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Four modifications of the Jahn–Teller effects.
The problem of observables: spin–orbit
interaction, tunneling splitting, and orientational
polarization of solids†

I. B. Bersuker

In a semi-review paper, we first show that Landau’s fundamental idea of the origin of spontaneous symmetry

breaking (SSB) in atomic matter due to electronic degeneracy, termed the Jahn–Teller effect (JTE) and further

developed into the pseudo-JTE (PJTE), was appended recently with two more modifications, the hidden JTE

(h-JTE) and hidden PJTE (h-PJTE). All four versions of JTEs are defined in the adiabatic approximation by their

adiabatic potential energy surfaces (APES), which possess a common feature – the lack of a minimum in the

high-symmetry configuration, thus confirming (and extending) the Landau idea of SSB. However, although

serving as a qualitative indication of the SSB and consequent possible (virtual) properties of the system, the

APES by themselves are not experimentally observable directly, and this important feature of JTEs is often

ignored. Taking spin–orbit interaction as an example, we show that just perturbation of the APES does not

reveal its observable reduction by the JTE, which emerges only after solving the Schrödinger equation with this

APES. Following the multi-minimum nature of the latter, this leads to tunneling splitting of the vibrational states

in the minima wells or over-the-barrier (hindered) rotations, resulting in novel properties, one of them being the

reduction of the spin–orbit coupling. We demonstrate the methodology of solving such problems by using the

example of electric field polarization of the BaTiO3 crystal, which leads to a novel effect: orientational polariza-

tion of solids.

1. Introduction

The presently well-known Jahn–Teller effect (JTE) was first
formulated by L. Landau in 1934 in a discussion with
E. Teller1 as the property of polyatomic systems in degenerate
electronic states to undergo distortions that remove the degen-
eracy (later confirmed and published by Jahn and Teller2,3).
From that time, this fundamental idea underwent tremendous
development, growing into a whole trend with important
theoretical explorations and impressive applications in physics,
chemistry, biology, and materials science (see, for example,
previously published books,4–6 and the latest reviews7,8 with the
many references therein). As the development of this trend
continues and applications grow, it is important to critically
review the novel results with some generalizations of the theory
and its applications.

As a general remark, we notice first that the above basic
formulation of the JTE is about polyatomic systems in the state
of electronic degeneracy undergoing spontaneous symmetry

breaking (SSB), but it says nothing about the relationship
between these SSBs and the observable properties of the
system. This relationship is not trivial, because the very defini-
tion of polyatomic space configuration is of classical origin,
which continues to be used in quantum mechanics within the
limits of the adiabatic approximation. The SSB is thus a
violation of the latter that makes many fixed-nuclei properties
of the system rather approximate or physically irrelevant (unob-
servable). Another implication is that this SSB preserves the
initial high-symmetry of the system (that caused the degener-
acy), resulting in multiminimum APES with specific nuclear
dynamics; the observable properties of the system become
strongly influenced by the latter.

Historically, the limitation of the SSB to systems with exact
electronic degeneracy was first partially removed when it was
shown that the instability of the system to low-symmetry
distortions takes place also in the case of sufficiently small
splitting of the degenerate electronic term.9 Moreover, in
further development it was shown that significant vibronic
coupling between any two electronic states (often ground and
excited) with any energy gap between them, under certain
conditions of pseudodegeneracy, may lead to instability and
distortion of the system; this is the pseudo-JTE (PJTE).10,11
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More recently it was shown12,13 that in addition to these two
effects, there are other similar related electronic structure
situations, involving excited states, that may lead to instability
and spontaneous distortions, quite similar to the JTE and PJTE.
These novel modifications of the JT effects occur in systems
with stable nondegenerate ground states (in the high-symmetry
configuration), but with degenerate or pseudodegenerate low-
lying excited states. If the JTE or PJTE in the latter are suffi-
ciently strong, they may penetrate the ground state producing
global minima with distorted configuration. Since the specific
conditions for the electronic states to cause these novel kinds of
vibronic-coupled instabilities are not seen directly from the
electronic structure of the system in the stable ground state of
the high-symmetry configuration, they are termed hidden-JTE
(h-JTE) and hidden-PJTE (h-PJTE), respectively (Section 2).

