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Magnetic microrobots capable of navigating complex fluid environments typically rely on real-time feedback
to adjust external fields for propulsion and guidance. As an alternative, we explore the use of field-
programmable rheotaxis, in which time-periodic magnetic fields drive directional migration of ferromagnetic
particles in simple shear flows. Using a deterministic model that couples magnetic torques to hydrodynamic
interactions near a surface, we show that the frequency, magnitude, and waveform of the applied field can
encode diverse rheotactic behaviors—including downstream, upstream, and cross-stream migration relative to
the flow. We analyze the mechanisms underlying these responses for canonical fields and use this
understanding to design complex waveforms that optimize migration speed and direction. Our results reveal a

Received 2nd July 2025, tradeoff between performance and robustness: high-performance designs enable upstream motion but are

Accepted 26th August 2025 sensitive to system parameters, whereas robust designs operate in the linear response regime with more
modest performance gains. These findings establish a general strategy for programming flow-guided

navigation in magnetic colloids and suggest routes toward self-guided microrobots that respond predictably
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1 Introduction

Time-varying magnetic fields offer a powerful means of actuat-
ing microrobots at the scale of living cells." Such fields can
drive a variety of functions, including propulsion via swimm-
ing or surface rolling,”™ reconfigurable shape changes and
cargo transport,®® and mechanical deformation of surround-
ing materials.”** Because magnetic fields penetrate biological
media with minimal attenuation and negligible physiological
impact,'> they provide a biocompatible energy source for
medical applications such as targeted delivery, minimally inva-
sive surgery, and local diagnostics.'*™*®> However, such fields act
uniformly over large spatial domains, thereby limiting their
ability to direct the independent behaviors of multiple particles
in heterogeneous surroundings.

One strategy to overcome these limitations is to develop
microrobots that guide their own motion in response to local
environmental cues.'®*® While feedback control systems can
dynamically adjust magnetic fields to direct individual particles
along prescribed trajectories,'®?® these approaches require
continuous tracking and are difficult to scale in systems with
many particles or limited visual access. Autonomous behaviors
inspired by biological taxis—such as artificial chemotaxis,”"
phototaxis,*® and rheotaxis>*—offer a compelling alternative.

“ Department of Chemical Engineering, Columbia University, New York, NY, USA.
E-mail: kyle.bishop@columbia.edu
b Department of Chemistry, Barnard College, New York, NY, USA

7344 | Soft Matter, 2025, 21, 7344-7353

to fluid environments without external feedback.

In such systems, the self-propelled motion of an active particle
is directed by local gradients without the need for global
information or external actuation.”® Achieving similar self-
guided behavior in magnetically driven particles presents diffi-
culties, as they typically move along field-specified directions
and thus lack the autonomy characteristic of self-propelled
particles.

Nevertheless, recent work suggests that time-varying fields
with appropriate symmetries can encode the self-guided navi-
gation of magnetic particles in response to local gradients." In
particular, toggled rotating fields direct the migration of ferro-
magnetic spheres up topographic gradients on solid substrates,
thereby enabling multiple particles to navigate complex land-
scapes in a common field.”® As explained by predictive models,
the time-averaged response derives from interactions between
field-driven particle rotation and asymmetries in the particle
environment. By tuning the waveform of the driving field, these
models predict other responses—including rapid migration up,
down, or perpendicular to a local incline.”® These results
motivate efforts to extend field programmable migration stra-
tegies to other types of environmental gradients, including
fluid shear.

Rheotaxis describes the directed migration of micro-orga-
nisms>”*® or active particles™?*? in response to external shear
flows. Such flows create a locally anisotropic environment defined by
three mutually orthogonal directions: the flow direction, the velocity
gradient direction, and the vorticity direction. Upstream migration
against the flow direction—termed positive rheotaxis—is often a
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primary focus; however, other responses are possible, such as
cross-stream migration in the vorticity direction.** While some
micro-organisms exhibit rheotaxis in bulk flows,** it is more
commonly observed near solid boundaries, where hydrody-
namic interactions break symmetry and bias propulsion. For
example, spermatozoa and flagellated bacteria migrate
upstream due to the “weathervane effect,” in which shear flow
reorients the swimmer about a pivot near the wall.>***> Analo-
gous behavior is observed in phoretic colloids, where competi-
tion between external shear and self-generated interfacial flows
leads to a stable upstream orientation near a boundary.>****3

