy)
which in the multi-qubit computational basis is denoted as

V-1

> Clé)
Py

|l//>A,B,c,...,N =

(5)

1 1 1
§ § § CiAJBJ(,‘v---JN‘

ii=0ig=0  iy=0

iA,iB,...,iN>.
The coefficients Ci,jyic..iy € C*Vi;, j € {4,B,...,N}. For a nor-
malized state as is usually considered in this review,
35S e =1

ce Igy0BIC e iN .
i=0ip=0  ix=0

Other than the possibility of superposition over all basis
states similar to the case of single-qubit as discussed in the
previous section, it is also possible now to encounter a new
phenomenon which has to do with non-classical correlation.
The pure state in eqn (5) will be termed separable if 3 scalars {;,
Vig- -+ @, for each sub-system such that C; ; ;. ... = (i,
Vig- - @iy ¥ (ay ipy-- -, )" € {0,1}7, Le., if every coefficient is
multiplicatively factorizable into scalars characterizing the
2D basis states of each sub-system qubit.*>”>”® For such a
pure separable state it is possible to express eqn (5) as
[Wasc..n = |910a®|¢2)s . . ®|Pn)n wherein [¢;), € Ha,
|¢2) 5 € Ha, ..., |¢s)y € Hy. If a state in eqn (5) is not separable
then it is said to be entangled which is a non-classical
correlation.

The presence of entanglement is another feature wherein
computation using qubits can be different from that of the
classical bit counterparts and is often leveraged in many
different algorithms as a useful resource.’®”" Similar to that
of the case of a single qubit, the probabilistic interpretation of a
projective measurement on the state in eqn (5) is retained with
the probability of collapsing onto a computational basis state
|2asEBs- - -in) i |C,  |?. Unless otherwise stated by multi-

Lyslglcs - .,1N|

qubit states in this review we shall almost always exclusively

Chem. Soc. Rev,, 2022, 51, 6475-6573 | 6479


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d2cs00203e

Open Access Article. Published on 18 iyul 2022. Downloaded on 17.12.2025 11:28:01.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

Review Article

mean pure states of the kind given in eqn (5). Such states as we
shall see can not only provide an efficient representation of the
many-body states of any interacting quantum system in quan-
tum simulations of stationary/time-independent processes but
also for real and imaginary time evolution’"”> in quantum
dynamics either through Lie-Trotter-Suzuki expansion’® or
through variational frameworks.””

2.3 Quantum gates and quantum circuit based paradigm

Now that we know how to define quantum states of single and
many qubits, it is important to learn how such states are
transformed or manipulated. In the gate-model of quantum
computing paradigm, transformations between states are
achieved using unitary matrices which are represented as
‘quantum gates’. Since all quantum gates are unitary, the
inverse of such gates necessarily exists and hence transforma-
tions using quantum gates alone are always reversible. The way
to incorporate irreversibility into the paradigm is through
making projective measurements as that disturbs the state
vector irrevocably making it loose its present memory (interac-
tions with the environment induces irreversibility too in the
form of qubit decoherence.”” We shall return to this point
later). Commonly used quantum gates and their matrix repre-
sentation in the computational basis are given in Table 1. These
gates act on either one, two or three qubits as has been
indicated in the table. For visualization of the operations of
single-qubit gates, in Fig. 2, we plot the corresponding opera-
tions for most commonly-used single qubit gates in the Bloch
sphere. We see that for R,(0) the axis of rotation n can be either
{x,,2} and that decides the accessible state-space for a given
initial state. For Hadamard transformation, the operation can

1 1
be viewed as rotation about the axis (ny,n,,n.)7 = (—, 0, —)
(s, 1) V2 V2

0 1
through an angle of m and hence creates the state [0+ >;‘ )

starting from |0). The S-gate (P(g)) and T-gate (PG))

control the relative phases of |0) and |1) as shown in Fig. 2.
Table 1 also discusses several commonly used multi-qubit
gates. These operations are commonly used to entangle two
or more qubits in a quantum circuit. For example one of the
most celebrated two-qubit gate CNOT (see Table 1) can be
interpreted as the following:

CNOT = [0){(0]. ® I, + [1)(1]. ® X, (6)

where the subscript ¢ indicates the control qubit whose state is
not changed and the subscript ¢ indicates the target qubit
whose state is altered conditioned on the state of the control-
ling qubit. In this case, if the state of the control is |1). the
target qubit is flipped but it is left unchanged if the state of the
control is |0).. Similarly using CPHASE(x) (see Table 1) one
imparts a relative phase of « between the basis states of the
target qubit if the state of the control qubit is |1).. It must be
emphasized that gates wherein a non-trivial operation on a
target qubit is initiated if the control qubit is in state |0) are
also routinely used in quantum algorithms. Such a controlled
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Tablel Commonly used single and multi-qubit gates in quantum circuits
and the corresponding matrix representations in the computational basis

