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Short-range order and hidden energy scale
in geometrically frustrated magnets

A. P. Ramirez and S. V. Syzranov

In geometrically frustrated (GF) magnets, conventional long-range order is suppressed due to the

presence of primitive triangular structural units, and the nature of the ensuing ground state remains

elusive. One class of candidate states, extensively sought in experiments and vigorously studied

theoretically, is the quantum spin liquid (QSL), a magnetically-disordered state in which all spins

participate in a quantum-coherent many-body state. Randomly located impurities, present in all

materials, may prevent QSL formation and instead lead to the formation of a spin-glass state. In this

article, we review available data on the specific heat, magnetic susceptibility, and neutron scattering in

GF materials. Such data show that a pure GF magnet possesses a characteristic ‘‘hidden energy scale’’

significantly exceeded by the other microscopic energy scales in the material. When cooled down to a

temperature below the hidden energy scale, a GF material develops significant short-range order that

dominates its properties and, in particular, dictates the spin-glass transition temperature for

experimentally accessible impurity densities. We review the manifestations of short-range order in the

commonly observed thermodynamics quantities in GF materials, possible scenarios for the hidden

energy scale, and related open questions.

I. Introduction

In most magnetic materials at low temperatures, spins are
arranged in a regular pattern, i.e. form long-range magnetic
order. In some materials, however, it may be impossible to
simultaneously minimize all magnetic interactions between
spins, which may lead to competition between multiple
magnetic states, and the material may possibly avoid long-
range order.

In 1973, Anderson proposed1 that the ground state of the
Heisenberg model with nearest-neighbor antiferromagnetic
(AF) interactions on a triangular lattice may lack magnetic
order and instead display liquid-like properties with strong
quantum fluctuations. Although this proposal turned out to be
incorrect (the model develops the so-called 1201 order2–4), it
initiated a series of theoretical studies5–7 of ‘‘quantum spin
liquids’’ (QSLs), magnetic states that lack long-range order
(LRO) at T = 0 and, broadly speaking, exhibit liquid-like proper-
ties due to strong quantum fluctuations. The interest in QSLs
has been driven by the possibility of numerous fundamental
phenomena predicted in them, such as novel topological states,
fractionalized excitations, and long-range entanglement, as
well as the existence of anyon excitations in some QSLs, which
can be used for robust quantum computation.

QSLs can be grouped into two theoretical categories that fit
the broad description. The first includes models of spins on
bipartite, e.g. honeycomb, lattices in which the interactions are
tuned to prevent LRO. Spins on such lattices would be ordered
antiferromagnetically if the interactions were AF and short-
ranged but avoid this order due to a more complicated struc-
ture of the interactions, exemplified by the Shastry-Sutherland8

and Kitaev9 models. Despite the existence of materials such as
RuCl3, considered as their approximate realizations,10,11 these
materials nevertheless undergo long-range order in zero mag-
netic field12–15 instead of displaying clear signs of a QSL. While
interesting behavior suggestive of a QSL has recently been
reported in RuCl3 in sufficiently strong magnetic fields,16–18

the interpretation of the respective results as evidence for a QSL
is under dispute (see, e.g., ref. 19–21).

A second class of systems, the so-called geometrically fru-
strated (GF) magnets, consists of materials in which the smal-
lest structural unit in the magnetic sublattice is a triangle.22–24

Such triangles make it impossible to minimize simultaneously
all nearest-neighbor AF interactions between spins. This class
includes large mineral families such as the spinels, pyro-
chlores, magnetoplumbites, jarosites, and delafossites.25 These
materials show a suppression of LRO to temperatures far below
the characteristic scales of AF interactions obtained from high-
temperature measurements. In the absence of LRO, strong
quantum fluctuations in such materials are predicted to yield
QSL states with fascinating fundamental properties, such asPhysics Department, University of California, Santa Cruz, California 95064, USA
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many-body entanglement and topological excitations.5–7,26–28

Theoretical interest in such states has been mirrored by experi-
mental searches that have produced a large number of magnets
with triangular primitive units and greatly suppressed LRO
transitions.24

A. What exactly is a quantum spin liquid?

The term ‘‘spin liquid’’ commonly refers to a T = 0 state of a
magnetic material that lacks LRO. The term ‘‘quantum spin
liquid’’ is used to label a quantum-coherent state in which, in
addition to the lack of LRO, the quantum nature of spins gives
rise to qualitatively new properties. Despite some commonal-
ities among the different QSL models, in our view, there is not a
universal, commonly accepted definition of a QSL. Often, in
theoretical work, a spin liquid is referred to as a QSL if it
displays long-range entanglement or topological properties,
such as topological order or fractionalized excitations, or can
be described in terms of emergent gauge fields.

The ambiguity surrounding the theoretical description of
QSLs is mirrored experimentally, where there is no consensus
that QSLs have been conclusively identified in specific materials.
The experimental assignment of the QSL label to a particular
material has relied on such features as the absence of a transi-
tion to LRO or the form of the inelastic structure factor mea-
sured by neutron scattering. These features, however, are not
unique to QSLs and allow for other explanations. For example,
LRO can be suppressed by many other experimental factors, e.g.,
dimerization,29 quenched disorder,30 low effective dimension-
ality,31 or combinations of these.

Numerous excellent reviews dedicated to QSLs have been
written over the last decade (see, e.g., ref. 5–7 and 26–28).
We refer the readers to these reviews for a detailed discussion
of possible definitions of QSLs. In this article, we focus rather
on the properties of GF materials, the largest class of systems in
which QSLs are sought, and especially those properties that are
common across classes of GF materials and thus reveal the
fundamental physics of magnetic states in GF systems and their
properties observable in experiment.

B. Goal of this review

The aim of this review is to outline a minimal set of existing
facts that apply to all GF magnets in the hope of informing
future theoretical work. Thus, we will restrict discussion to the
most common experimental quantities, because such data
allow for intercomparison among all GF materials. While GF
magnets have been experimentally probed in many different
ways, the most common quantities are the magnetic suscepti-
bility [w(T)], specific heat [C(T)], and the intensity of neutron
scattering.

Other probes include NMR and mSR. We will not consider
these here because, in our view, each has a significant level of
interpretive uncertainty. Each one gives good information on
the internal field at the probe site, but the identity of the site
is either unknown in the case of mSR32–34 or not well defined,
as shown by the two distinct signals in NiGa2S4, which were
interpreted as evidence of stacking faults.32

It is useful to remember what w(T), C(T), and neutron
scattering reveal about the state of a magnetic material. The
susceptibility, w(T), is a long wavelength probe that is especially
useful at high temperatures for determining the spin–spin
interaction strength via Curie–Weiss analysis and at low tem-
peratures for detecting transitions, e.g., to an LRO or a spin-
glass state. Most importantly for this work, w(T) can detect non-
magnetic (singlet) excitations only weakly. The specific heat,
however, is sensitive to all excitations with a spin origin,
including non-magnetic excitations, but also to those not spin-
derived, such as phonons and charged excitations. A powerful
aspect of the C(T) probe is its ability to count degrees of freedom,
provided the non-spin-derived excitations are accurately deter-
mined. Neutrons, like w(T), can probe magnetic and structural
excitations and can access them over a large range of wave-
lengths, from mesoscopic distances down to interatomic length
scales. The complementarity of these three probes is sufficient
to demonstrate key universal features of GF magnets. As we
argue, among those universal features is the short-range mag-
netic order (SRO) that forms below a certain characteristic
temperature, which is significantly exceeded by the spin–spin
interaction energy.