Here, we investigate the possibility of field-programmable
rheotaxis in a ferromagnetic sphere positioned above a planar
wall in simple shear flow (Fig. 1). We construct a deterministic
model of the particle’s rotational and translational dynamics by
coupling magnetic torques to low-Reynolds-number hydrody-
namics in the sphere-wall geometry. By tuning the frequency,
magnitude, and waveform of the time-periodic driving field, we
identify a range of rheotactic behaviors—including upstream,
downstream, and cross-stream migration—relative to the flow
direction. For each driving field, we quantify the rheotactic
velocity as a function of two key dimensionless parameters: the
ratio of the field frequency to the particle’s magnetic relaxation
rate, and the ratio of shear-induced and magnetic torques. We
show that oscillating fields directed normal to the surface
enhance downstream migration, while in-plane rotating fields
induce cross-stream migration perpendicular to the flow direc-
tion. Using evolutionary optimization algorithms, we identify
driving protocols that achieve upstream migration and evaluate
their sensitivity to system parameters. We discuss the feasibility of
realizing these behaviors experimentally, as well as strategies for
enhancing their magnitude through anisotropic particle shapes.
These results demonstrate a general strategy for designing time-
periodic fields that enable self-guided microrobots with program-
mable responses to asymmetric fluid environments.

a side view b top view
> T flow vorticity
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Fig. 1 (a) A spherical particle of radius a with magnetic moment m is

immersed in a viscous fluid above a plane wall. The particle is subject to
both an external shear flow v(x) with shear rate 7 and a time-varying
magnetic field B(t). (b) Depending on the waveform of the magnetic field,
the particle can exhibit (i) enhanced migration in the direction of flow, (ii)
lateral migration in the =+ vorticity directions, and (iii) upstream migration
against the direction of flow. Such field-driven rheotaxis is invariant to
changes in the direction of flow.
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2 Model

We consider a spherical particle with radius a and magnetic
moment m immersed in viscous fluid at a height # above a
solid plane at z = 0. The sphere is subject to a time-varying
magnetic field B(¢) and to an external shear flow with velocity
v(x) = jze, where j is the constant shear rate (Fig. 1). In a
uniform magnetic field, the particle experiences a torque,
T, = m x B(f), but no magnetic force, F,, = 0. Other forces
and torques—for example, those due to gravity and thermal
fluctuations—are assumed negligible by comparison. We
further neglect the influence of magnetic and hydrodynamic
interactions among neighboring particles, focusing instead on
the dynamics of an individual particle within a sufficiently
dilute suspension. The validity of these assumptions under
realistic experimental conditions is discussed further in the SI.

In the absence of inertial effects (i.e., at low Reynolds
number), the linear and angular velocity of the particle depend
linearly the external forces and torques as

Q b ¢ Tm + Ts
where a, b, etc. are components of the hydrodynamic mobility
matrix.*® Here, F, and T, denote the hydrodynamic force and
torque on a stationary sphere above a plane wall in a uniform
shear flow. In the limit of small surface separations (2 — a), these
quantities have been computed previously to be F, = 1.701 x

6mna’ye, and Ty = —0.6293 x 6mya’je, where 5 is the fluid
viscosity.”” The components of the mobility matrix have the form

1
=——[Y (6 — ece.) + Xyece. 2
A= Gl V(8 — ee:) + Xaece] ®
b=—b=——[-Y e i
6Tc11a2[ pe-el @

1
¢ = Gl V(¥ —ecec) + Xeece @

where 6 is the identity tensor, and ¢ is the Levi-Civita tensor.
The mobility coefficients Y,, X,, etc. depend on the surface
separation scaled by the particle radius ¢ = (h — a)/a as
described by semi-analytical solutions.*®*™**> We consider a con-
stant surface separation of ¢ = 0.01 for which the relevant
mobility coefficients are Y, = 0.2961, Y, = 0.03654, X, = 0.6339,
Y, = 0.3392.>° Together with the kinematics of rigid body
motion, eqn (1) fully describes the dynamics of the sphere.

2.1 Non-dimensionlization

To facilitate numerical solution and analytical analysis of the
particle dynamics, it is convenient to non-dimensionalize the
problem using the following scales:

field: By length: a

oy — 6nna’ (5)
Y('mB()

torque: mBy time:

Here, B, is the characteristic magnitude of the applied field,

and w, is a magnetic relaxation rate for particle rotation about
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an axis parallel to the surface. With these units, the shear-
induced force and torque are expressed as

aF T,
=al d = —pI 6
B ale; an By fle (6)

where I" = j/w, is the ratio of the shear rate and the magnetic
relaxation rate. The dimensionless coefficients « and f are
approximated as o = 0.577 and f = 0.213 for the chosen surface
separation of ¢ = 0.01 and depend weakly on this variable when
¢ « 1. The dimensionless dynamics of eqn (1) is further
parameterized by the mobility ratios u = Y,/Y,, k = Y,/Y,, and
A = XY, which also depend weakly on surface separation
with estimates x = 0.108, ¢ = 0.873, and 4 = 1.87 for ¢ = 0.01
(see ref. 25 and 26 for plots of these ratios versus &). Below, we
use the same notation to refer to dimensionless quantities,
which corresponds to setting the characteristic scales to unity
in the dynamical eqn (1) (e.g., a — 1).