Gate type Number of qubit(s) Matrix representation
R(0) 1 0 ..
cos=  —isin=
2
B
—ising  cosy
R(0) 1 (cosg sinz
.0
siny  cos3
R,(0) 1 <e’g 0)
0 e’g
X 1 0 1
(1 o)
Y 1 0 —i
(7 %)
VA 1 1 0
(6 %)
H 1 1 1 1
st )
P(2) 1 1
(6 &)
_ p(T 1 1
oot (2
_p(T 1 1 0
5= r(3) (")
CNOT 2 1 0 00
01 00
0 0 0 1
00 1 0
CPHASE(2) 2 1 000
01 00
00 1 0
0 0 0 e~
SWAP 2 1 0 00
0010
01 00
0 0 0 1
CZ = CPHASE(t) 2 1 00 O
01 0 0
00 1 0
00 0 1)
Toffoli 3 10 0000 0 O
01 0 0 0 O0O0 O
001 0 0O0O0TO0
00 01 0O0O0TO0
00 00 1O0O0TO0
00 0 O0O0T1O0TO0
00 0 0 0 0 01
00 0 0 O0O0OT1TO0

two qubit gate (CU,) for an arbitrary single qubit operation U,
on the target qubit is written as

CUo = [0)(0]c ® U, + |[1)(1]c ® I 7)

This interpretation extends to multi-qubit gates beyond two
as well, except that the size of the control register now is more
than one and many more possibilities of multiple controls are
realizable (for example for a three qubit control unitary, the two
controlling qubits can be in any of the four states |00),, |01),,

This journal is © The Royal Society of Chemistry 2022
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Ty _ m_
g P)=s PE=T

Fig. 2

(a) The operation R,(0) which involves rotation about the x-axis (marked in black) as shown in the Bloch sphere. The initial state is [0) (marked in

red). (b) The operation R, (0) which involves rotation about the y-axis (marked in black) as shown in the Bloch sphere. The initial state is |0) (marked in red)

(c) same as in (a), (b) but with R,(0) wherein the axis of rotation is z (marked in black). The initial state chosen here is (marked in red)

0) +[1)
V2

. (d) Hadamard

transformation of the initial state |0) (marked in red) as visualized in the Bloch sphere. The operation can be viewed as rotation around the axis

s

defined angle of rotation and hence the final state starting from the said initial state is always fixed i.e.

0) + 1)
NG 2

T

under T-gate where T' = P(u = Z) (see Table 1). The operation produces a final state

given in Table 1.

|10)., and |11),, to initiate a non-trivial operation on the target).
In the well-known Toffoli gate (see Table 1) the state of the
target is flipped by an X operation conditioned on the joint
state of two-qubits instead of one unlike in the CNOT gate. This
means the operation is non-trivial only if this joint state is [11),.
Intuitively, one-qubit gates are required to initiate superposi-
tion between the two-basis states of individual qubits as
depicted within the Bloch sphere shown in Fig. 2 but multi-
qubit gates are required to initiate correlation between the
joint-states of several qubits. Both these operations are there-
fore necessary to create non-trivial many-body quantum states.

A certain subset of gates forms a universal set*’ in the sense
that any arbitrary n-qubit unitary operation can be approxi-
mately modelled as a finite sequence of gates from this set

This journal is © The Royal Society of Chemistry 2022

shown in black through an angle of ©. Note that unlike the rotation gates in (a)-(c), Hadamard transformation does not have a variable user-

M. (e) The transformation of the initial state

0) +i1) 0) +11)

under phase-gate S = P(a = E) (see Table 1). The operation produces a final state BV, (f) The transformation of the initial state 7

10) + e 1)
V2

. The matrix representations of the operators in (a)-(f) are

within a preset user-defined precision. The choice of this
set is not unique and is largely determined by which
gates are operationally convenient for implementation on a
given platform used for constructing the quantum hardware.
One popular choice is the ({Ry(0), Ry(0), R,(0), P(x), CNOT})

gate-set. Equivalent yet a minimalistic choice can be
({T:PG),H,CNOT,S:P(g)}).‘”’73 One must empha-

size that the use of universal gate-sets only guarantees reach-
ability, i.e., the ability to approximately implement any desired
unitary using a finite-sequence of gates from the set without
placing any restriction on the number of gates inhabiting the
sequence.”” Indeed it may so happen that implementation of
certain n-qubit unitaries would require gate-sequences from the

Chem. Soc. Rev,, 2022, 51, 6475-6573 | 6481


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d2cs00203e

Open Access Article. Published on 18 iyul 2022. Downloaded on 17.12.2025 11:28:01.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

Review Article

universal set with length scaling as O(c"), i.e., exponential. On
the other hand, for certain other operations, the length of gate-
sequences scaling as O(n*) (polynomial) is seen. Only the latter
kind of unitaries can be hoped to be efficiently simulated on a
quantum computer.