C. Materials to be discussed

The strength of geometrical frustration in a material is char-
acterized by the ratio

f = yW/Tc, (1.1)

known as the ‘‘f-ratio’’ and introduced by one of us in ref. 24,
where yW is the Weiss constant, the energy scale that charac-
terizes the strength of spin interactions in a material, and Tc is
the temperature below which the magnetic fluctuations are
frozen.

Non-GF 3D materials undergo magnetic-ordering phase
transitions at temperatures Tc B yW, and thus have f-ratios of
order unity. By contrast, strongly GF materials avoid ordering
down to very low temperatures, resulting in Tc { yW and large f-
ratios f c 1.

In systems that undergo spin-glass and magnetic ordering
transitions, the temperature Tc corresponds to the critical
temperature of the respective transition. The definition, how-
ever, can be extended to the case of the freezing of the magnetic
degrees of freedom that is not accompanied by any phase
transition, as discussed in ref. 35.

In this review, we will focus on materials with strong
geometrical frustration, corresponding to f \ 10, that have
also been subject to magnetic vacancy studies and a full
complement of the simple experimental probes mentioned
above. We show that a select group of such materials develops
SRO at intermediate (T B |yW|/10) temperatures. We then
argue that this SRO is a universal feature of all GF systems
and is key to understanding ground states and their elementary
excitations.

Due to the above restrictions, many GF systems will not be
extensively analyzed. Most evident among the omissions is
the family of paratacamite compounds related to well-known
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herbertsmithite [g-ZnCu3(OH)6Cl2],36 which consists of a
kagome lattice of Cu2+ spins. Herbertsmithite, and its relatives
volborthite [Cu3V2O7(OH)2�2H2O],37–39 vesignieite [BaCu3V2O8-
(OH)2],40 kapellasite [Cu3Zn(OH)6Cl2],40,41 haydeeite [a-Cu3Mg-
(OH)6Cl2],42 and barlowite [Cu4(OH)6FBr]43,44 all have Cu2+ on a
kagome lattice and exhibit a variety of ground states including
FM and AF order. They all possess hydrogen, which is deleter-
ious for neutron scattering, though some have been studied in
their deuterated form, most importantly Herbertsmithite,36

and we will show these data below. Also, for these materials,
we are unaware of systematic studies of spin vacancies, a
technique that has yielded great insight into the ground state.

A second, large group of materials that eludes the present
review is 4f electron systems, the frustration in which has been
intensively studied especially in recent years.26 Since 4f atoms
in an ionically bonded solid have exchange coupling strengths
at least an order of magnitude less than 3d systems, the yW

values are usually in the range of a few Kelvins or less and, thus,
the interaction can be strongly influenced by dipole–dipole
(long range) forces which are rarely considered for d-row
transition ions. Most importantly, however, geometrical frus-
tration addresses the physics at energy scales two or more
orders of magnitude less than the mean field temperature,
yW. Thus, for yW values less than 1 K, measurements of C(T)
and w(T) are needed down to 10 mK, which presents a barrier
for characterization. Firstly, obtaining C(T) even down to 50 mK
often requires great care to maximize thermal coupling to the
sample. Secondly, commercial magnetometers only reach
300 mK. Thus, obtaining susceptibility data down to the
required temperatures is considerably more difficult than for
systems with larger yW values. Finally, the splitting of the total
angular momentum multiplet often leads to high-mJ doublets
and, while this poses no fundamental barrier to collective
behavior, higher-lying multiplets often obscure the determina-
tion of effective moment from data taken above 2 K. Thus, in
our view, the existing body of experimental work on 4f materials
precludes the systematic intercomparison of both high and low
energy scales as can be done for 3d systems.

II. Characterization of GF magnetic
materials
A. Types of quenched disorder

In order to describe GF materials in the pure limit, one should
understand their response to quenched disorder. One may
distinguish here between two generic types of disorder: intrin-
sic and extrinsic.

Intrinsic disorder occurs without introducing quenched
randomness in the synthesis process. For example, in Y2Mo2O7,
Jahn–Teller distortions of the Mo octahedra result in randomness
in the spin–spin interaction and a spin-glass (SG) transition at
Tg = 22 K.45,46 In some materials, different ions have to randomly
occupy the same crystallographic site to ensure charge balance
between cations and anions. For example, in Fe2TiO5, the Fe3+

and Ti4+ ions are randomly located on both A and B sites of the

pseudo-Brookite structure.47 In NaCdCo2F7, the A site can be
occupied by both Na1+ and Cd2+.48 Another example of such
disorder comes from the inverse spinels, such as B(AB)O4, in
which site mixing occurs between the A2+ and B3+ ions.49

Extrinsic disorder refers to foreign atoms introduced in
the clean material. Often, such disorder is represented by
vacancies, i.e. foreign non-magnetic atoms substituting for
the magnetic atoms of the clean material. Of course, non-
magnetic vacancies will be at least subtly different in atomic
size and, therefore, will not bond with their neighboring
cations in a manner identical to the magnetic ion, hence one
expects small steric distortion around the vacancies. Extrinsic
disorder may also be introduced by substitution on either
a non-magnetic cation site or the anion site, which can lead
to charge disorder or sterically induced randomness in the
exchange interactions between magnetic ions.50

Techniques for measuring disorder at the required precision
are few. In most cases, purity control consists of identifying the
presence or absence of unexpected diffraction peaks in X-ray
diffraction (XRD). Such a technique, however, cannot detect
impurities or disorder other than by the observations of foreign
crystallographic phases or broadening of the diffraction peaks.
In the case of Y2Mo2O7, pair distribution function analysis of
neutron and X-ray scattering was needed to determine the
distribution of bond lengths responsible for interaction dis-
order and the observed spin glass behavior.46,51 For deviations
from the stoichiometry larger than a few percent, energy-
dispersive X-ray absorption can reveal impurity atoms, but its
precision is limited.