All four modifications of the JTE (jointly JTEs), outlined below,
are clearly defined by their specific adiabatic potential energy
surfaces (APES). The latter are thus important basic characteristics
of the JTEs. However, APES by themselves are not experimentally
observable magnitudes. To reveal the observable properties of the
systems induced by the JTEs, we should further solve the problem
with these potentials, meaning to evaluate the energy levels and
wavefunctions, and to estimate the observable properties in interac-
tions with external perturbations. This aspect of the problem seems
to be of special importance, because there are many publications in
the literature, in which the JTEs are presented by just the APES of the
system, ignoring the fact that without further processing the APES
are not observables (Section 3). The JTEs define the real properties of
physical, chemical, and biological systems, observed experimentally,
while the APES are mathematical intermediates, that occur when we
describe the origin of these effects based on first principles, employ-
ing the adiabatic approximation (there are no APES beyond this
approximation). The misinterpretation of the role of the APES in the
JTE observables stems from the assumption that it has the physical
meaning of the potential energy of the system, which is not true in
the general case; it may be approximately relevant for the configura-
tions near its minima points, if the energy gap to its other branches
is sufficiently large, and the influence of the other equivalent
minima (e.g., the tunneling splitting) can be ignored.

The APES are thus important indicators of possible JTEs, but not
their observables. The latter follow only from the solution of the
Schrödinger equation with these APES. As an illustrative example,
we show how the problem of the observables should be solved
correctly for systems with strong vibronic coupling, multiminimum
APES, and tunneling splitting of vibrational states, using the electric
field perturbation of a perovskite crystal as an illustrative example
(Section 4). This leads to a novel effect in solids: orientational
polarization. Conclusions are given in Section 5.

2. Four modifications of the Jahn–
Teller effects

The definition of the four modifications of the JTE is illustrated
in Fig. 1 for the simplest cases when only one distortion
coordinate is effective. In all four cases, as in the original

Landau formulation of the JTE, the system undergoes sponta-
neous symmetry breaking (SSB) caused by the specific arrange-
ments of the electronic energy states in their interaction with
the nuclear displacements. While the JTE and the PJTE are well
studied, their hidden modifications are relatively novel, so their
definitions require additional illustration (Fig. 1).

Consider the hidden-JTE. It emerged first in the study of the
ozone molecule O3, which is unstable in its high symmetry D3h

configuration. Its APES has three equivalent minima, in each of
which the regular triangular configuration is distorted to an
obtuse triangle. The distortion could not be explained by either
the JTE, as its ground state is nondegenerate, or by the PJTE,
because of the very high energy of the excited state excluding
the condition of pseudodegeneracy. Detailed calculations for
the ground and excited state of this molecule14 show convin-
cingly that the instability of the high-symmetry configuration in
the ground state is due to the JTE in its excited E state, which is
very strong and penetrates the ground state to produce the
three distorted configurations of the E#e problem, exactly
following the above definition of the h-JTE (Fig. 2).

As for the h-PJTE, a series of demonstrative examples emerged
from a class of molecular systems and local centers in crystals with
electronic configurations e2 and t3, half-occupied by 2 and 3 elec-
trons, respectively (half-filled closed shells), which take place, for
example, in molecular systems and solids with at least one threefold
(or higher) symmetry axis. For instance, the CuF3 molecule falls in
that category. The electronic configuration of the Cu3+ ion in this
molecule is (t2g)6e2 occupied by 8 electrons, two in the e2 configu-
ration. Its calculated energy level scheme is shown in Fig. 3. We see
that its undistorted regular triangular ground state is a spin triplet,
3A2, but a strong PJTE mixing of two excited singlet states, 1A1 and 1E,
produces an additional lower-energy state with a distorted configu-
ration, because the stabilization energy EPJT is larger than the energy
gap D to the ground state. This example is of special interest also
because it leads to an interesting molecular magnetic-dielectric
dualism.15–17 Indeed, the distorted configuration has a non-zero
dipole moment, but a zero magnetic moment (zero spin), whereas
the undistorted configuration has no dipole moment, but a nonzero
magnetic moment of the spin-triplet electronic state.