A quantum circuit is essentially an assembly of quantum
gates which transforms the initial state of a multi-qubit system
to the final desired state. The set of quantum gates operation-
ally represents a user-defined unitary transformation. Such
operations are frequently followed by measurement either on
a computational basis or on the basis of an operator whose
statistics in the prepared state are desired.*® The circuit repre-
sentation of the commonly used gates is given in Fig. 3(a)-(d). A
representative example of a quantum circuit built using some
of the gates in Table 1 is given in Fig. 3(e). The circuit shows the
|00) + e™|11)

V2
2-qubit system with o being the relative phase difference
between the two basis states (|00), |11)). One practically useful
way to interpret such a circuit is to probe the state of the system
at various junctions. We have divided the circuit into four
junctions. At the first junction labelled as (I), the joint state
of the two qubits is the initial computational basis |00). At
junction (II), the effect of Hadamard (H) on the first qubit yields
a separable state wherein the first qubit is in an equal super-
position of the single-qubit basis states and the second qubit is
still in |0). The CNOT gate with the first qubit as the control
|00) + |11) at

V2

junction (III). At junction (IV), the controlled-phase gate
(CPHASE(x)) selectively creates a phase difference of o between
the states |00) and |11) which results in the target state.
Measurements on the target state on a computational basis
would yield equal probability (}) of observing either the state
|00) or |11) and zero probability of observing |01) or |10).
Circuit representations of the quantum-enhanced machine
learning algorithms shall appear throughout the review. Inter-
pretations of each of them can be done analogously.

Development of quantum computing has been underway
since the 1980s,”®”? but it gained unprecedented attention with
the exponential speed-up reported in prime factorization by
Peter Shor in the last decade of the 20th century.”® It was
quickly realized, however, that uncontrolled interactions of the
qubit register with the environmental bath lead to the loss of
coherence of the initialized state. Moreover, for the experi-
mental implementation of a digital quantum-computing plat-
form, the gate-operations (unitary gates defined above) may be
imperfect too.?° The collective effect of both of these would be
to introduce noise or errors thereby hampering the perfor-
mance of the algorithm. Quantum error-correction (QEC)
schemes were proposed® which can act to mitigate the effect
of these However scalable implementation of
such protocols is challenging®>® and is currently under devel-
opment. In the current era, operational quantum devices
are already a reality consisting of around 10-100 qubits but
without any error-correction. This era of quantum computers is

preparation of a typical Bell state of the kind ina

and the second qubit as the target yields the state

noises.
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__Three qubit gates
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ve Measurement protocol

_— Single qubit gates
@
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(b) Two qubit gates
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Parameterized multi-qubit gates|
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|00) [00) + |10) [00) + |11) [00) + ei*|11)
V2 V2 V2

Fig. 3 Commonly used circuit representation of (a) 1-qubit gates and (b)
2-qubit gates. Special gates in this category like CNOT and CZ gates have
slightly different representations than the rest as has been highlighted
within the oval windows. One must note that the solid dot indicates the
control qubit and the hollow dot with a plus, i.e., @ indicates the target
qubit. Its the target qubit whose state is actually altered conditioned on the
state of the control qubit being [1) in this case. The operation need not
always be controlled on state |1) for the control qubit. Indeed two-qubit
gates where the non-trivial operations on the target initiated by the control
is |0) are also routinely used (see text for more details). (c) 3-Qubit gates:
special gates in this category like Toffoli gate and CCZ gate have slightly
different representations than the rest as has been highlighted within the
oval window. A similar interpretation as in (b) for the solid and hollow dots
(@) must be followed in terms of the control and target qubits. (d) A
generic n-qubit parameterized unitary. This is very often used to describe
quantum circuits as we shall see later in this review. The explicit construc-
tion of gates in U(0) is often omitted but is implied to be made up of
elementary gates from (a) and (b) and occasionally even (c). The measure-
ment protocol for any qubit will be denoted by boxes of the kind shown in
green symbolically representing a monitoring device/meter. (e) A simple
representative quantum circuit for the preparation of the Bell state
w. To facilitate interpretation of the circuit, the state of both
the two-qubits is illustrated at junctions (1), (Il), (Ill), and (IV) after the
operation of each elementary gate. To evaluate the states one can also use
the matrix representation of the respective gates given in Table 1 and apply
it to the initial state |00) with the unitaries on the left acting first.

therefore termed noisy intermediate-scale quantum devices
(NISQ).®* Due to the inherently erroneous gate operations, the
algorithms developed for NISQ devices are designed to use
shallow-circuit depth and usually variational and delegate a
part of the computation to a classical processor.*” Such algo-
rithms are meant to reap the maximum benefits from
noisy hardwares and look for potential advantages. Such algo-
rithms will be a key player in this review for understanding
some of the near-term ML applications. These algorithms have
proven to be advantageous for applications in chemistry/
chemical physics,®*°° condensed-matter physics and materials

This journal is © The Royal Society of Chemistry 2022
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science,”’ atomic physics,”> high-energy physics,”>** bio-
chemistry,” and finance.’® In contrast, there are algorithms
like quantum phase estimation®”°® which have a provable
exponential advantage but require high-circuit depth and
hence are amenable to be implemented in fault-tolerant
devices.