B. Importance of spatial dimensionality

The role of spatial dimensionality is well-understood for non-
frustrated systems exhibiting LRO and is manifested both in
the critical behavior as well as the ground state and its
elementary excitations.31 Effective dimensionality less than
three can arise either from a crystal structure that is lamellar
(2D) or fibrous (1D), or may result from a collective structural
distortion such as a cooperative Jahn–Teller effect that mod-
ulates the spin–spin interaction in a uniform manner.52

The role of spatial dimensionality is less well-understood for
SGs. Great effort has been devoted to the question of whether or
not a 2D system can transition to an SG state, and the present
consensus, based on computational work, is that spin glass
freezing anomalies are only observable in 3D systems.53 While
certain layered materials such as Rb2(Cu,Co)F4,54 have been
shown to exhibit SG behavior, such materials can be classified
only as ‘‘quasi-2D’’, i.e. while the intra-plane interactions are
small compared to the inter-plane ones, the 3D nature of the
intra-plane correlations is essential for the emergence of the
SG phase.

While the consensus view is that purely 2D systems do not
evince an SG transition, it is possible that the SG-transition
temperature is actually strongly suppressed in quasi-2D materials,
owing to their effective 2D nature at short scales. Numerous
authors seeking to establish the existence of 2D QSLs in layered
materials argued that the absence of an SG cusp in w(T) for

Materials Advances Review

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

0 
de

 g
en

er
 2

02
5.

 D
ow

nl
oa

de
d 

on
 1

6/
3/

20
26

 4
:0

8:
22

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4ma00914b


1216 |  Mater. Adv., 2025, 6, 1213–1229 © 2025 The Author(s). Published by the Royal Society of Chemistry

experimentally accessed temperatures rules out an SG state, which
is seen as inimical to a QSL (see, for example, ref. 36 and 55–57).
The SG transition in such layered systems, however, may take
place at temperatures below the observed range.

C. Heisenberg vs. Ising spins

This review focuses on strongly GF systems with Heisenberg
spins. Ising spins on frustrating lattices present a different and
informative complement to Heisenberg spins. In early theore-
tical work, Wannier considered 2D Ising spins on a triangular
lattice and showed that, whereas ferromagnetic spin–spin
interactions lead to LRO, antiferromagnetic interactions cause
a total suppression of the transition and lead to a nonzero
ground-state entropy (per spin).22 The existence of such non-
vanishing ground-state entropy for theoretical Ising models
makes them ‘infinitely frustrated’’, a situation reflected experi-
mentally by the lack of Ising-based magnets for which the f-
ratio can be defined by a measurable low-energy scale.
Among the materials that have Ising spins but do not exhibit
an ice-like state are Co3Mg(OH)6Cl2

58 and A2Co(SeO3)2, where
A = K or Rb.59

A possible reason behind the lack of experimental Ising GF
magnets is related to the stringent conditions required to create
local degeneracy. Ising spins occur due to, e.g., a distortion in
the crystal field environment or due to spin–orbit coupling,
i.e. a local structural anisotropy. Such anisotropy can lead to
anisotropy in the spin–spin interaction and the subsequent
selection of certain favored LRO states, thus destroying frustra-
tion. While the paucity of GF Ising systems is unfortunate from
the perspective of comparing theory and experiment, their role
in the development of quantum materials would be limited
anyway due to the Ising single-ion potential well constraint at
very low temperatures. (Transverse-field Ising materials are
possible but present the additional requirement of a unique
transverse field direction, which is more difficult to realize with
a triangular motif.)

With the above caveat in hand, a special class of 3D
Ising systems was pioneered by Harris, Bramwell et al., who
described a formal correspondence between water ice and a
class of Ising magnets which they called ‘‘spin ice’’.60 The
correspondence is, specifically, between two possible hydrogen
atom positions around each oxygen in water ice and the two
states of an Ising spin. The spin-ice materials class consists of
Ising ions, such as Ho3+ or Dy3+, occupying the A-site of the
pyrochlore lattice, a sublattice consisting of corner-shared
tetrahedra. Ramirez et al. measured61 the specific heat of the
spin ice candidate, Dy2Ti2O7, and showed that the ground-state
entropy of the Dy3+ ions is close to Pauling’s estimate
(R/2)ln(3/2) E 0.29R ln(2).

While it may seem as though the spin-ice state results purely
from the frustration of interactions, several factors set spin ice
apart from the Heisenberg GF systems, which are the focus of
this review. First, Dy2Ti2O7 is not strongly GF because yW =
0.5 K, which is the same temperature region where the spin ice
SRO sets in, thus f E 1. Second, when disordered, Dy2Ti2O7

fails to exhibit an SG state.62 Third, because of the small

spin–spin exchange interactions, long-range dipole–dipole
interactions play an important role in determining the ground
state energy.63 It is interesting to consider why Dy2Ti2O7 doesn’t
undergo LRO similar to other Ising systems on triangle-based
lattices. This is most likely due to the non-collinear nature of
the crystal field distortion of the rare-earth environment. The
Ising axis for each ligand environment surrounding the Dy3+

ions connects the vertex of the tetrahedron to its center. Thus,
with four distinct crystalline directions, the distortion itself is
sterically frustrated, which may help to explain the relatively
small number of spin-ice materials.

Unlike Ising systems, no evidence has been found for
missing entropy, i.e. extensive entropy of the ground states,
in the Heisenberg spin systems. While missing entropy, sug-
gestive of spin-liquid behavior, has been reported for CuAl2O4

64

and CuGa2O4,65 where Cu2+ occupies the A-site of the spinel
lattice, the conclusion about the missing entropy was reached
based on the specific-heat extending only up to 20 K or 30 K,
respectively. At the same time, the inverse susceptibility w�1(T)
in these materials deviates from linearity at a much higher
temperature, implying that the remaining entropy will be found
at higher temperatures.

III. Magnetic susceptibility
A. The Curie–Weiss law

The dependence of the inverse magnetic susceptibility w(T) on
temperature T for several GF materials36,66–73 with large f-ratios
f 4 10 is shown in Fig. 1. At sufficiently high temperatures,
GF materials exhibit the Curie–Weiss behaviour of the
susceptibility

1/w(T) p T + yW, (3.1)

where yW 4 0 is the Weiss constant. This behavior is identical
to the high-temperature behavior of susceptibility in non-GF
antiferromagnetic materials. There is, however, a key difference
between the Curie–Weiss laws in non-GF and GF systems. In a
non-GF system, it persists only down to the critical temperature
Tc B yW, at which the spins order in a regular pattern, and
the susceptibility exhibits a singularity. By contrast, in GF
systems, the dependence (3.1) of the magnetic susceptibility
on temperature extends down to significantly lower tempera-
tures T { yW.

The value of yW obtained from the temperature dependence
(3.1) can be used to obtain the f-ratio [cf. eqn (1.1)], which
characterizes the degree of frustration. Because the dependence
(3.1) implies that a material behaves effectively as free spins in
the limit of high temperatures T c yW, the respective value of
yW is faithful only if the measured slope of 1/w(T) matches the
expected Hund’s rule moment.

B. Susceptibility and glass transitions

While the linear, high-temperature behavior of the inverse
susceptibility is a universal feature of GF systems, there is a
dichotomy in the low-temperature behavior between GF
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systems that eventually undergo LRO to an AF state and those
that resist ordering.