2.2 Euler angle dynamics

The particle orientation is parameterized by the Euler angles u
= [¢,0,¢]" (using the most common 313 rotation sequence®?);
these angles evolve in time as

@ = —cotO(B,cosy + B,sinyy) — (f + k)" cscOsiny  (7)

0 = —cos (B, cosyy — B, siny) — B;sin0 — (B + ko)l cosys

(8)
o= %((1 +2) 4+ (1 = 2) cos 20) csc (B cos Y + By siny))

+ (B + ko) cotOsiny
©)

where B,(t), B,(t), and B,(t) are the time-dependent components
of the magnetic field (in the lab frame). The in-plane compo-
nents of the particle velocity are given by

Uy = k(Bxcos — B, siny sin 0) (10)

(11)

where Uy™ = (uo + k)T is the linear velocity of a non-magnetic,
force- and torque-free particle in the shear field. These equa-
tions are integrated numerically for a specified field B(¢) to
determine the particle’s transient position x,(t) and orientation

u(t).

2.3 Experimental relevance

AU, = Uy — Uy™ = k(Bycos 0 + B, cos i sin 0)

For experiments on magnetic Janus
spheres, we consider a = 2 pm particles with magnetic
moment m = 3 x 10°'* A m” subject to fields of strength
B, = 5 mT, typical of air-cooled electromagnets. Assuming a
surface separation of £ = 0.01, the magnetic relaxation rate is
o = 340 rad s~ in water (y = 1 mPa s). More generally, the
magnetic moment m of an engineered particle is typically
chosen to prohibit irreversible dipole-dipole interactions
between contacting particles, which requires that the field-
induced torque mB, exceed the dipole-dipole energy wuom’/
16na® such that m < 16ma’By/u, where p, is the vacuum

comparison to
44-46
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permeability.’ Using this upper bound for the magnetic
moment, the magnetic relaxation rate becomes independent
of particle size: w, < 8Y.Bo*/31iof ~ 18000 rad s *.

For further context, we consider the flow conditions encoun-
tered by engineered particles within the human vasculature.
Such particles should be comparable in size to red blood cells
(@ ~ 2 pm) to allow access to capillary vessels while minimizing
the effects of Brownian motion. As they move through the
vasculature, particles encounter shear rates ranging from
5 =20 s ' in veins to 2000 s™' in small arteries.”” Using the
above estimate for the relaxation rate of a magnetic Janus
sphere, the dimensionless shear rate varies from I' = 0.06 to 6
across these conditions. Depending on the targeted shear
conditions, the parameter I' can be further tuned by varying
the magnetic moment m through addition of more or less
magnetic material during particle fabrication.

3 Results & discussion

To understand how magnetic actuation directs rheotactic
motion, we begin by analyzing the response of a ferromagnetic
sphere to a set of simple, time-periodic fields. These include
static fields, which induce weak upstream migration relative to
a non-magnetic particle; oscillating fields normal to the wall,
which enhance downstream migration via field-driven rotation;
and in-plane rotating fields, which generate cross-stream
migration perpendicular to the flow direction (Table 1). These
canonical cases reveal how magnetic actuation couples with
shear-induced torques to produce time-averaged particle migra-
tion. Building on this foundation, we design and interpret more
complex, optimized fields that modulate both the speed and
direction of rheotactic motion. Using evolutionary algorithms,
we identify waveforms that amplify cross-stream transport or
drive upstream migration against the imposed flow.

3.1 Static field

We first consider the particle dynamics in a static field of unit
magnitude directed normal to the surface, B = e,. This configu-
ration serves as a baseline to understand how magnetic torques
compete with shear-induced rotation to influence particle
migration. Under this field, the particle’s magnetic moment
relaxes to the yz plane, where it’s described by the Euler angle 0
representing the inclination from the vertical z-direction such
that m = —sin 0e, + cos 0e,. The angular dynamics of eqn (8)
simplifies to

0=Q™ —sinf (12)

Table 1 Summary of simple driving fields B(t) and the time-averaged
rheotactic response (AU) relative to a non-magnetic sphere for flow in the
e, direction

Field B(t) = Response

Static e, Upstream, —e,
Oscillating cos wte, Downstream, +e,
Rotating cos wte, + sin wte, Cross-stream, +te,, +e,

This journal is © The Royal Society of Chemistry 2025
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where Q7™ = —(f + ko)’ is the angular velocity of an otherwise
identical non-magnetic particle in the same shear flow. The
translational dynamics of eqn (11) simplify to

AU, = ksin0 (13)

with no cross-stream motion in the x-direction perpendicular to
the flow (U, = 0).

Fig. 2 shows the time-averaged velocity difference (AU,)
between a magnetic and non-magnetic particle as a function
of shear rate I'. For I' < I'. = (8 + ko) ", the magnetic torque is
sufficient to suppress shear-induced rotation, locking the par-
ticle orientation at a fixed angle. In this regime, the magnetic
particle translates more slowly than a non-magnetic particle by
AU, = kQy™ = —k(p + xo)I', which increases linearly with shear
rate. Above the critical shear rate, shear-induced torques over-
come magnetic alignment, leading to time-periodic particle
rotation along the surface. This “slipping” behavior leads to a
reduction in the time-averaged velocity difference, which fol-

lows the relation (AU, ) = K(Qf’\,m - (Qﬂm)zfl). At the tran-

sition point I" = I'., the velocity difference reaches a maximum
value of —«.