2.4 Quantum annealing based paradigm

This paradigm is particularly useful for solving optimization
problems wherein the optimal solution can be encoded within
the ground state of a given Hamiltonian of a system (say H,).
The key working principle of the hardware operating under the
annealing model is to prepare the ground state of a system
which is efficiently prepared (say for a Hamiltonian H;), from
which the ground state of the target Hamiltonian H, is subse-
quently retrieved.

H(s) = A(s)H, + B(s)H, 8)

To be more specific, let the Hamiltonian of the system be H;,
i.e.,A(s)=1, B(s) = 0, in eqn (8), whose ground state can be easily
constructed. Thereafter the switching parameter s is varied
until (A(s) = 0, B(s) = 1). If the variations are sufficiently ‘slow’
then the quantum adiabatic theorem® guarantees that the
evolution trajectory would be traversing the instantaneous
ground states of Hamiltonian H(s) with high probability.
Under such circumstances this implies that one would yield
the ground state of the target Hamiltonian H, at the end of
the protocol with high fidelity (see eqn (8)). A popular
quantum annealer D-wave uses ground states of Ising type
Hamiltonians'®® for encoding the solution to the problem
being investigated. Optimization schemes like quadratic
unconstrained binary optimization (QUBO), combinatoric pro-
blems etc. which can be mapped to such Hamiltonians can thus
be efficiently solved using this paradigm.'®"'%* Except in a very
small number of examples, this paradigm of quantum comput-
ing will not be explored much in this review. Interested readers
may consult topical reviews like ref. 101,105.

3 A short primer on the commonly
used toolkits in machine learning
3.1 Overview

Broadly problems tackled in machine learning can be categor-
ized into 3 classes: supervised, unsupervised and reinforcement
learning. We start off by discussing each of the categories
independently and introduce commonly used terminologies
within the machine learning community.

3.1.1 Supervised learning. We are given a dataset of the
form {(x;,y,)|i € [N]}, where x;s are inputs sampled from some
fixed distribution, y; is the corresponding label and N is the size of
the dataset. Typically x; is an element in R? and y; belongs to R.
The task is to identify the correct label for y* for a randomly
chosen sample x* from that distribution. The dataset {(x;y,)|i €
[N]} is referred to the training dataset. A loss function L(A(x;w),y;)
is defined based on the problem at hand that quantifies the error
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in the learning. Here A(x,w) refers to the hypothesis function that
the learning procedure outputs and w refers to the parameters or
weights over which the optimization is performed. An empirical

risk minimization is carried over > L(/(x;,w),y;) to output
i

h(x,w*), where w* are the parameters output at the end of
learning. A test data set is finally used to output the performance
of A(x,w*) and used as a metric of comparison across several
learning methods. The labelled dataset being used is manually
subdivided into two subsets. One of the subset is used for training
and the other for final validation and testing. The process of
learning thus comprises 2 parts: trainability (empirical risk mini-
mization over training data) and generalization (how well it
performs on unseen data). Typically the optimization of para-
meters involves computing gradients of the loss function with
respect to these parameters.

Apart from the parameters that are trained definitively
through optimization schemes, other parameters referred to
as hyperparameters become critically important for neural-
network based supervised learning schemes (to be explored
soon). Such parameters/variables are fixed manually by hand a
priori. These may include, the learning technique employed,
the number of parameters, the optimization procedure'®®
(standard gradient descent, stochastic gradient descent, and
Adam optimizer), the parameter initialization scheme, the
learning rate, the stopping conditions for training (the thresh-
old for convergence or the number of parameter update itera-
tions), batch sizes, choice of the loss function, etc.'®”

Examples of problems in a supervised learning procedure
include classification, where the labels y; are discrete, and
regression, where the labels y; are continuous and extrapolation
to unknown cases is sought. Some of the techniques used
exclusively for problems in this domain include, a support
vector machine, kernel ridge regression wherein data are
mapped to a higher-dimensional space for manipulation,
Gaussian process regression, decision trees, and a Naive Bayes
classifier. Other techniques not exclusive to this learning model
include Neural networks whose applications have spanned
every field of industry and research. We will discuss more about
each of the above learning models in the subsequent section.