At temperatures above magnetic and glass transitions, this
dichotomy usually manifests in the sign of the deviation of the
magnetic susceptibility from the Curie–Weiss law. When the
system undergoes an AF transition, the high-temperature
w(T)�1 typically bends upward on cooling (see Fig. 1), reflecting
the appearance of AF correlations. However, if the system
undergoes an SG glass transition instead of developing mag-
netic order, w(T)�1 typically bends downwards on cooling above
the transition, a behavior that in conventional magnetic sys-
tems is referred to as a Curie tail and similar to that coming
from free spins.

Such Curie tails can be explained by the presence of dilute
vacancy defects. As discussed in detail in Section III C below,
a vacancy defect in a GF material is equivalent to an effective
spin, a ‘‘quasispin’’, in terms of its magnetic susceptibility.
At sufficiently high temperatures, magnetic correlations in the
system are short-ranged, and the quasispins of vacancy defects
can be considered non-interacting and independent of each
other. Such quasispins act as effective free spins and give rise to
the Curie tail. At lower temperatures, the quasispin–quasispin
interactions become essential (see Section III C for a detailed
discussion).

At the lowest temperatures, SG transitions are observed (see
the insets in Fig. 1) even in rather pure materials, such as the
triangular lattice compound NiGa2S4

74 and the spinel
ZnCr2O4.67 In ZnCr2O4, SG freezing is even observed deep in
the AF temperature regime, demonstrating that an SG state can
coexist with LRO.

The novelty of SGs occurring in nearly pure GF materials was
realized early in the development of GF magnetism24,45 and
suggests an analogy with conventional SGs in metallic materi-
als in which spins have densities less than 1%, far below the
nearest-neighbor percolation threshold. Such materials
undergo SG freezing due to the long-range nature of the RKKY
interaction.75 The analogy falters, however, in the following
manner. While the RKKY interaction in conventional SGs exists
above the glass temperature, Tg, there is no evidence for such
an interaction for GF SGs above Tg. In addition, the medium in
which the GF SG state forms is comprised of a dense popula-
tion of spins, whereas conventional metallic SGs have no
magnetic sources in the spatial region between the spins. Thus,
the physical difference between the two classes of SGs is
profound,24 despite similarities in their collective, bulk
behavior.76,77

C. Quasispins

Vacancy defects, the most common type of quenched disorder
in GF materials, have a fundamental effect on magnetic
susceptibility. It has been found that, in terms of response to
a magnetic field, vacancies act as effective free spins, ‘‘quasis-
pins’’, with the Curie-like susceptibility [in units of (gmB)2/kB]

wvac ¼
Nvac

T
Ŝz

2
� �

; (3.2)

where Nvac is the density of the vacancy defects and Ŝz is the
projection of the quasispin to the direction along which the
susceptibility is measured.

Fig. 1 The dependence of the inverse susceptibility w�1(T) on the temperature T for several GF materials.36,66–73 The susceptibility and the temperature
are shown, respectively, in units of C/yW and yW, where C and yW are the Curie and Weiss constants. The upper and lower insets, represented by the boxes
in the main frame, show, respectively, the spin-glass transitions in NiGa2S4 and Na4Ir3O8 and SrCr8.8Ga3.2O19. The dashed line shows the Curie–Weiss law.

Materials Advances Review

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

0 
de

 g
en

er
 2

02
5.

 D
ow

nl
oa

de
d 

on
 1

6/
3/

20
26

 4
:0

8:
22

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4ma00914b


1218 |  Mater. Adv., 2025, 6, 1213–1229 © 2025 The Author(s). Published by the Royal Society of Chemistry

The quasispin behavior (3.2) was first identified78 in
SrCr9pGa12�9pO19 (where Nvac p 1 � p) and attributed to
‘‘orphan spins’’, i.e. the spins of rare Cr3+ ions that are
disconnected from the bulk of the spins by the vacancies.
The density of such ‘‘orphan spins’’ is rather low and insuffi-
cient to account for the value of the Curie constant in the
contribution (3.2) to the susceptibility,67 yet the ‘‘orphan spin’’
contribution would scale non-linearly with the defect density
Nvac, in contradiction with the observed linear dependence.78

A more realistic picture of the vacancy susceptibility is the
quasispin picture, in which each isolated vacancy is screened by
the surrounding magnetic medium and behaves as a free spin.
Such behavior should be expected in a generic material based
on the fluctuation–dissipation relation wzz = hM̂z

2i/T if the
magnetization M̂z of a correlated region around a vacancy
commutes with the system’s Hamiltonian.

The behavior and values of quasispins of vacancy defects
have been a subject of intense research in a variety of systems,
such as 2D Heisenberg antiferromagnets,79–83 one-dimensional
spin chains and ladders79,84–90 and arrays of classical vector
spins.91,92 It has been argued in ref. 90 that the variance hŜz

2i of
the quasispin of a vacancy defect and quasispin–quasispin
interactions match the variance of the spins of the magnetic
atom and spin–spin interactions in the vacancy-free material,
as long as the presence of the vacancy does not change the
short-range magnetic order around it and the magnetization
along the z axis is a good quantum number. This has been
confirmed84 by exact calculations for a 1D chain with nearest-
neighbor and next-to-nearest-neighbor interactions, the mini-
mal model in which vacancies exhibit quasispin behavior.

Quasispins exhibit further intriguing phenomena close to
quantum phase transitions. It has been demonstrated in ref. 80
that in a material close to such a transition, the soft modes of
the fluctuating order parameter renormalize the value of a
vacancy quasispin and lead to an effective fractional quasispin.
A fractional quasispin has been reported in numerical simula-
tions in ref. 93 for a bilayer antiferromagnetic system in which
the quantum phase transition is driven by the value of the
interlayer coupling.

The generic behavior of the magnetic susceptibility in a
material with dilute vacancies can be summarized by the
equation

wzzðTÞ ¼
Ŝz

2
� �

Nvac

T
þN � bðTÞNvac

N
wbulkðTÞ; (3.3)

where N is the density of magnetic atoms in the vacancy-free
material; wbulk(T) is the susceptibility of the vacancy-free mate-
rial; Nvac is the vacancy density, and b(T) is the effective
‘‘vacancy size’’.84 The first term in eqn (3.3) describes the
contribution of the quasispins of vacancy defects, while the
second term comes from the bulk spins diluted by the vacan-
cies; each vacancy reduces the effective number of bulk spins by
the ‘‘vacancy size’’ b(T).

Eqn (3.3) describes the susceptibility of a GF magnet in the
limit of dilute vacancies, in which the quasispins of isolated
vacancies can be considered independently. With increasing

the vacancy density Nvac/N, the susceptibility (3.3) receives non-
linear corrections in Nvac.90

IV. Hidden energy scale and short-
range order

In this section, we review available data for the properties of
the glass transitions, neutron-scattering results, and thermo-
dynamic properties of GF magnetic materials. All such data
demonstrate the existence of the ‘‘hidden energy scale’’ in such
materials, significantly exceeded by other microscopic energies,
e.g. yW, in them. When a material is cooled down below such a
scale, it develops significant short-range magnetic order. This
scale, albeit a property of a disorder-free material, also deter-
mines the temperature of the glass transition for realistic
impurity concentrations.