In dimensional units, this maximum velocity difference
is AU, = —kaw, = —YpmBy/6émna®, which corresponds to
—73 um s~ ' for the magnetic Janus sphere described above.
For comparison, a non-magnetic particle under the same flow
conditions moves at U, = 1.3 mm s, indicating that torque-
driven motions are relatively slow compared to particle convec-
tion with the flow. For an engineered particle with moment m
o« a’By, this response scales linearly with particle size a and
quadratically with the applied field strength B,. The particle-
wall surface separation ¢ influences the strength of rotation-
translation coupling as described by the mobility coefficient Y.
The maximum velocity difference is achieved at a critical shear
rate of j. = wo(f + ko), which corresponds to 1200 s~ for the
magnetic Janus sphere and can be further enhanced by increas-
ing the magnetic moment m. Below, we focus on field-driven
particle dynamics at smaller shear rates I' < I'., where the

-0.02 -

-0.04

-0.06

(AU

-0.08 |

-0.12

01 2 3 4 5 6 7 8 9 10
shear rate, I

Fig. 2 Static field. Time-averaged velocity difference (AU,) between a
magnetic and non-magnetic particle as a function of shear rate I', for a
static magnetic field B = e, directed normal to the surface. The critical
shear rate is I'c = ( + ko)t at which the velocity difference is —«.
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characteristic magnetic torque is stronger than the shear-
induced torque.

3.2 Oscillating field

We next consider particle dynamics under a time-periodic field
with constant direction and oscillating magnitude

B(t) = cos wte, (14)

As in the static case, the particle’s magnetic moment relaxes
to and evolves within the yz plane as described by the Euler
angle 0. The angular dynamics of eqn (8) simplify to

0= Q™ — cos wtsin O (15)
while the translational dynamics reduce to
AU, = k cos wt sin 0 (16)

There is no cross-stream motion in the x-direction (U, = 0).
Using the estimated mobility ratios, we integrate these equa-
tions numerically to determine the time-averaged velocity dif-
ference (AU,). Further analytical analysis of the particle
dynamics in the oscillating field is provided in the SI

Fig. 3a shows the time-averaged velocity difference versus the
driving frequency o for different values of the shear rate I
These calculations identify two critical frequencies w; and w,,
which mark qualitative changes in the particle’s rotational
dynamics. Between these frequencies (w; < w < w,), the
particle completes one full rotation per cycle of the oscillating
field, resulting in synchronized dynamics with (f) = —w. Aver-
aging eqn (15) and (16) and substituting this result gives the
average translational velocity difference

(AU)) = k(0w + Q2™ for o < © < 0,

(17)

shown as dashed lines in Fig. 3a. In this synchronized regime
(shaded in Fig. 3b), downstream migration is significantly
enhanced, reaching a maximum as the frequency approaches
.

At higher frequencies (v > w,), synchronized rotation is lost
when the combination of the magnetic and shear torques
become insufficient to rotate the particle at speeds required
by the oscillating field. Because the shear flow enhances
particle rotation, the step-out frequency w, increases with
increasing shear rate I' (Fig. 3b). Above this critical value, the
field moves through multiple oscillation cycles for every full
rotation of the particle. In the limit as @ — oo, the rapidly
oscillating field allows for shear-induced particle rotation, and
the average particle velocity approaches that of a non-magnetic
particle ((AU,) — 0; see SI for details).

At lower frequencies (w < w,), synchronized rotation is lost
when shear flow alone rotates the particle through multiple
revolutions during that portion of the oscillation cycle when the
field strength is low enough to allow shear-induced rotation. In
the low shear regime (I" « 1), the critical frequency w, scales
quadratically with the shear rate (Fig. 3b), since shear-induced
rotation scales like I" as does the fraction of the oscillation cycle
during which such rotation is allowed (see SI). In this regime,

Soft Matter, 2025, 21, 7344-7353 | 7347
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Fig. 3 Oscillating field. (a) Time-averaged velocity difference (AU,)
between a magnetic and non-magnetic particle as a function of field
frequency o for different shear rates I'. Markers denote results from
numerical integration; the dashed line shows the approximation of
eqgn (17), valid for frequencies w1 < w < w,. (b) The frequencies w; and
w, increase with shear rate and bound the shaded region, where particle
rotation is synced to the oscillating field.

synchronized rotation in the oscillating field can enable large
enhancements in the particle’s angular velocity relative to that
of a non-magnetic particle. For I' = 10>, the average angular
velocity increases 500-fold from (f) = QI™ = —2.7 x 10~* for a
non-magnetic particle to (§) = —w for a magnetic particle
driven by an oscillating field at the optimal frequency
w = wy(I') = 0.13.