3.1.2 Unsupervised learning. Unlike supervised learning,
here we are provided with data points that do not have any
continuous or discrete labels associated with them. The task is
to learn something intrinsic to the distribution of the data
points. Some commonly tackled tasks under this learning
scheme include clustering with respect to some metric on the
space, learning the given probability distribution by training
latent variables (e.g. Boltzmann machine, restricted Boltzmann
machine (RBM), and generative adversarial networks), and
dimensionality reduction that allows reduction in the size of
the feature space with little information loss (e.g., autoenco-
ders, principal component analysis, and RBMs). Unsupervised
learning mainly tries to solve the problem of learning an
arbitrary probability distribution by minimizing some loss
function that quantifies the divergence between the given
distribution to be learnt and the model distribution being
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trained (e.g, entropy, KL divergence, and Renyi
entropy).'®® We would like to point out that the techniques
mentioned above are different variations to making use of a
neural network, whose functionality depends on the exact form
of cost function being employed in the training.

One is not restricted to using methods from either super-
vised or unsupervised learning exclusively for solving a pro-
blem. In practice we notice that a mix of methods are employed
to solve a given problem. For instance, one might require
dimensionality reduction or noise filtering or distribution
learning using unsupervised methods prior to introducing
labels and solving a classification problem with supervised
methods. These methods are commonly referred to as semi-
supervised learning'®>*° or hybrid learning methods.

3.1.3 Reinforcement learning. Unlike the above two learn-
ing models, here we take a totally different stand on the setting
in which the learning happens. An artificial agent is made to
interact with an environment through actions so as to max-
imize the reward function that has been identified. This type of
learning is employed when the agent can learn about its
surroundings only through interaction which is limited by a
finite set of actions that the agent is provided with. Due to the
unbounded sequence of actions that the agent can explore, one
needs to employ good heuristics with regards to designing
reward functions that help accept or reject the outcome of a
certain action in exploring this space. Thus optimal control
theory"'" plays an important role in this learning method.
Some of the most popular applications involve self driving cars
(Tesla Autopilot), training bots in a game (Alpha zero for chess,
Alpha Go zero for Go) and smart home robots (vacuum cleaning
bots and companion bots) for an extensive introduction to
reinforcement learning, refer ref. 112.

Cross

3.2 Classical and quantum variants of commonly used
algorithms

In this section we shall elaborate on some of the commonly
encountered machine and deep learning techniques that have
been used extensively for physico-chemical studies. We shall
discuss both the classical implementation of the algorithms
and also the appropriate quantum versions.

3.2.1 Kernel based learning theory. The concept of kernels
is very important in machine learning, both quantum and
classical."*™® Let us imagine a dataset D = {(xuyi)| % € ¥,
yi € QVi € [m]} as described in the supervised learning section.
In set D, x; are the feature vectors sampled from the set y
whereas the labels y; are sampled from another set Q. In the
cases frequently encountered, one usually finds y C R? and
Q C R. m is the sample size of the training data-set D or the
number of observations. It is often convenient to define a map
¢ such that ¢: y — Z such that the new feature-space 7 is
usually a higher-dimensional space equipped with an inner
product. For example if y C R and # C R? then p > d. The
Kernel K: y x y — R of the map ¢(x) is then defined as follows:

K(x,X) = (¢(x), p(x) 5 ©)
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where (-,-)r symbolizes an inner product on %. For example, if
Z CRP then the inner product can be familiar
($(x), (X)) 5 = p(X)TH(X).

The importance of kernels lies in the fact that since the
space  is high-dimensional, direct computation of the feature
map ¢(x) in that space might be intractable and/or expensive.
However most algorithms using the kernel trick are designed
such that the only quantity required would be the inner product
K(x,x’) (see eqn (9)) without explicit construction or manipula-
tion of ¢(x) or ¢(x’). Thus several popular kernel functions have
been reported in the literature’**** which can be computed
directly from the entries x in the dataset D. Some of them are
displayed below:

Linear K(x,x')=x-x

Polynomial K(x,X,7,d) = (r+7-x-x)*

Gaussian K(x,x',0) = exp(—M)
b} ’ 262

Sigmoid K(x,x',r,y) =tanh(r+y-x-x)

The success of the kernel trick has been extended to several
important supervised machine learning algorithms like kernel-
ridge regression, dimensionality reduction techniques like
kernel-based principal component analysis, classification rou-
tines like k-nearest neighbor (see Section 3.2.4), support-vector
machines (SVM) (see Section 3.2.7), etc. For classification tasks
like in SVM the effect is more conventionally described as the
inability of a hyperplane for linearly discriminating the data
entries which can be ameliorated through the kernel trick of
transporting the feature vectors x to a higher dimension ¢(x)
wherein such a separability is easily attainable. Both regression
and classification algorithms will be discussed in detail in
appropriate sections. In this section, we shall first discuss the
kernel theory developed recently for quantum-computing
enhanced machine learning techniques.