A. Glass transition temperature vs. amount of disorder

In ref. 94, the spin-glass transition temperature Tg has been
analyzed as a function of the density of vacancy defects in all
frustrated materials for which the data on such transitions are
available. Fig. 2 summarizes the discovered trends.

Although the glass transition is disorder-driven, increasing
the density of vacancies, which contribute to the total disorder
strength, lowers the glass transition temperature. In other
words, contrary to common intuition and existing models
(see, e.g. ref. 75, 95 and 96), purifying the material by reducing
the number of vacancies makes random spin freezing more
favorable.

In the limit of vanishing density concentration, the glass
transition temperature extrapolates to a scale of order T* B 10 K,
which we dubbed the ‘‘hidden energy scale’’, in all analyzed
frustrated compounds.97 This scale is significantly exceeded by

Fig. 2 Adapted with modification from ref. 94. The glass-transition tem-
perature as a function of vacancy density for GF magnetic materials.
Extrapolation to the limit of vanishing vacancy densities reveals the hidden
energy scale T*.
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the Weiss constant yW, which characterizes the strength of
spin–spin interactions and is typically a few hundred Kelvin.94

Another universal trend displayed by all GF magnets is the
increase of magnetic susceptibility w(T) with increasing the
vacancy concentration, as shown in Fig. 3(b) and (d). This
trend, as well as the decrease of the SG transition temperature
with adding impurities to a material, is opposite to the trends
observed in conventional SGs (i.e. SGs in non-GF materials).75

The dichotomy between conventional SGs and those in GF
materials comes from the different nature of quenched ran-
domness, degrees of freedom that undergo SG freezing, and the
clean medium. Indeed, in conventional spin glasses, magnetic
impurities are randomly located in a non-magnetic medium,
and the SG transition consists in the freezing of the magnetic
moments of those impurities. With increasing the density
of magnetic impurities, the strength of interactions between
them grows, and both the SG transition temperature and
the susceptibility grow, as shown in Fig. 3a for the compound
EuxSr1�xS.98

By contrast, in GF materials, the medium consists of magnetic
atoms, while quenched disorder is dominated by randomly
located vacancies, i.e. non-magnetic atoms. As discussed in

Section III C, each vacancy can be associated with a quasispin.
Because the quasispin contribution to the susceptibility w(T)
is more singular at low temperatures than the bulk susceptibility
[cf. eqn (3.3)], it dominates the effect of changing the impurity
concentration, resulting in the increase of the susceptibility with
vacancy density,99 dw(T)/dNvac 4 0.

While quenched disorder is necessary for SG transitions, we
argue35,94 that the temperature of SG transitions in the ana-
lyzed GF compounds is determined by the properties of the
clean GF medium rather than the amount of quenched dis-
order for experimentally achievable amounts. As we clarify in
what follows, the lowest-energy magnetic degrees of freedom
have a characteristic energy of the order of the hidden energy
scale T* described above and are suppressed at lower tempera-
tures. In the presence of quenched disorder, this usually leads
to spin-glass freezing at a temperature of order T*.94

The hidden energy T* being the property of the clean GF
medium is consistent with its value being of the same order of
magnitude (10 K) in a broad class of materials despite different
microscopic details and types of disorder. Below, we present
further evidence for a crossover in the properties of the clean
GF medium at temperatures T B T* in the neutron scattering

Fig. 3 Adapted with modification from ref. 94. The behavior of magnetic susceptibility w(T) and glass transition temperatures as a function of impurity
density in conventional glasses [panels (a) and (c)] and in geometrically frustrated materials [panels (b) and (d)].
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intensity and discuss a microscopic scenario for the hidden
energy scale.

B. Neutron data

As we describe in this subsection, the intensity of neutron
scattering in GF materials confirms the existence of the hidden
energy scale and can provide further insights into its nature.

Neutrons are an essential probe for understanding conven-
tional antiferromagnets since they scatter elastically from
atomic spins and can detect staggered order, even though this
order produces no net magnetic moment. In the ordered state
of a magnet possessing LRO, inelastic neutron scattering can
also measure the energy-wavevector relationship of spin waves
and, by appropriate modeling, extract the spin–spin interaction
strengths.

Because LRO is usually not seen in GF systems, information
gleaned from elastic scattering is confined to broad intensity
versus wavevector peaks. Such a diffuse scattering signal lies
underneath sharp Bragg peaks caused by scattering of neutrons
from the ionic nuclei. Most generally, magnetic scattering can
be related to the generalized susceptibility, as discussed by
Bramwell in ref. 25. In particular, the anisotropy in this
susceptibility can reveal the nature of SRO, the prime example
being the so-called ‘‘pinch points’’ in the diffuse scattering in
spin ice.100–102 Pinch-point patterns of scattering result from
the spin ice-rule expressing the lowest energy state of the four
spin directions on a tetrahedron, namely two-in-two-out. We
believe that such an analysis of scattering intensities will be
critically important for understanding the ground state of GF
systems, but the present discussion will be concerned simply
with the presence or absence of the SRO revealed by such data.

Broholm et al. were first to show that a GF system,
SrCr9pGa12�9pO19 (p = 0.79), exhibits a broad SRO scattering
signal. They extracted a maximum spin–spin correlation length
of x = 7 � 2 Å from the width of the broad peak, and showed
that the scattering intensity at the corresponding wavelength
increases rapidly on cooling through the hidden energy scale.103

Similar data were obtained for a sample of SrCr8.9Ga3.1O19

(p = 0.97, Tg = 3.68 K) and are shown in Fig. 4a, along with the
susceptibility on the same compound.104 Thus, we see that the
atomic spins undergo short-range order at the hidden energy
scale. In addition, it is reasonable to surmise that this is a bulk
effect, i.e. the fraction of such spins is a non-negligible fraction of
the total atomic spin population and, as discussed above, exists
independently of the SG state.

How common is such a neutron signature of SRO in GF
systems? We argued previously that the hidden energy scale
was a generic feature of all GF magnets94 and, fortunately,
neutron scattering has now been performed on a good hand-
ful of such f 4 10 materials. In Fig. 4b–e, we show data for
NiGa2S4,74,105 Y2Mo2O7,45,106 Fe2TiO5

47 and herbertsmithite36

similar to that for SrCr9pGa12�9pO19.104 These data encompass
different spin values (S = 1/2, 1, 3/2, 5/2), different lattice types
(triangular, kagome, pyrochlore, hyperkagome), as well as
effective spatial dimensionalities 2 and 3. We see that the
growth of intensity at short wavelength is a generic feature of

these systems, and always occurs in the vicinity of the SG
transition, with the exception of Herbertsmithite, which has
been argued to be 2D to a very good approximation (in contrast
to the other lamellar materials, such as SrCr9pGa12�9pO19 and
NiGa2S4, in which the interlayer coupling are more essential)
and therefore will not exhibit SG freezing. Similarly to the other
materials, the characteristic temperature T* B 5 K at which
Herbertsmithite exhibits SRO is significantly smaller than the
Weiss constant yW E 300 K.