These results demonstrate that oscillating fields can signifi-
cantly increase the speed of particle migration along the flow
direction. In the absence of magnetic actuation, the particle
travels at the baseline velocity Uy™ = (uo + 1f)I. In the absence
of shear, the oscillating field alone produces no net migration
without inertial effects (neglected here), which can enable
symmetry-breaking instabilities.*® Only through the combi-
nation of oscillatory torque and steady shear does the particle
achieve directed migration—enhancing downstream motion by
AUy =~ 0.042 at I' = 1. The relative magnitude of such enhance-
ments (AU,/U;™) is greatest at low shear rates, where the speed
of field-driven particle translation can exceed that of shear-
driven motion by more than an order-of-magnitude. Impor-
tantly, while the field powers particle motion, the direction of
migration is dictated by the flow, a hallmark of rheotaxis.

7348 | Soft Matter, 2025, 21, 7344-7353
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3.3 Rotating field

Other magnetic field protocols can direct cross-stream rheo-
taxis, whereby particles migrate perpendicular to the flow
direction. The simplest such protocol is a rotating field with
unit magnitude and angular velocity @ = we,

B(t) = cos wte, + sin wte, (18)

In the absence of the external shear (I' = 0), the particle
rotates about the z-axis but does not translate. For rotation
frequences below the step-out threshold w. = 4, the particle
rotates in phase with the applied field, & = we,. Above this
critical frequency, the magnetic torque cannot overcome vis-
cous resistance, and the average angular velocity decreases as
Q) =0— Vo> 22

In the presence of shear, the flow tilts the axis of rotation,
resulting in net particle motion along the vorticity direction
(te,), depending on the sign of w. Fig. 4 shows the time-
averaged x-velocity as a function of the rotation frequency
o and the shear rate I', computed by numerical integration.
At low frequencies and shear rates, the oscillation-averaged
velocity is well approximated by the following expression
derived using perturbation analysis (see SI).*®

_ k(B + ka)(1+2)

3 3
57 I'+0(I)|o+0(w’)

(Ux) (19)

For positive rotation frequencies and shear rates, the particle
translates in the e, direction perpendicular to the direction of
flow. Reversing the rotation direction drives the particle to
translate in the opposite —e, direction.

The rotating field also modulates particle motion in the flow
direction (ie., e,). At low frequencies and shear rates, the
oscillation-averaged velocity is approximated by

<Am>:{_%m+w@r+ogw}
N |:K(ﬁ +xa)(1 4+ 4) 20)

: r+00ﬂ%ﬁ+0@ﬂ

~

The first term (order w°T™) describes the suppression of shear-
driven translation due to field-induced resistance to rotation.
This slow down is half of that created by a static field, as the
particle’s shear-induced rotation is prohibited only during a
fraction of the rotation period. The second term (order w’I™)
describes a small frequency-dependent enhancement to the
downstream velocity due to the rotating field. The perturbative
predictions are in quantitative agreement with numerical simu-
lations (Fig. S2).

The rotating field breaks the mirror symmetry of the
particle-wall-field system thereby enabling cross-stream migra-
tion in the x-direction perpendicular to both the flow direction
(y-direction) and the surface normal (z-direction). By contrast,
the static and oscillating fields detailed above are symmetric to
reflection about the x-direction. The time-averaged particle
velocity shares this mirror symmetry thereby prohibiting

This journal is © The Royal Society of Chemistry 2025
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Fig. 4 Rotating field. Time-averaged particle velocity in the x-direction,
perpendicular to flow, as a function of (a) frequency w and (b) shear rate I.
Markers show numerical integration results; solid lines show the approxi-
mation of eqgn (19), valid at low w and I'. All quantities are made dimen-
sionless using the characteristic scales of egn (5).

cross-stream migration for those fields. Both the rotating
magnetic field and the linear shear field exhibit a different
symmetry that combines 180° rotation about the x-direction
followed by reflection about that direction. In the absence of
symmetry-breaking instabilities, this rotation-reflection sym-
metry is also incompatible with cross-stream migration in the
x-direction. The presence of the solid wall serves to break the
rotation-reflection symmetry of the external fields to allow for
the cross-stream migration described by eqn (19). For large
surface separations, the mobility coefficient x approaches zero
thereby eliminating the hydrodynamic coupling between mag-
netic torque and particle translation.

3.4 Designed fields

The simple fields above demonstrate the feasibility of field-
driven rheotaxis directed upstream, down-stream, and cross-
stream relative to the motion of a non-magnetic sphere. To
enhance these rheotactic responses, it is necessary to design
the driving field through search and optimization within a
space of candidate fields.

Design space. To explore programmable rheotaxis, we define
a design space that describes the time-varying magnetic field
and its coupling to particle motion under shear. Candidate
driving fields are assumed to be time-periodic with frequency

This journal is © The Royal Society of Chemistry 2025
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o, satisfying B(wt + 2m) = B(wt). Each waveform B(wt) is
constructed to exhibit m-fold rotational symmetry about the
surface normal e,, such that R,(v,,)B(wt) = BX(wt F v,,), where
the matrix R,(v,,) describes a coordinate rotation by an angle
Vm = 2n/m about the z-axis.”® This symmetry prohibits net
migration in the absence of flow, as rotation of the field by
vy, is equivalent to a phase shift of +v,,. We distinguished
between “right-handed” fields B(wt) and “left-handed” fields
B~ (wt) based on the sign of this phase shift.