As mentioned above, the h-PJTE may take place in any
system with half-filled e2 or t3 electronic configurationsl.15–17

Fig. 4 shows the general scheme of the energy level states of
systems with e2 configurations (similar schemes are available
for t3 systems15). An example of h-JTE combined with h-PJTE is
seen in the CO3 molecule.18

3. Adiabatic potentials vs. observables
in Jahn–Teller effects
Examples: spin–orbit interaction, stress and strain

As outlined above and clearly seen from the definitions in
Fig. 1, the four modifications of the JTEs are defined by the
form of their specific electronic states’ dependence on nuclear
coordinates, the adiabatic potential energy surfaces (APES). In
accordance with the Landau idea of spontaneous symmetry
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breaking (SSB), these APES have no minima in the high-
symmetry nuclear configuration. However, APES are not

directly observable experimentally. This circumstance was a
difficulty in finding the first experimental confirmation of the

Fig. 2 Cross-section of the APES of the ozone molecule along the Qy

component of the double degenerate e mode (one of the three equivalent
distortions in the E#e problem of the JTE), obtained by numerical ab initio
calculations including the highly excited E state (at D B 9 eV), explicitly
demonstrating that the ground state distorted configurations are due to
the JTE in the excited state. The global minimum is at Qy = 0.69 Å and the
E–A avoided crossing takes place at Qy B 0.35 Å. Reprinted with permis-
sion from ref. 14. Copyright (2006) American Physical Society.

Fig. 3 Ab initio calculated energy profiles of the planar CuF3 molecule in
the ground and lowest excited states as a function of the angle a (e mode
distortion of the D3h configuration), showing the formation of two equili-
brium geometries with the lower energy one distorted at aB 931, induced
by the PJTE on two excited states. The distorted and undistorted config-
urations have different spin multiplicity (magnetic moments) and different
dipole moments. Reproduced with permission from ref. 16. Copyright
(2011) American Physical Society.

Fig. 1 Illustration of the definition of the four types of electronic configurations causing the four kinds of Jahn–Teller effects. For simplicity, in all four
cases only one symmetrized coordinate Q of the low-symmetry nuclear displacements from the reference high-symmetry configuration at Q = 0 is
shown, EJT and EPJT are the JTE stabilization energies, and D denotes energy gaps. (a) In the case of proper JTE the system is unstable, it has no minimum
of the adiabatic potential energy surface (APES) at the point of electronic degeneracy Q = 0, but it may be stable in the distorted configurations at �Q0.
(b) The pseudo-JTE (PJTE) case: there is no degeneracy at Q = 0, but the system is unstable (the curvature K of the ground-state APES is negative) due to
the pseudodegeneracy caused by strong vibronic coupling F to low-lying excited states at D o F/K (see the text). (c) Hidden-JTE: there is neither
degeneracy nor pseudodegeneracy in the ground state of the system, but there is a relatively low-lying excited state that has a JTE, which is so strong,
EJT 4 D, that it penetrates the high-symmetry ground state, producing a global minimum with a distorted configuration. (d) Hidden-PJTE: the same
situation as in the hidden-JTE, but the intervening excited state has a strong PJTE, instead of the JTE.
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original JTE (see, e.g., in ref. 6), and continues to be an
impediment in correctly understanding which observable
changes in the properties of polyatomic systems are caused
by these effects. The situation is aggravated by its being mostly
ignored in books, reviews, academic lecturing, and even in
some scientific publication, often leading to erroneous conclu-
sions in prediction of observable properties induced by
the JTEs.

An important example to illustrate this issue is in exploring
the influence of the spin–orbit coupling (SOC) on the JTEs
observables. By starting with a fixed nuclear configuration of
the polyatomic system and its nonrelativistic electronic states,
defined in the adiabatic approximation, we can proceed to take
into account the vibronic coupling and SOC as additional
perturbations of the system. These two perturbations are very
different: while the vibronic coupling mixes the electronic
states with the nuclear displacements, the SOC is a pure
electronic relativistic effect. This means that, unless we solve
the problem exactly (meaning, solving the relativistic equations
beyond the adiabatic approximation), the effect of these per-
turbations on the observable properties may depend on the
order in which we apply them.