We note that for SG transitions in conventional, non-GF
materials, neutron scattering also shows an increase in diffuse
scattering on cooling towards the glass transition tempera-
ture.75,107 In these systems, however, this magnetic scattering
is caused by the degrees of freedom that undergo SG freezing.
In GF systems, on the other hand, neutrons are scattered by the
background spins. Neutron scattering cannot, of course, differ-
entiate between the two scenarios, but in GF systems, it clearly
evidences the SRO established by the bulk of the spins.

C. A scenario for the hidden energy scale

The data summarized in Sections IV A and IV B illustrate that
the hidden energy scale is a universal property of GF magnets
and is a property of the clean system. Recently, we proposed35 a
scenario of the hidden energy scale.

Essential to this scenario is the observation that the heat
capacity C(T) in GF frustrated materials, in which data in a
sufficiently large temperature range are available, display two
peaks in the behavior of C(T), as shown in Fig. 5. This two-peak
behavior is observed experimentally in all materials for which
the heat-capacity data are available in a sufficiently broad
temperature range, such as 3He atoms on graphite,108,109

NiGa2S4,72 NaYbO2,110 NaYbSe2,111 Gd3Ga5O12,112 as well as in
abundant numerical simulations.113–129

The temperature of the higher-energy peak is of the order of
the Weiss constant yW, while the low-temperature peak is
located at significantly lower temperatures of the order of the
hidden energy scale T*. An important insight into the nature of
both peaks is provided by the numerical simulations35,121,128 of
a family of the XXZ models described by the Hamiltonian

Ĥ ¼ J
X
ðijÞ

Ŝ
z

i Ŝ
z

j þ aŜ
x

i Ŝ
x

j þ aŜ
y

i Ŝ
y

j

� �
; (4.1)

with the anisotropy parameter a varying between 0 (the Ising-
model case) and 1 (isotropic Heisenberg model). At small a {
1, the states of the model are similar to those of the Ising
model, and the effect of the transverse couplings [p(Ŝx

i Ŝx
j + Ŝy

i Ŝy
j )]

can be understood perturbatively in a. With increasing a from
small values to values of order unity, the properties of the
isotropic Heisenberg model can be connected to those near the
Ising limit.

In ref. 121, it was demonstrated that the XXZ model on
the kagome lattice exhibits the two-peak structure of the heat
capacity for any nonzero transverse coupling [a 4 0 in
eqn (4.1)] but has only one peak in the Ising case (a = 0),
suggesting that the transverse coupling is essential for the
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formation of the lower-temperature peak, while the higher-
temperature peak is of the Ising origin.

The ground states of the Ising model on common frustrating
lattices have extensive degeneracy (i.e. degeneracy that scales

Fig. 4 Neutron scattering intensity (black circles)36,47,104–106 and magnetic susceptibility (grey circles)36,45,47,74,104 for various GF compounds as a
function of temperature.
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exponentially with the system size). Single spin–flip excitations
have energies of the order yW B ZJ, where Z and J are the
coordination number and the AF coupling constant, and give
rise to one peak in the heat capacity C(T). In the presence of a
weak transverse coupling (0 o a { 1), the degeneracy of the
Ising ground states is lifted, with the respective low-energy
excitations resulting in the formation of the lower-temperature
peak.35,121,128 The characteristic energy of that peak is deter-
mined by the Ising instantons, the minimum sequences of pair-
wise spin-exchange processes that connect similar Ising ground
states to each other.

With increasing the transverse coupling, i.e. the value of the
parameter a, the energies of the excitations that give rise to the
lower peak of C(T) increase. However, the two peaks remain
separated even for aB 1.128 It has been estimated in ref. 35 that
the ratio of the hidden energy scale, i.e. the temperature of the
first peak, to the characteristic temperature yW of the second
peak has the order of magnitude

T�

yW
� a

Z

� �Z1

; (4.2)

where Z is the coordination number of the lattice and Z1 is the
size of the minimum Ising instanton, i.e. the minimum num-
ber of pairwise spin-exchange processes that connect two Ising
ground states. As these numbers vary in the ranges Z = 4. . .6
and Z1 = 1. . .3 for common frustrating lattices (triangular,
kagome, pyrochlore, etc.), the ratio (4.2) remains small even
for a of order unity. This smallness ensures separation of the
two peaks of the heat capacity C(T) in frustrated magnets.

The estimate (4.2) also imposes a constraint on the general-
ized f-ratio, the figure of merit of frustration given by eqn (1.1)
in which the temperature Tc B T* is the characteristic energy
scale of the freezing of the magnetic degrees of freedom that is
not necessarily accompanied by a (magnetic-ordering or spin-
glass) phase transition. However, in the presence of sufficient

quenched disorder in 3D, the freezing out of these degrees of
freedom will lead to an SG transition at a temperature T B T*.

We note that while the two-peak feature is a universal
property of GF magnets, only one of those peaks is usually
observed due to an insufficient temperature range accessed
in the measurements. In GF materials with 3d elements, the
higher-temperature peak lies at temperatures yW \ 100 K and
is rarely captured in experiments. In GF materials with signifi-
cantly lower yW, such as rare-earth compounds, the lower peak
may lie below the lower limit of cryogenic apparatus (B50 mK)
and may thus be inaccessible in experiments.

1. Entropy associated with the hidden energy scale.
Because the states that lead to the formation of the lower-
temperature peak in the heat capacity C(T) are continuously
connected to the ground states of the Ising model, the entropy

S ¼
ð
lower
peak

CðTÞ
T

dT (4.3)

associated with the lower peak of C(T) matches the respective
Ising ground-state entropy for a particular lattice type. If the
lower-temperature peak is well separated from the higher-
temperature one, comparing the entropy under it with the
Ising ground-state entropy on the same lattice can be used,
therefore, for verifying the described mechanism of the hidden
energy scale.

The values of the Ising ground-state entropy are known
for common 2D lattices, (such as triangular22,130,131) and
kagome132,133 lattices, based on analytical arguments. For other
lattices, e.g. the pyrochlore lattice,61,134 the value of the entropy
can be found numerically. We note that magnetism in many GF
systems comes from higher spins, such as spins-1 or spins-3/2.
Strictly speaking, the entropy under the lower peak in these
systems has to be compared with the ground-state entropy of
the respective higher-spin counterparts of the Ising model.
Often, however, the ground-state entropy of such models will
match the ground-state entropy of the conventional Ising
model, corresponding to classical spins-1/2.