As a representative case, we consider a family of right-
handed, time-periodic fields with m = 3 fold rotational sym-
metry, defined by

B\(T) =ajcosT + aycos2T + agcos4T

—bysinT + by sin2T — by sin4T

By(T) = bycosT + bycos2T + bycos4T (21)

+arsinT — arsin2T + a4 sin4T

B3(T) = %ao +a3cos3T + bssin3T
where T = wt is the oscillation phase, and the nine coefficients
Qoy 1, b1, G, by, as, b3, a4, by are tunable parameters. More
generally, the design space for the driving field is characterized
by the symmetry order m, the oscillation frequency w, and a
corresponding set of Fourier coefficients that define the
waveform.

The design space also includes the shear rate I', which sets
the strength of the shear-induced torque relative to the char-
acteristic magnetic torque. While simulations fix the flow
direction along e, this direction is assumed to be unknown
in practice. Accordingly, we represent the orientation and phase
of the driving field relative to the flow using an in-plane
rotation angle v and a phase offset g, such that B(wt) =
R, (V)Bef(wt + o). Finally, we standardize the initial conditions
by orienting the particle’s magnetic moment along the e,
direction in a static field prior to application of the time-
periodic waveform at ¢ = 0. Given these inputs, we integrate
the particle dynamics numerically in time to determine the
transient orientation u(t) and position xp(t). The key figure
of merit is the oscillation-averaged particle velocity (U),
which characterizes the rheotactic response in the imposed
shear flow.

Direct optimization. We begin by designing driving fields
that promote upstream rheotaxis—particle migration against
the direction of shear flow. To this end, we maximize the
oscillation-averaged velocity component —(U,), which quanti-
fies steady motion in the upstream direction. For each design
instance, we fix the oscillation frequency , shear rate I', and
field orientation v, while varying the waveform coefficients ay,
ai, by, etc. that define the time-periodic field. The average
velocity (U) is computed by numerically integrating the particle
dynamics over several cycles. We optimize the waveform using
a differential evolution algorithm,*® which searches the design
space for fields that maximize upstream drift (see SI for
details).
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Fig. 5 shows the optimized driving field and the resulting
particle trajectory for a representative parameters set: m = 3,
w =0.2, ' =0.02, and v = 0. In the absence of shear, the field
drives periodic particle rotation without net translation. The
applied shear field breaks the symmetry of the particle environ-
ment, resulting in net upstream migration—against the flow
—at an average speed of —0.0089 (equivalent to 0.28 particle
radii per cycle). In addition to upstream drift, the particle
exhibits cross-stream migration along the x-direction. This
lateral motion can be eliminated if desired by alternating
between the optimized right-handed field and its mirror image
reflected about the e, direction.?

While effective in achieving the desired rheotactic response,
the designed field is sensitive to its orientation v relative to the
flow. As shown in Fig. 5c, variations in v can reverse the
direction of migration, with (U,) switching from negative
(upstream) to positive (downstream). For certain orientations,
the dynamics become bistable: the migration direction
depends not only on v but also on the particle’s initial

a
Cc
bistable
0.01
3
=)
~~
= 0
(8]
o
3 -
>
-0.01
upstream
lrheotaxis
_0.02 1 1 1 1 1
0 I 2n T 4n 5m 25
3 3 3 3

orientation, v (rad)

Fig. 5 Optimized upstream rheotaxis. (a) Designed right-handed field
with m = 3-fold rotational symmetry that maximizes —(U,) for o = 0.2
and I = 0.02. (b) Simulated particle trajectory in the xy plane showing three
oscillation cycles. The shear flow is directed in the positive y-direction; the
inset shows the driving field from above. (c) Oscillation-averaged particle
velocity (Uy) as a function of orientation angle v between the driving field
and flow direction (green markers). Shaded regions indicate bistability:
particle dynamics approach one of two stable attractors (black markers),
depending on initial orientation or phase.
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orientation or the phase of the applied waveform. While the
orientation-averaged drift remains biased in the upstream
direction, this behavior does not constitute true “self-guided”
rheotaxis, as it depends on the relative orientation of the field
and the flow.

Furthermore, the migration velocity is sensitive to both the
oscillation frequency o and the shear rate I', highlighting the
complexity of the design landscape. Deviations from the para-
meter values used during optimization can substantially reduce
or eliminate the desired upstream migration. These sensitiv-
ities arise from the nonlinear coupling of magnetic actuation to
shear-induced torques, which gives rise to nonlinear rheotactic
responses. As discussed below, more robust ‘“self-guided”
behaviors can be achieved by designing fields that operate in
the linear response regime, where the migration velocity scales
linearly with the applied shear.