According to first principles, in the case of very strong SOC
(as in the heavy-atom systems), the SOC should be taken into
account first (at the level of fixed nuclei), resulting in relativistic
electronic states, followed by their own JTEs formulations when
the vibronic coupling is taken into account. This requires
classification of the electronic states by the double groups of
symmetry and the formulation of the JTE for each of them, or
their coupling in a PJTE scheme5 (see more on the formulation
JTE problem with SOC in ref. 19). More practical are the cases
when the vibronic coupling prevails, in which case it should be
taken into account first, resulting in mixed electron-nuclear
states, to which the SOC perturbation should be applied. This
leads to an important effect of reduction of electronic perturba-
tions (Ham effect20). SOC is shown to be partly quenched by the
vibronic coupling, sometimes reduced by orders of magnitude.
The origin of this effect is physically transparent: the vibronic
coupling hinders the orbital motion of the electrons (violate the
adiabatic approximation) thus reducing also the SOC. The
vibronic reduction takes place for any perturbation of
the electronic subsystem, and it is not determined by just the
APES, it cannot be revealed from the APES before solving the
Schrodinger equation.

This important circumstance is often ignored in the litera-
ture. For instance, in recent publications devoted to the influ-
ence of SOC on the JTE,21,22 the authors calculated the
distortions of the APES by the SOC perturbation in the adia-
batic approximation, stating that this is the observable influ-
ence of the SOC on the JTE. As emphasized above, the APES are
not observable, and the statement of the changes in the APES as
the influence of the SOC on the observable JTE are incomplete,
they are just some mathematical indications of possible
changes in observables. The latter can be revealed only after
solving the Schrödinger equation with this APES, which impli-
citly includes the vibronic coupling influence on the orbital
motions of the electrons in their interaction with the spin, thus
leading to the abovementioned effect of vibronic reduction of
the SOC in the observables. There are no other observable JTE
induced by the SOC, as they cannot be even formulated without
solving the Schrödinger equation.

Note, however, that the direct (and strong) vibronic
reduction effect takes place for electronic perturbations, so it
may be ignored (or sidestepped) when the problem is related
basically to the nuclear subsystem without direct (first-order)
involvement of the electronic states. For such problems the
APES are much more representative, and they may serve as a
basis for analyzing the external influence. In general, in spite of
not yielding directly the changings in experimentally observa-
ble properties, produced by the JTEs, the APES are still most
important as the background for the next step in solving the
problem based on first principles, and as such, it serves as an
indicator (a ‘‘cause’’ in the P. Curie classification of experi-
mental observations,23 see below), that may allow for qualita-
tive predictions of some of the expected properties (based on
the experience from solving other similar problems).

First, we note that the APES are defined in the adiabatic
approximation and serve as the potential energy in the Schro-
dinger equation for the nuclear motions to yield observable
properties. On the other hand, for any given high-symmetry
configuration, there are several (or an infinite number of) low-
symmetry distortions that satisfy the JTE requirement of SSB.
This means that the APES should be a multiminimum surface,
or a trough of continuous minima. In other words, the JTEs, in
general, predict a complicated picture of nuclear dynamics that
depends on the form of this potential. But, again, the multi-
minimum potentials of the APES are not directly observable
experimentally. From a general point of view, the possibility to

Fig. 4 The e2 electronic configuration spans the states 3A2, 1A1, and 1E. While the magnetic 3A2 state is lowest in energy and stable in the high-symmetry
configuration (left), the excited two states are coupled via the PJTE leading to a lower-energy non-magnetic and distorted equilibrium configuration
(right). Reprinted from ref. 17. Copyright (2020) MDPI.
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see the low-symmetry features of such systems in the experi-
ments (in our case, the JTE distortions) is limited by the Curie
principle.23 The latter states that ‘‘the observable effects’’ may
occasionally have the same or a higher symmetry than the
‘‘causes’’, but the latter cannot have a higher symmetry than
the effects produced. This means that the low-symmetry dis-
tortions may be ‘‘invisible’’, subject to the method of observa-
tion (see ref. 24 for some more details about the role of
observation in relation to the lifetime of the system in the
APES minima).

The variety of observable properties of polyatomic systems
induced by the JTEs is inexhaustible, they are discussed in
many books, reviews, and original publications (see, e.g.,
ref. 4–8 and references therein). We note here that, in general,
they cannot be reduced to observable distortions of space
configuration of free polyatomic systems, as is stated in ‘‘pri-
mitive’’ definitions (conclusions) in some publications on the
JTEs. As already stated above, in general, without further
investigation, the form of the APES cannot be taken as an
observable property of the system.