3.2.1.1 Quantum enhanced variants. The theory of quantum
kernels has been formalized in ref. 116 and 117. For a given
classical data set D = {(xy,yi)|xi € ,yi € @V i € [m]} as defined
above wherein x; € y, a data domain, ref. 116 defines a data-
encoding feature map as a quantum state p(x;) = |P(x;)) (P(x;)]
which is created from a data-encoding unitary (U(x;) € C**?")
as |o(xi)) U(x;)|0)". This unitary U(x;) thus embeds
each feature vector of the dataset within a quantum state
p(x;). The state p(x;) is part of a Hilbert space L(C") which is
thereby equipped with an inner product defined as
(p,1) = Tr(p7) Vp, © € L(C"). The quantum variant of the ker-
nel matrix entries from the dataset D is thus computed from
this inner product as

K(Xi’xj)

The authors prove that such a definition of a quantum
kernel indeed satisfies Mercer’s conditions''® of positive-semi
definiteness. The authors then define a reproducing kernel
Hilbert space (RKHS) which is a span of basis functions
[z — R where the function f(x) = K(x;,X), i.e., each such basis

= Tr(p(X)ip(x). (10)
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function in the spanning set comprises quantum kernel matrix
elements K(x;,x) as defined in eqn (10) with one input argument
of the matrix element being made from a particular datum (say
x; € y) of the dataset D. Any arbitrary function (say g(x)) that
lives in the RKHS is thus a linear combination of such basis
functions and is expressed as

g(x) = ZdiK(XiaX)

(11)

where o; are the linear combination coefficients. The author
proves that any hypothesis function (say 4(x) = Tr(Mp(x)) where
M is the measurement operator) which the supervised learning
task ‘learns’ on the quantum computer by minimizing a loss
function is essentially a member of RKHS. In ref. 117, the
authors propose two different approaches for utilizing quan-
tum Kernel entries as defined in eqn (10). The first approach
which the authors call the implicit approach requires the
quantum processor to just estimate entries of the Kernel
matrix. The classical processor then performs the usual
machine learning algorithm using this quantum-enhanced
kernel. The second approach which the authors call the explicit
approach involves performing the entire machine learning
algorithm on the quantum computer using parameterized
unitaries. We shall analyze examples of these approaches in
Sections 4 and 5.2.

3.2.2 Ridge regression (RR) - linear and kernel based. This
is a form of supervised machine learning which allows us to
determine and construct an explicit functional dependence of
the variates/labels and the feature vectors x; based on certain
tunable parameters.''">* The dependence can later be extra-
polated and interpolated to learn values associated with
unknown feature vectors not a part of the training set. Let us
start with the feature vectors x; € y C R? in dataset D defined in
the above section. Using these vectors, one can define a design
matrix often designated as X as follows:

T
)
R%)

X = (12)

T
Xin

Using the design matrix above and the training data label ¥ =
V1,2, 73, -+, ym]T € R™, the objective is to fit a linear model of
the kind X& where & € R? to the data and obtain the optimal
fitting parameters. This can be done through the minimization
of the following mean-squared error (MSE) loss

MSE = (Y—X&)T(Y—X&Hzﬂ. (13)
In the expression above, the second term is the regularization
to prevent over-fitting and also, in case if the column space of
the design matrix X is not linearly independent, the presence of
this term can facilitate inversion of X"X. The solution to
eqn (13) (say a*) is the following:

@ =XTx+)"'xTy. (14)
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One must emphasize that the formulation is quite general and
can be extended to cases wherein a constant term within the o
is necessary. This can be tackled by augmenting the design
matrix as X — [1]X]". Also extension to polynomial regression is
straightforward as one can create a design matrix treating
higher powers of x; as independent variables in each row of
the design matrix as X; — [x/(x})7, (x})%,..., (x9)"] where x
denotes raising x; element-wise to the kth power.'?*">*

For the kernel variant of ridge-regression, if the prediction
from the model is designated as j(x,x), then the formalism
represents the function j(x,d) as'>>'?°

m —

y(x,d) = Zoc,-K(x,x,-,b) (15)

J=1
where & are trainable parameters and b are the hyper-
parameters associated with the kernel K(x,Jg,B). These hyper-
parameters are fixed at the beginning of the optimization and
can be tuned for separate runs to modify accuracy. Using the
labels y; of the training data set D defined before and eqn (15)
one can now formulate a mean-squared error (MSE) loss
(similar to eqn (13)) to learn the parameters o as below

MSE = (Y-I%&)T(Y—IZ&)H@. (16)
The matrix K is called the Gram matrix of the kernel'*® with
entries as follows:
Ry = K(xingyb). (17)
The minimizer of eqn (16) can be easily shown to be
= (K+2)"'Y. (18)

Another alternative formulation which leads to the same mini-
mizer o* is the dual formulation of the problem which involves

minimizing the following Langrangian:"*’

(19)

One can prove that the minimizer of eqn (19) is actually
eqn (18). This is a form of supervised machine learning which
allows us to determine and construct an explicit functional
dependence of the variates/labels and the feature vectors x;
based on certain tunable parameters.'******?2 The dependence
can later be extrapolated and interpolated to learn values
associated with unknown feature vectors that are not a part
of the time dynamics'*® or excited state dynamics."”® We shall
return to a subset of these topics in Section 5.3.