Robust optimization for small w & I'. The sensitivities
described above can be mitigated by restricting the optimiza-
tion to the linear response regime—specifically, to small oscil-
lation frequencies @ « w* and shear rates I' « I'*, where v*
and I'* are field-dependent thresholds to be determined. In this
regime, the oscillation-averaged particle velocity (U) can be
expanded as a Taylor series in both parameters

(U) = ({Uox) + (Ur1)o + (Up1)@)I + ... (22)

Here, the vector coefficients (U;) quantify contributions of
order o'T'’/. Notably, the expansion excludes field-driven
motion in the absence of shear (I" = 0), since such contributions
vanish for fields with m-fold rotational symmetry. Higher-order
terms in w and I" are neglected under the assumption that both
parameters remain sufficiently small. Importantly, the leading-
order coefficients (U;) can be computed efficiently for any
candidate waveform B(wt) using a multiple scale perturbation
scheme detailed in the SI.>**° By operating within this linear
response regime—where (U) oc I'—the particle’s migration
velocity becomes effectively independent of the field orienta-
tion angle v, enabling robust and orientation-agnostic rheotac-
tic behavior.

Using the perturbative expansion in eqn (22), we optimize
specific components of the migration velocity—such as cross-
stream or upstream motion—by varying the oscillation fre-
quency o, shear rate I', and field waveform B(wt), parameter-
ized by the Fourier coefficients ao, a4, by, etc. To ensure the
validity of the truncated expansion, both w and I' are con-
strained to lie within bounds v < w* and I' < I'*. As detailed
in the SI, these limits are chosen such that higher order terms
are successively smaller than the leading order contributions by
a specified factor 0 < f < 1. For instance, the time-averaged
coefficients in the x direction satisfy the condition, |(Uy)| <
FH72|(UR,)], for positive integers i and j with 0 < i +j < 4. This
heuristic ensures that the particle’s magnetic moment can
continuously follow the trajectory of the driving field, thereby
preserving the assumptions underpinning the linear response
approximation. Within these bounds, the frequency w and
shear rate I' are optimized via linear programming, while
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the waveform coefficients are optimized using differential
evolution.

Fig. 6 shows the result of this procedure for maximizing the
rate of cross-stream migration, (U;)wI . For the optimized field
(Fig. 6a), the linear rheotactic response (Ui;)wIl’, with (Uf;) =
0.0318, remains valid up to frequencies w* = 0.122 and shear
rates I'* = 2.29. Under these conditions, the orientation of the
driving field relative to the flow direction does has no effect on
the oscillation-averaged particle migration (Fig. 6b). Fig. 6c
confirms the validity of the perturbative approximation: the
numerically computed velocity (U,) closely matches the pre-
dicted linear trend for small w and I'. The optimized cross-
stream velocity is ~220% larger than that of the simpler
rotating field analyzed above (Fig. 6¢ asterisk * vs. circle O).
This modest improvement illustrates a key trade-off: while
restricting the dynamics to the linear response regime yields
robust and orientation-independent behavior, it limits the
performance gains that could otherwise be achieved using
more complex time-varying fields operating in the nonlinear
regime.

Attempts to enhance upstream rheotaxis in the linear
response regime were less successful. At zeroth order in fre-
quency, fields designed to maximize —(U%,)I" were inferior to

a b v
-7 A|—0
— /4
:- —=1/2
S 05r [l W) —371/4
5 -
8 —571/4
0. —3m/2
W Trla
0 40 80
time, t
C
~ 002
=)
~~
>
8
o 001
>
0. 1 1 1

0.15 0.2
frequency, w

Fig. 6 Optimized cross-stream rheotaxis. (a) Designed right-handed field
with m = 3-fold rotational symmetry that maximizes (Uf;)wI . (b) Simulated
particle position x,(t) in the cross-stream direction for the driving field in (a)
rotated by different angles v about the z-axis. The time-averaged migra-
tion (black dashed line) is independent of the field's orientation relative to
the flow. (c) Time-averaged particle velocity (U,) as a function of fre-
quency o for different shear rates I'. Markers denote denote the result of
numerical integration; solid lines show the perturbation approximation.
The asterisk (*) denotes optimum U;w*I'™*; the open circle (O) denotes
the analogous quantity for the (sub-optimum) rotating field.
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the simple static field, which enables upstream migration with
a maximum velocity, AU, = —k, relative to that of a non-
magnetic particle (Fig. 2). At second order, fields designed to
maximize —(U3,;)w®I" produce only negligible upstream contri-
butions. These results suggest that other strategies are nee-
ded—for example, non-spherical particles—to enable field-
driven upstream migration that is invariant to flow orientation.

3.5 Experimental relevance

For context, we compare our results for cross-stream rheotaxis
to that of an active particle reported by Upsal, Sanchez, and co-
workers.*" In their system, the authors consider the migration
of platinum-coated Janus spheres (@ = 1 pm) across a solid wall
under the combined influence of hydrogen peroxide fuel (pro-
pulsion speed U, = 6 um s~') and external shear flow (transla-
tion speed U* = 14 pm s '). These fields act to orient the
particle’s Janus director perpendicular to the flow direction,
resulting in particle migration at an angle of approximately
arctan (U*/U,) ~ 20° from the downstream direction. By con-
trast, a time-periodic magnetic field optimized for cross-stream
rheotaxis (Fig. 6a) drives particle migration at much smaller
angles of approximately (U,)/(U,) &~ 0.4° relative to the flow.