But there are several important areas of research where the
APES of the system may define the observable properties
directly. They are related to processes that take place primarily
in the nuclear subsystem, controlled by the form of the APES. In
these cases sufficiently strong low-symmetry perturbations in
the nuclear subsystem may destroy or eliminate the specific
form of the JTEs, as they are defined in Section 2. More
interesting are the cases when the external nuclear perturba-
tions are smaller than those produced by the JTEs symmetry
breaking (smaller than the distortions in the minima of the
APES). In these cases, we get the effect of vibronic amplification
of the perturbations.5,6

Vibronic amplification in JTEs systems takes place when a
small external low-symmetry perturbation makes the APES
minima nonequivalent, thus trapping the system in a quite
observable distorted configuration. In terms of normal coordi-
nate displacements, the JTEs distortion QJT may be much larger
than that of the external perturbation without the JTE, QEX. In
some rough estimates, the amplification coefficient is K = QJT/
QEX = 4EJT/h�o, where EJT is the JTEs stabilization energy, and o
is the frequency of the vibrations that define the elasticity of the
system (Mo2) with respect to the Q displacements.5,6 For
example, see the influence of JTEs-amplified stress and strain
perturbation on local centers in crystals with JTEs,25 the effect
of ‘‘plasticity’’ in solid state coordination compounds,26 and a
variety of other novel effects, including enhanced flexoelectri-
city and electrostriction27 (see also ref. 28, and the considered
below orientational polarization, Section 4).

The account of vibronic amplification of nuclear perturba-
tions is directly related to the problem of observable JTE-
induced polyatomic configuration distortions. Indeed, as
mentioned above, due to the multiminimum APES, those
induced by the JTEs local displacements in the polyatomic
system are of a dynamic nature, and may not be observable
directly as a static local distortion. But any small low-symmetry
nuclear perturbation of the system, amplified by the vibronic

coupling, transforms the dynamic effect into a static one,
creating the observable static distortion. This means that the
latter are triggered by some local asymmetry, imposed on the
JTE center (again, following Curie’s publication, mentioned
above, ‘‘asymmetry is what creates the phenomenon’’ [ref. 23,
page 400]). Regrettably, this important conclusion is often
ignored when the JTE observables are employed as a tool in
research of the structure and properties of polyatomic systems.

Among other observable properties of systems with JTEs,
which are defined mainly by the APES, we mention here
activation energies of chemical reactions. In these cases the
chemical activation is determined by the barrier height
between the minima of the reactants and products defined by
the APES. This energy barrier was shown to be controlled by the
PJTE in the activated state, like in Fig. 1b.29–31 In some cases,
structural phase transitions in crystals with local JTE distor-
tions can be treated in the mean field approximation employ-
ing just the APES of the local centers.

But in the majority of all the other cases the observable
properties induced by the JTEs can be revealed only by solving
the Schrödinger equation including the nuclear dynamics
based on their APES. Below is an illustrative example showing
also the origin of a novel effect in solids: orientational
polarization.

4. Observables of JTEs involving
tunneling splitting
Orientational polarization

As mentioned above, SSB of any high-symmetry configuration
of the system is accompanied by several (or an infinite number
of) symmetry equivalent distortions, yielding a specific APES
with several equivalent minima or a continuous trough of such
displacements. If the energy barrier between the minima is
sufficiently high, there are local vibrations in each of them,
accompanied by the tunneling between them, shown in the
tunneling splitting of their vibrational energy levels. If the
equivalent minima of the APES are rather shallow, over-the-
barrier transitions (similar to hindered rotations) take place.
Tunneling splitting of vibrational energy levels was the first
observable property predicted as due to the specific APES
induced by the JTE in polyatomic formations,32–34 and observed
experimentally in different systems (see ref. 6 for more details
and references). A special case in these systems is the Na3

molecule, for which the tunneling splitting of the vibrational
levels and the pseudo-rotational levels were analyzed in most
detail and confirmed by spectroscopic experiments.35–39