3.2.2.1 Quantum enhanced variants. Several quantum algo-
rithms have been proposed in the last decade for solving linear
systems which can be directly extended to the solution of the
vanilla linear least-square fitting. The earliest was by Weibe
et al.®° and is based on the Harrow, Hassidim, Lloyd (HHL)
algorithm."*»*** The technique starts with a non-hermitian X
matrix (say m x d as in the design matrix in our example above)
which is required to be sparse. The algorithm assumes oracular
access to a quantum state encoding its row space and also a
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state encoding the . The key point of the routine is to expand
the non-hermitian design matrix into a (m + d) x (m + d)
dimensional matrix with which the quantum-phase estimation
algorithm®? is performed. The ultimate product of this algo-
rithm is a quantum state that encodes the fitted values. Even
though extraction of the exact fitting parameters from the state
might be exponentially hard yet prediction of a new y value for a
given test-input can be made effortlessly through overlap with
the register containing the fitted values. Variants of this algo-
rithm for detecting statistic leverage score and matrix coher-
ence have also been reported.”** Wang reported a quantum
algorithm which can actually yield the fitted values as a vector
just as in classical least squares.** Both the method have query
complexity which is O(log(m)). A subset of these algorithms has
also been experimentally implemented on a variety of platforms
like NMR,"> superconducting qubits,"*® and photonic."*’
Schuld et al.**® have also designed an algorithm which does
not require the design matrix X to be sparse. The only require-
ment is that XX should be well-represented by a low rank
approximation, i.e., should be dominated by few eigenvalues
only. The key point in the technique is to perform quantum-
phase estimation with a density matrix p encoding X'X. The
algorithm also returns the fitted values encoded within a
quantum state with which efficient overlap of a new input
can be initiated. An algorithm by Yigit et al'** which solves
for a linear system of equation through adiabatic Hamiltonian
evolution has also been demonstrated recently. A variational
algorithm amenable to the NISQ era for linear equation solver
has also been reported.*® The algorithm takes as input a gate
sequence U that prepares and encodes the state j and a design
matrix X that is decomposable into implementable unitaries.

The method implements a trainable unitary V(T’_‘) |0) where Fisa
variational parameter. The aim of the unitary is to prepare a
candidate state |«(})) which encodes a prospective solution to
the least-square problem. The prospective solution is tuned
using a cost-function which measures the overlap of the state
Xlo(7)) with the orthogonal subspace of the vector y as follows:
CH) = Te(X (@) @IXT Q- B (20)
The cost function above is minimized with respect to ¥ on a
classical computer and the parameter vector is fed into the
trainable unitary V for the next iteration until the desired
convergence is met. The authors show that the above cost-
function being a global one suffers from barren plateaus and is
rendered untrainable for the size of design matrix X being close
to 2°° x 2°°, To evade the issue, they define local merit
functions which remain faithful throughout. The ansatz used
for encoding V(y) is the hardware-efficient ansatz and the
algorithm showed logarithmic dependence on the error toler-
ance but near linear dependence on the condition number of
the design matrix. The dependence on qubit requirements was
found to be poly-logarithmic. The algorithm was implemented
on an actual hardware for a design matrix of size 2'° x 2.
Recently, Yu et al. reported an algorithm for ridge-regression
(linear variant)'*' which like the one reported by Weibe
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requires oracular access to elements of the design matrix and
y. The design matrix is expanded to make it hermitian and
quantum-phase estimation is performed as before with respect
to e " as the unitary to encode the eigenvalues onto an extra
register. The difference comes at this stage when an ancillary
qubit is added and rotated to invert the eigenvalues. The
rotation angles are dependant on the Ridge parameter 4. Like
previous algorithm this also yields the final optimal parameters
as a quantum state. The authors also propose another quantum
algorithm (which can be used along with this) for the choice of
the Ridge parameter which is similar in principle to the K-fold
cross validation technique.'** To the best of our knowledge, no
quantum algorithm has been proposed that directly attempts to
implement the kernelized variant of Ridge-regression but any
of the aforesaid ones can be trivially extended with the replace-
ment of the design matrix with the Gram matrix of an appro-
priate kernel.