A test case for the entropy associated with the hidden energy
scale is provided by NiGa2S4, a layered, effectively 2D material
with a triangular lattice and the heat capacity C(T) shown in
Fig. 5. The value of the entropy (4.3) under the lower peak
obtained from the digitized data72 shown in Fig. 5 is given by
S E 0.35 per spin, which is indeed close to the value of the
Ising ground-state entropy (SIsing E 0.32 on the triangular
lattice22,130,131).

D. Specific heat at the lowest temperatures

In the previous subsections, we described manifestations of the
hidden energy scale in GF magnets, the type of excitations
leading to that scale, and the total associated entropy. In this
subsection, we describe the temperature and magnetic-field
dependencies of the heat capacity C(T), which provide further
insight into the lowest-energy excitations in GF materials.

1. Temperature dependence: a test case. Understanding
the heat capacity C(T) as a function of temperature in GF

Fig. 5 The C(T)/T vs. T dependence in NiGa2S4 obtained by digitizing the
data reported in ref. 72.
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systems with Heisenberg spins presents challenges, many of
which are illustrated in SrCr9pGa12�9pO19 (SCGO). This mate-
rial, containing kagome bilayers of Cr3+ S = 3/2 Heisenberg
spins, exhibits an SG transition at Tg E 2.7–4.2 K for 0.6 o p o
0.98.76,135 Specific heat measurements show the lower-
temperature peak of C(T)/T at T E 6 K. The area associated
with that peak is given by B15% of the total R ln 4 entropy, per
mole of Cr.

The family of the SCGO materials exhibits a universal trend:
the quadratic behavior C(T) p T2 of the lowest-temperature
(T { T*) heat capacity, robust on varying the concentration p
of the magnetic Cr atoms. This temperature dependence is
inconsistent with the linear heat capacity C(T) p T generically
expected to emerge in spin glasses due to tunnelling between
pairs of local energy minima separated by random potential
barriers.136

In a layered, i.e. effectively 2D material, the observed beha-
vior of heat capacity may come from any linearly dispersive
excitations. We note that such excitations in SCGO cannot
be antiferromagnetic spin waves, since (i) no magnetic Bragg
peaks are seen in neutron scattering, as expected for an AF
state137 and, (ii) the characteristic energy B6 K of such excita-
tions does not match the characteristic spin–spin interaction
energy, which is estimated as the Weiss constant, approxi-
mately 500 K, in SCGO.138 For a sufficiently large density
of the linearly-dispersive excitations, their heat capacity may
mask the conventional linear contribution common in spin
glasses.136

The quadratic behaviour C(T) p T2 of the heat capacity has
also been observed in the layered material NiGa2S4 described
in Section IV C. In this material, the SRO that develops at
temperatures below the hidden energy scale T*, has a correla-
tion region of 26 Å in the plane of the layers, and possesses a
non-collinear spiral structure. The non-collinearity, along with
the existence of static SRO, was argued to create the conditions
for the so-called Halperin–Saslow modes,139 which can be
thought of as linear-dispersing hydrodynamic excitations. The
theory139 of such modes was constructed for systems in which
the ground state is comprised of non-collinear spins that are
static but not long-range ordered, and while the theory was
developed in the context of conventional spin glass, it should
also apply to GF systems with SRO.140

Because the Halperin–Saslow modes are linearly dispersive,
they can lead to the quadratic low-temperature dependence
C(T) p T2 in quasi-2D materials such as NiGa2S4 and other
layered systems. A conclusive identification of the mechanism
of this quadratic behaviour of the heat capacity requires further
investigation.

2. Magnetic-field (in-)dependence of the specific heat.
Because the excitations giving rise to the lower-temperature
peak in the heat capacity C(T) are continuously connected to
the ground states of the Ising model, the response of those
states to a magnetic field depends on whether or not the
respective ground states are magnetic.

For Ising spins on the pyrochlore lattice and the SCGO
lattice,138 the magnetization in the ground states is zero.

Because in the presence of weak transverse coupling between
spins, the low-energy excitations are given by superpositions of
such states and states obtained from them by permutations of
spins, these low-energy excitations will also be non-magnetic.
On these lattices, the heat capacity C(T) at low temperatures
T t T* will be insensitive to the magnetic field.

Other lattices, such as the triangular and kagome lattice,
allow for nonzero magnetization of the ground states of
the Ising model with nearest-neighbor interactions. On these
lattices, the low-energy excitations will, in general, be magnetic.
On the kagome lattice, magnetic low-energy excitations have
been observed numerically in ref. 118, 121, 123, 125, 128, 129
and 141.

Experimentally, it has been shown that SrCr9pGa12�9pO19,
NiGa2S4, and also Na4Ir3O8 all have peaks in C(T)/T that are
nearly field-independent68,136,142 on Zeeman energy scales com-
parable to the hidden energy scale. While this field-indepen-
dence is expected in SCGO and Na4Ir3O8 based on the above
argument, its microscopic mechanism in the (quasi-2D) com-
pound NiGa2S4 with a triangular lattice calls for further inves-
tigation. In this material, beyond-nearest-neighbor interactions
or interlayer coupling might play a role. Such interactions are
also required to prevent magnetic ordering on the triangular
lattice.2–4

V. Conclusions and further directions

We have reviewed available data on the specific heat, magnetic
susceptibility and neutron scattering in geometrically frustrated
(GF) materials. The available data for the intensity of neutron
scattering as a function of temperature and for the glass
transition temperature as a function of impurity density sug-
gest the existence of a characteristic energy scale, the ‘‘hidden
energy scale’’ T*, which is of the order of 10 K in the analyzed
materials.

A. Key manifestations of the hidden energy scale

The scale T* manifests itself in spin-glass (SG) freezing at
temperatures T o T* in the cleanest 3D GF materials, i.e. in
materials with the smallest concentrations of the vacancy
impurities, the most common form of quenched disorder in
GF magnets. Cooling a material to temperatures below T* is
also accompanied by an increase in the intensity of neutron
scattering even in materials that do not exhibit the spin-glass
transition due to the low dimensionality.

The GF materials for which specific heat C(T) data are
available in a sufficiently broad temperature range exhibit two
peaks in the temperature dependence of the specific heat C(T).
The higher-temperature peak is centered at temperatures of the
order of the Weiss constant yW, while the lower-temperature
peak is located near the hidden energy scale T*. Such a
structure in C(T) is supported by abundant numerical simula-
tions of small clusters of spins on geometrically frustrating
lattices.
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B. The origin of the hidden energy scale and spin-glass
transition

The SG freezing observed at a temperature of order T* in many
rather clean GF materials raises the question of whether QSLs are
achievable in GF systems or always get replaced by an SG state.
This question, in part, motivated the current work. While in our
view, there is not a precise, commonly accepted definition of a
QSL, an SG state is considered to be incompatible with a QSL.