The tunneling energy levels and wavefunctions are direct
solutions of the Schrödinger equation, thus serving as the
legitimate basis for revealing the properties of the system.
The tunneling splitting (or, more generally, the specific nuclear
dynamics) induced by the JTEs is reflected in all its observable
properties. From the very beginning of exploring the latter, it is
important to emphasize that in the description based on
tunneling splitting, there are no more separate electronic and
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nuclear wavefunctions and their product in defining stationary
states as in the adiabatic approximation. Instead, the wavefunc-
tions of the tunneling states are linear combinations of such
products (the electronic and nuclear motions are mixed),
resulting in the electronic motions being hindered by the much
slower nuclear dynamics. As a result, the matrix elements of
any electronic operator emerge multiplied by the overlap inte-
gral between the vibrational functions of the near-neighbor
minima. Similar to any overlap integral between the wavefunc-
tions of displaced centers, this overlap integral is smaller than a
unity, thus reducing the observable electronic property,19

including the discussed above spin–orbit interaction. This
explains the widely observed vibronic reduction of electronic
operators.5,6

Most important for observables is the process of interaction
of the system with external perturbations. In this process,
again, the unperturbed system should be taken as it emerges
from the full solution of the Schrodinger equation, including
the JTEs, meaning the solution with tunneling splitting (not
just its APES). As an illustrative example, we show here the
solution of the problem of a crystal with JTE centers under the
influence of an electric field, meaning its polarization.39 The
problem by itself is most important and up-to-date, as it leads
to a novel effect of solid states, their orientational polarization,
meaning polarization due to the orientation of some dipolar-
like groups of the solid along the external field, similar to the
behavior of polar molecules in liquids. Obviously, there are no
ready-made free-rotating dipoles in the solid state, so there is
no expected orientational polarization in solids. In 1912
Debye41 noticed that, in principle, there could be such orienta-
tional units in solids that behave as polar liquids above some
freezing temperature, but such orientational polarizable solids
were never found before the ones revealed by the JTEs.27,28,40,42

To illustrate the origin of orientational polarization in
solids, we show here how it emerges in crystals with JTE
centers, taking the perovskite crystal BaTiO3 with the PJTE in
its [TiO6]8� centers as an illustrative example.40 It shows
explicitly how the tunneling splitting in its eight-minima APES,
under the influence of the external electric field, leads to the
orientational polarization of the crystal. Actually, revealing the
PJTE in this system as the origin of dipolar instability that
triggers its ferroelectric properties was the first introduction of
the PJTE as emerging from the appropriate mixing of two
widely separated electronic states, and the first significant
physical problem solved by application of this effect.10

The APES of the cubic [TiO6]8� cluster is a multiminimum
surface with a maximum when the Ti ion is in its center and
eight equivalent minima along the eight equivalent trigonal
directions.10,28 With the Ti ion in any of the minima, the system
acquires a local dipole moment, but due to the tunneling
between them, the paraelectric phase of the crystal is cubic in
average. Under the electric field influence, one the minima
becomes lower in energy and traps the Ti ion, in the same
direction for all centers, thus realizing the orientational polar-
ization of the crystal: the stop-fly of the tunnelings (or the
hindered rotation) of the Ti ion, controlled by the external field,

is similar to the rotation of ready-made dipoles in polar liquids.
The following example, illustrating the process of orientational
polarization in this case,39 may serve as a description of the
general methodology of handling the tunneling phenomenon
in the process of interaction of the JTEs systems with external
perturbations.

In an external electric field E the vector of the polarization P
is linearly dependent of the electric field, and along the
symmetry axes its dielectric susceptibility w = P/E. In static
electric fields the permittivity e is determined by both the
displacive wd and the orientational wo contributions, but the
wo contribution is overwhelmingly larger than wd, wo c wd,
meaning w = wo + wd E wo. The polarization is the volume
density of the average dipole moment induced by the electric
field, P = hdi/a3, where d is the induced local dipole moment, a
is the crystal lattice constant, and h� � �i means averaging over
the quantum states of the system with their Boltzmann popula-
tion factors at the given temperature T,

dh i ¼ 1

Z

X
n

n e�H=kTd
�� ��n� �

¼ 1

Z

X
n

e�En=kT n dj jnh i;

Z ¼
X
n

n e�H=kT
�� ��n� �

¼
X
n

e�En=kT

(1)

Here |ni are the wavefunctions, and En are the eigenvalues of
Hamiltonian H = H0 � E�d. On the basis of the eight tunneling
states of the [TiO6]8� cluster mentioned above, the matrix of
this Hamiltonian is as follows:

H ¼ G

A1g

T1ux
T1uy
T1uz
T2gx
T2gZ
T2gz
A2u

�3 aA bA gA 0 0 0 0
aA �1 0 0 0 gA bA 0
bA 0 �1 0 gA 0 aA 0
gA 0 0 �1 bA aA 0 0
0 0 gA bA 1 0 0 aA
0 gA 0 aA 0 1 0 bA
0 bA aA 0 0 0 1 gA
0 0 0 0 aA bA gA 3

0
BBBBBBBBBB@

1
CCCCCCCCCCA

(2)

All the parameters in this matrix are given in units of G, the
tunneling splitting parameter, which is factored out of the
matrix. On the diagonal are the energies of the eight tunneling
levels. The parameter of the electric field is denoted by
A = �Ed0/(GO3), where d0 = 7eQ0O3 is the dipole moment of
the cluster [BO6] when nuclear motion is localized in one of the
trigonal wells, Q0 is the displacement of the Ti ion from the
center to the minimum position on the APES, E = |E| is
the magnitude of the applied electric field, while a, b, and g
are the direction cosines of the electric field:

a ¼ Ex

Ej j ¼ cos y cosj; b ¼ Ey

Ej j ¼ cos y sinj; g ¼ Ez

Ej j ¼ sin y (3)

The results of numerical diagonalization of the matrix (2)
and consequent calculations of the field-dependent tunneling
energy-levels, lattice polarizations P, dielectric susceptibility w,
and their angular and temperature dependence are given in the
cited publication.40 Fig. 5 shows the dependence of the tunnel-
ing energy levels on the applied field, while the results
of numerical calculations of the polarization of the crystal
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P = hdi/a3 are given in Fig. 6, where its dependence on both the
magnitude and direction of the applied electric field E, as well
as on temperature are shown. P is shown in units of Pm = d0/a3

which is the maximum value of P reached at saturation along
the direction E||[111], while the magnitude of E is given in
units of E0 = G/d0, where G, as above, is the tunneling
parameter.

From these data it follows, first, that there is a strong
dependence of the orientational part of polarization on the
magnitude of the electric field, which should not be there
without the PJTE and its orientational contribution. The dis-
placive polarization of the ionic lattice is by several orders of
magnitude smaller. Also, all graphs in Fig. 6 show saturation of
the polarization beginning from E about 2G/d0, or Ed0 about 2G.
This means polarization of the crystal comes close to saturation
when the energy of the dipole moments in the electric field
reaches the order of magnitude of the tunneling splitting (or
over-the-barrier transitions). At this point the dipoles become
fully oriented along the applied electric field. This confirms the
previous estimates of the several orders of magnitude larger
orientational contribution to the magnitude of polarization, as
compared with the displacive one, given in ref. 27, 28, and 42.

5. Conclusions

Landau’s fundamental idea of the origin of spontaneous sym-
metry breaking (SSB) in atomic matter due to electronic degen-
eracy, termed the Jahn–Teller effects (JTEs), underwent
tremendous developments over the years and continues to
serve as a basis for novel trends and applications, including
the four modifications defined above. We present here some of
the latest generalizations in the development and understand-
ing of the JTEs with emphasis on the problem of observable
properties, especially in the cases when the way from SSB to
observables is not trivial. The complications in this problem
stem from the fact that the SSB in the JTE cases occur due to the
violation of the adiabatic approximation, meaning the electro-
nic and nuclear motions are not fully separated, which leads to
special vibronic coupling phenomena, like vibronic reduction
of electronic effects (e.g., reduction of the spin–orbit coupling).
The correct solution in the search for observable properties
should include the specific nuclear dynamics that accompanies
the SSB in the JTEs. In the majority of cases it leads to
tunneling splitting. As an example of the role of the latter in
the interaction of JTE systems with external perturbation, we

Fig. 5 The variation of tunnelling energy levels (in units of G) of the cluster [BO6] with the magnitude of the external electric field E (in units of G/d0)
when the vector E is along directions [100], [110] and [111]. Reprinted from ref. 40. Copyright 2017 IOP.

Fig. 6 Variation of the polarization P (in units of d0/a3) of the cluster [BO6] with the external electric field E (in units of G/d0) along the main symmetry
axes [111], [100] and [110] at three temperatures. Reprinted from ref. 40. Copyright 2017 IOP.
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show here how it works in the problem of polarization in
electric fields, where it leads to a novel solid-state property –
orientational polarization.
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