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Energetic barriers for wrapping arise if the membrane initially bulges 

towards the nanoparticle. In contrast, stable partially wrapped states 

occur if the membrane initially bulges away from the nanoparticle. 
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(a)

(b)

Fig. 1 A particle (a) outside and (b) inside a vesicle that is half wrapped

by the vesicle membrane. For the outside particle, this partially wrapped

state is higher in energy than the unwrapped or fully wrapped state at

intermediate rescaled adhesion energies u =WR2
p/κ where W is the

adhesion free energy per area, Rp is the particle radius, and κ is the

bending rigidity of the vesicle membrane. For the rescaled adhesion

energy u = 2 at which the unwrapped and fully wrapped state of the

particle have equal total energies, the half wrapped state shown in (a)

corresponds to an energy barrier of height 7.0κ for the wrapping

process. This energy barrier is large since typical values of κ are around

20kBT where kBT is the thermal energy 1. For the inside particle,

partially wrapped states are lower in energy than the unwrapped state

and fully wrapped state at intermediate values of u. For u = 2, the half

wrapped state shown in (b) is the minimum-energy state, which is 3.4κ

lower in energy than both the unwrapped and fully wrapped state and,

thus, highly stable for typical values of κ. The relative curvature here is

cr = 0.322 for the outside particle and cr =−0.322 for the inside particle.

state and, thus, constitute an energy barrier for the wrapping pro-

cess. A particle inside the vesicle with negative cr, in contrast, can

exhibit stable partially wrapped states that are significantly lower

in energy than the unwrapped or fully wrapped state (see Fig. 1).

Our results thus indicate different wrapping scenarios that de-

pend on whether the membrane initially bulges away or towards

a nanoparticle, in agreement with the stability analysis in Ref.32.

Our results have direct implications for the spontaneous inter-

nalization of spherical nanoparticles by cells. For segments of cel-

lular membranes that initially bulge away from the nanoparticles,

we find that the full wrapping required for internalization can be

impeded by highly stable partially wrapped states. The particles

adhere to the membranes in these partially wrapped states, but

are not internalized. For membrane segments that initially bulge

towards the nanoparticles, partially wrapped states constitute an

energetic barrier for full wrapping and internalization.

2 Model

The spontaneous wrapping of nanoparticles by membranes is gov-

erned by the interplay of the adhesion energy of the particles and

the bending energies of the membranes10,12. The bending energy

of a vesicle membrane with negligible spontaneous curvature is

the integral52

Ebe = 2κ

∮

M2dA (1)

over the total surface A. Here, M is the local mean curvature of

the membrane, and κ is the membrane’s bending rigidity. The

shape of an axisymmetric vesicle considered here can be de-

scribed by the function ψ(s) where ψ is the angle between the

tangent of the vesicle contour and the direction r perpendicu-

lar to the rotational symmetry axis, and s is the arc length53.

In this parametrization, the principal curvatures can be written

as c1 = ψ̇ = dψ/ds and c2 = sin ψ/r, and the local mean curva-

ture is M = 1

2
(c1 + c2) = (ψ̇ + sin ψ/r)/2. The dots here denote

derivatives with respect to the arc length s. The radial distance

r from the rotational symmetry axis is related to the angle ψ via

the constraint ṙ = cos ψ 53. The total area A of the vesicle is the

sum A = Au +Ab of the area Ab = 4πR2
pχ of the bound membrane

segment and the area Au of the unbound segment. Here, χ is

the wrapping degree of the particle, i.e. the fraction of the par-

ticle’s area that is covered by the membrane. The total energy

functional then has the form F = Ebe + γ(s)(ṙ− cos ψ)+σA with

Lagrange multipliers γ(s) and σ that account for the constraints

on the radial coordinate and the membrane area. The volume

of the vesicle can freely adapt, which corresponds to an osmotic

pressure difference ∆P = 0 accross the vesicle membrane. Mini-

mization of the energy functional F for the unbound segment of

the vesicle leads to the Euler-Lagrange equations53

ψ̈ =
cos ψ

r

(

sin ψ

r
− ψ̇

)

+
γ

r
sin ψ, (2)

γ̇ =
1

2

(

ψ̇2 − sin
2 ψ

r2

)

+σ (3)

We determine numerical solutions of these equations with the

Runge-Kutta algorithm53 for different wrapping degrees χ of the

particle. A solution ψ(s) describes the conformation of the un-

bound segment of the vesicle with minimum bending energy Ebe

for a given value of the wrapping degree χ of the nanoparticle.