In most GF systems, the main source of quenched disorder,
which is necessary for the existence of an SG state, is vacancy
defects. It has remained a puzzle for a while what causes the SG
transitions in the purest GF materials, with vacancy defects
virtually eliminated. The existence of such SG transitions in
rather clean GF systems seems to have created a school of
thought that the SG transition is caused by a nearly immeasur-
able type of quenched disorder, and the SRO observed in,
e.g. neutron scattering, is caused by this glass transition.

By contrast, the available facts summarized in this review
illustrate that the short-range order (SRO) that forms at tem-
peratures T below the hidden energy scale T* is a property of
the disorder-free system. The available facts also suggest that
the formation of this SRO precipitates the SG transition in the
presence of weak quenched disorder.

The hidden energy scale comes from the excitations that
give rise to the lower-temperature peak in C(T). In a generic XXZ
model on a GF lattice, such excitations are continuously con-
nected to superpositions of Ising ground states when this
model is deformed to the Ising model. The total entropy of
such excitations associated with the lower-temperature peak of
C(T) matches the entropy of the ground states of the Ising
model. This correspondence is illustrated by the thermo-
dynamic data in NiGa2S4 and can be used to verify the dis-
cussed origin of the hidden energy in other GF materials.

A GF material, thus, possesses a large density of excitations
at the characteristic energy T*, which are no longer activated when
the material is cooled down to temperatures T t T*. In the
presence of quenched disorder, the freezing out of such excitations
leads to a spin-glass transition. We emphasize that at such transi-
tions, the properties of the clean medium are in the driver’s seat:
while quenched disorder is required for SG freezing, the transition
temperature will normally be determined by a crossover in the
properties of the clean GF medium upon cooling. Although an SG
state can be avoided if quenched disorder is completely eliminated,
currently available materials display an SG transition at a tempera-
ture of order T* for a broad range of disorder strengths.

Further theoretical advances are required to explain various
details of the heat capacity C(T), for example, the observed
quadratic temperature dependence C(T) p T2 at T { T* and
the near-independence of C(T) of the magnetic field. Explaining
these features will require identifying the spin structure of the
lowest-energy excitations, as well as evaluating their dispersion.

C. Short-range order

The available neutron-scattering data further confirms the
formation of short-range order near the hidden energy scale.

This type of magnetic order is rather unusual, distinct from
both the long-range magnetic order and spin-glass order,
and creates new exciting possibilities for understanding and
manipulating it.

For example, a characteristic feature of neutron scattering in
spin ice is the set of pinch points in the momentum-dependent
scattering. We expect that such structure will be revealed in
strongly GF systems, but only in large-q diffusive scattering.
This structure should coincide with a build up of specific heat,
already seen in a few systems. The two energy scales repre-
sented by the Weiss temperature and the hidden energy should
also be systematically probed using specific heat. This will
require measurements over a larger range of temperatures than
is usually accessed.

D. Magnetic susceptibility and impurities

As we discussed in this review, the magnetic susceptibility in
GF magnets follows the Curie–Weiss law, consistent with the
mean-field description of magnetic materials, down to tem-
peratures significantly lower than the Weiss constant yW. The
reason for the persistence of the Curie–Weiss law in the lowest
temperature range still remains to be investigated.

Quenched disorder has a profound effect on the magne-
tic susceptibility in GF materials. The most common type of
quenched disorder in GF magnets is vacancy defects. In terms
of magnetic susceptibility, a vacancy defect is equivalent to an
effective free spin, a ‘‘quasispin’’. Such quasispins lead to the
Curie-tail pNvac/T contributions to w(T) in the limit of small
concentrations Nvac. At larger vacancy concentrations, the inter-
actions between vacancy quasispins are essential.

While theoretical progress has been achieved in describing
quasispins in, e.g., Ising systems, in the vicinity of quantum
criticality, and in materials where vacancies do not disrupt
short-range order, the values of quasispins and their inter-
actions in generic quantum GF materials remain to be investi-
gated. As the quasispin behavior has been investigated in terms
of linear response of the magnetic susceptibility, another
question that awaits further study is the response of defects
to larger magnetic fields. If quasispins can display quantum
behavior, this may open new intriguing opportunities for stor-
ing and manipulating quantum information using quasispins.
Encoded by numerous spins around a vacancy, the quantum
state of a quasispin may be expected to be well protected from
local noise.

E. Vacancy defects and the spin-glass transition

Another, counter-intuitive effect of vacancy defects on a GF
material is the decrease of the spin-glass transition tempera-
ture with increasing vacancy concentration. Conventional intui-
tion and existing models of spin glasses suggest that increasing
the strength of quenched disorder raises the temperature of
the glass transition. Despite vacancies contribute to the total
disorder strength, adding them to a clean material has the
opposite effect: they suppress the transition temperature.

As we discussed, in the vacancy-free limit, the glass transi-
tion takes place at a temperature of the order of the hidden
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energy scale T*. Introducing dilute vacancies disrupts the glass
order and lowers the transition temperature. While the effect of
vacancies on a non-vacancy glass transition is readily captured
by an effective field theory in terms of the glass order
parameter,99 the described trend still awaits a microscopic
description.

Finally, while we have concentrated on analyzing the most
easily accessed measurements, now that the basic spin
dynamics framework is established, other more targeted spec-
troscopies, such as muon spin relaxation and nuclear magnetic
resonance, can also be brought to bear on describing the
ground states and excitations in GF materials. Of particular
interest are the dynamics of excitations below the hidden
energy scale, which both NMR and mSR have shown signs of
ref. 32 and 143 and may help to inform the microscopic theory
of low-energy states.

Data availability
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in exact spectra of quantum antiferromagnets on finite
lattices, Phys. Rev. Lett., 1992, 69, 2590.

3 L. Capriotti, A. E. Trumper and S. Sorella, Long-Range Néel
Order in the Triangular Heisenberg Model, Phys. Rev. Lett.,
1999, 82, 3899.

4 S. R. White and A. L. Chernyshev, Néel order in square and
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kagomé lattice, Phys. Rev. B: Condens. Matter Mater. Phys.,
1995, 52, 9174.

117 P. Tomczak and J. Richter, Thermodynamical properties of
the Heisenberg antiferromagnet on the kagomé lattice,
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model on the triangular lattice: from supersolid to gapped

solid, arXiv, 2024, preprint, arXiv:2408.05034 [cond-mat.str-
el], DOI: 10.48550/arXiv.2408.05034.

130 C.-O. Hwang, S.-Y. Kim, D. Kang and J. M. Kim, Thermo-
dynamic properties of the triangular-lattice Ising antiferro-
magnet in a uniform magnetic field, J. Korean Phys. Soc.,
2008, 52, 203.

131 S.-Y. Kim, Ising antiferromagnet on a finite triangular
lattice with free boundary conditions, J. Korean Phys.
Soc., 2015, 67, 1517.
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kagomé lattice, Phys. Rev. Lett., 1990, 65, 3173.

138 A. P. Ramirez, G. P. Espinosa and A. S. Cooper, Elementary
excitations in a diluted antiferromagnetic kagomé lattice,
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