The slow rates of cross-stream rheotaxis for the magnetically
driven sphere compared to that of an active particle highlight
fundamental differences in their respective mechanisms. For
the field-driven particle, there is no propulsion velocity in the
absence of shear, and the velocity components—both perpendi-
cular and parallel to the flow—scale linearly with shear rate. In
this linear response regime, the migration angle for magnetic
rheotaxis is independent of the shear rate. By contrast, for the
active particle, the shear field orients the propulsion velocity U,
perpendicular to the flow direction; however, its magnitude is
largely shear-independent—determined instead by chemically
fueled phoretic propulsion. As a result, the migration angle can
be increased by reducing the magnitude of the share rate
(assuming other contributions due to Brownian motion and
gravity remain negligible).

For the prototypical magnetic Janus sphere**™° detailed
above, cross-stream rheotaxis under optimal conditions drives
particle migration at speeds (U,) = 6 pm s~ * for shear rates of
7 = 800 s, typical of the human vasculature.*” The migration
rate is similar to the propulsion speed of an active particle but
small compared to the convective velocity U, = 800 pm s~ ' in
the applied shear flow—consistent with the small migration
angles noted above.

In principle, such rheotactic responses could be applied to
microrobot navigation or particle separations; however, further
enhancements are needed to motivate experimental demon-
strations. For instance, consider a dilute mixture of magnetic
and non-magnetic spheres traveling along the floor of a spiral-
shaped microfluidic channel. Application of a time-periodic
field optimized for cross-stream rheotaxis (Fig. 6a) would drive
the selective migration of the magnetic particles across the full
channel width W after traveling a distance of ~140W along the
flow direction. Future enhancements in field-driven rheotaxis
could avoid the need for such long channels and enable
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downstream, upstream, and cross-stream responses at speeds
exceeding the flow velocity.

The possibility of such enhancements is motivated by our
present results for the oscillating field (Fig. 3) for downstream
migration and the designed field for upstream migration
(Fig. 5). These fields operate outside of the linear response
regime to enable field-driven particle migration at speeds
exceeding the flow velocity. Future work should explore the
design of such fields in a manner that preserves the rotational-
invariance of the rheotactic response as demonstrated by the
oscillating field but not by the designed field.

Further enhancements in field-programmable rheotaxis
could be achieved by expanding the design space to include
anisotropic particle shapes. In particular, ellipsoidal particles
introduce new couplings in the hydrodynamic mobility matrix
that link torque-driven rotation to particle translation above a
solid wall. Unlike spheres, prolate ellipsoids experience
orientation-dependent torques in shear flows that tend to align
their long axis with the flow direction, thereby enabling new
modes of field-responsive behavior.*® In practice, magnetic
colloids have been prepared by two common strategies:
(1) deposit magnetic materials (e.g., cobalt, iron) onto particle
monolayers by vapor deposition®*>> and (2) incorporate mag-
netic nanoparticles within polymeric colloids.>® Anisotropic
particles have been demonstrated using both methods by
stretching polymeric colloids within a sacrificial matrix;**>
however, it remains a challenge to quantify and control the
direction of particle magnetization relative to particle shape.

4 Conclusions

We have developed a dynamical model to demonstrate how
time-periodic magnetic fields can encode directed migration of
ferromagnetic spheres near a planar wall under shear flow. By
tuning the frequency, magnitude, and waveform of the applied
field, we achieve programmable rheotactic responses-—-includ-
ing enhanced downstream migration, upstream motion against
the flow, and cross-stream drift perpendicular to it. In addition
to analyzing simple fields (e.g., static, oscillating, rotating), we
design more complex, time-periodic fields to optimize specific
rheotactic behaviors. This design process reveals a fundamen-
tal trade-off: high-performance responses such as rapid
upstream rheotaxis tend to be sensitive to system parameters,
whereas more robust, orientation-agnostic designs yield mod-
est performance gains.

Realizing programmable rheotaxis in experimental systems
will require strategies to (i) enhance performance within the
linear response regime, and/or (ii) improve the robustness of
optimized designs operating in the nonlinear regime. Toward
this goal, we are exploring the use of non-spherical particles,
such as ellipsoids, to strengthen the coupling between mag-
netic and shear-induced torques. If successful, these advances
could lay the groundwork for self-guided microrobots capable
of autonomous navigation through complex microstructured
environments, such as the human vasculature, where local
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flows and boundaries naturally guide particle motion for bio-
medical applications. Such real world environments introduce
new challenges to investigate and overcome such as (i) the
effects of time-periodic shear rates, (ii) the impact of non-
Newtonian rheology, and (iii) the need for rotational invariance
in three dimensions rather than two demonstrated herein.
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