3.2.3 Principal component analysis - linear and kernel
based. Dimensionality reduction without sacrificing the
variance of the data-set is very important for most machine
learning tasks that have large number of features and
comparatively fewer training samples. One starts with a
dataset (D as discussed before where D = {(x;,y;)|x; € R?,
vi € RVie [m]}). Here we define a design matrix (say
X € R™9) as in eqn (12) Formally the goal of PCA is to
replace the matrix X with another matrix Z such that Z ¢
R™R where R < d."'>'**'* To do this for the usual linear
variant of the PCA one defines a mean-centered data matrix (say
B = X — X) where X is the stacked row-wise mean of the data
matrix (mean of each feature over the samples). One then
constructs the matrix'**  (Cov(B) = BB,
Cov(B) € R™*) and diagonalizes it to get the d eigenvectors
{v}L, (v; € RY). From the set {y,«}f:l one picks up the R
eigenvectors with the largest eigenvalues to form a new
matrix (say V € R™X) ag

covariance

V= [V17 Vpy V3y. -y VR)' [21)

The principal component matrix Z defined before is the projec-
tion of the data matrix onto the space of matrix V as

Z=XV. (22)

The kernel-based variant of PCA'*®> becomes important
when the data need to be expressed in a high-dimensional
subspace induced by the map ¢ as defined before, ie., V
x; € R, ¢(x;) € R? where p > d. One can then construct the
covariance matrix in this new feature space of the data as
follows:

Cov(d(X) = -3 plx)p(x)" 03)

In principle, one can simply do a PCA in the feature space ¢(X)
to get the eigenvectors {v;};_, as follows:

COV(¢(X))V}C = ;kak (24)
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where v, € R’ Vk. However, since this space is high-dimen-
sional, computation can be expensive. It is thus desirable to use
the power of the kernel and design an algorithm wherein the
explicit construction and/or manipulation of ¢(X) is evaded. To
do so, one can expand the eigenvectors v; as follows:

ve= 3 () T p()

=— 25
I’}’l)v/( 1 ( )

_ > b (xi). (26)
i=1

Wllk

It is easy to show that the coefficient vector &; V k € {1, 2,.. ., p}
satisfies the eigenvalue equation for the Gram matrix (see
eqn (17)) of the kernel as

Koy = (Apm)iig. (27)

Thus one can simply diagonalize the Gram matrix of the kernel
K € R"™" to get the coefficients of the eigenvectors of Cov(¢(X))
(see eqn (24)) without explicitly constructing ¢(X) or even the
covariance. Since valid kernels need to be positive-semi-definite
as a condition imposed by Mercer’s theorem,'*®*” one can
choose a subset (say R) from {4 };_, in the decreasing order of

their eigenvalues /1, and construct a matrix V' € R"*R as

V= (81, b, - -, Or) (28)

thereby affording dimensionality reduction. Any projection
onto v can be computed using the vector &; and the Kernel
Gram matrix only as follows:"*®

ye(x) = ZK(% X, b (29)

We shall return to the applications of PCA in Section 5.5.

3.2.3.1 Quantum enhanced variants. The very first instance of
performing principal component analysis on a quantum com-
puter was put forward by Lloyd et al.'*® The algorithm starts
with a matrix say P which is positive-semi-definite. Even the
usual linear variant of the PCA using the covariance matrices of
the mean-centered data was discussed as an application for the
method, yet the algorithm can be extended to any positive-
semi-definite matrix including the Gram matrices of Kernels.

Any such matrix P can be written as Y |a;||a;)(e;| where |e;) is
i

the computational basis and |a;) are column vectors of P
normalized to 1'*° and |g;| is the corresponding norm. The
algorithm assumes that an oracular object exists that encodes

the column space onto a quantum state as ) |aj|e;)|a;) where
i

|e;) is an orthonormal basis usually the standard computational
basis. The corresponding reduced density matrix for the first
register in this state is exactly the positive semi-definite matrix
P. The crux of the method is to prepare the unitary e **. This is
done on a qubit register that encodes the reduced density
matrix P as described above and also another density matrix
(say ). The repeated applications of e ™ on the joint state

P ® o with n copies of P yield e”*"ge " where S is the
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Fig. 4 The schematic of the quantum circuit used for the Trotterized
evolution as illustrated in ref. 150. The eigenvalues and eigenvectors of the
positive-semi definite matrix P are desired. At the end of the evolution, the
ancilla qubit is measured and the algorithm is considered successful if it
collapses to state 1) (see text for more details).

efficiently implementable SWAP operator. Once efficient pre-
paration of the unitary e " has been conducted one can
thereafter use standard phase estimation algorithms®> to mea-
sure the first say R eigenvalues and eigenvectors of the desired
matrix K and cast the data matrix X in the form of eqn (2). The
algorithm produces the R eigenvectors with a time complexity
of O(Rlog(m)) where m is the column dimension of the Gram
matrix defined in (17). Since the above formulation relies on
quantum-phase estimation to extract eigenvalues and eigen-
vectors of the Gram matrix, application of the procedure to
near-term quantum devices is cost-prohibitive due to high-
qubit and gate requirements. Recently Li et al.'*® reported a
new algorithm for the extraction of principal components of
any positive-semi-definite matrix using a single ancillary qubit.
The algorithm encodes a joint initial state of an ancillary qubit
and the n-qubit positive semi-definite matrix (P in the notation
and it could be a Gram matrix of the kernel as well as defined in
eqn (17)) as |0)(0] ® P. This state is evolved under the effect of
the following Hamiltonian for a time