For a given wrapping degree χ of the particle, the total energy

is the sum

E(χ) = Ebe(χ)+Ead(χ) = Ebe(χ)−WApχ (4)

of the adhesion energy Ead(χ) of the spherical particle with sur-

face area Ap = 4πR2
p and the minimum bending Ebe(χ) of the vesi-

cle at this wrapping degree. Besides χ, the total energy (4) de-

pends on the adhesion free energy per area W 54, the bending

rigidity κ, the radius Rp of the spherical particle, and the initial

radius Rv of the spherical vesicle prior to wrapping. Since we are

free to choose an energy scale and a length scale as units in our

model, these four parameters can be reduced to two independent,

dimensionless parameters. We choose here the rescaled adhesion

energy u =WR2
p/κ and the relative curvature cr =±Rp/Rv of the

vesicle with initial curvature 1/Rv and the nanoparticle with cur-

vature 1/Rp. To distinguish particles inside and outside the vesi-

cle, we use the sign convention cr =+Rp/Rv for outside particles

and cr =−Rp/Rv for inside particles.

3 Results

The minimum bending energy Ebe(χ) of a vesicle that wraps a

particle to a degree χ depends on whether the particle is located
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Fig. 2 (a) Bending energy Ebe of a vesicle wrapping a spherical nanoparticle as function of the wrapping degree χ for different relative curvatures

cr =±Rp/Rv of the particle with radius Rp and vesicle with initial radius Rv at χ = 0. The relative curvature cr is positive for a particle outside the vesicle

(blue curves) and negative for a particle inside the vesicle (red curves). The black dotted curve corresponds to a large vesicle or a flat bilayer with

cr = 0. The relative curvatures for the shown vesicle shapes are cr = 0.322 (top) and cr =−0.322 (bottom). – (b) Total energy E of a vesicle wrapping a

spherical nanoparticle as a function of the wrapping degree χ for the rescaled adhesion energy u = 2. At this rescaled adhesion energy, the

unwrapped state with χ = 0 and the fully wrapped state with χ = 1 have equal energies E.

inside or outside the vesicle (see Fig. 2(a)). At intermediate wrap-

ping degrees 0 < χ < 1, the bending Ebe(χ) of a vesicle wrapping

an outside particle is larger than the bending energy of vesicle

that wraps an inside particle to the same degree χ. For outside

particles, the bending energy Ebe(χ) increases with the relative

curvature cr of the vesicle and particle (see blue lines in Fig.

2(a)). For inside particles, in contrast, the bending energy Ebe(χ)

decreases with an increasing absolute value of cr (see red lines

in Fig. 2(a)). At χ = 0, all lines in Fig. 2(a) coalesce into the

bending energy 8πκ of a spherical vesicle. The spherical shape

minimizes the bending energy of a vesicle that can freely adjust

its volume55. At χ = 1, all lines coalesce into the bending en-

ergy 16πκ of two spheres that are connected by an infinitesimally

small catenoidal neck of zero mean curvature M and, thus, zero

bending energy. The smaller one of these two spheres completely

wraps the particle.

Since the adhesion energy Ead(χ) =−4πκuχ is proportional to

the wrapping degree χ, the total energy E(χ) = Ebe(χ)− 4πκuχ

for different rescaled adhesion energies u can be easily obtained

by ‘tilting’ the curves Ebe(χ) shown in Fig. 2(a). The total energy

E(χ) at the rescaled adhesion energy u = 2 is displayed in Fig.

2(b). For u = 2, the adhesion energy Ead for the fully wrapped

state of the particle is equal to −8πκ. The fully wrapped state

with χ = 1 and the unwrapped state with χ = 0 therefore have

the same total energies at the value u = 2 of the rescaled adhesion

energy10,11. For an outside particle, the total energy of partially

wrapped states with 0 < χ < 1 is higher than the total energy of

the fully wrapped and unwrapped states (see blue lines in Fig.

2(b)). The total energy is maximal at half wrapping with χ = 0.5

and strongly increases with the relative curvature cr = Rp/Rv of

the vesicle and the particle. For an inside particle, in contrast,

the total energy of partially wrapped states is lower than the total

energy of the fully wrapped and unwrapped states (see red lines

in Fig. 2(b)), and minimal at half wrapping.

Partially wrapped states of an outside particle thus constitute

an energetic barrier for wrapping at intermediate values of u.

With increasing rescaled adhesion energy u, the barrier decreases

and finally vanishes as the total energy curves E(χ) are ‘tilting’

further and further towards the fully wrapped state (see Fig.

3(a)). In contrast, partially wrapped states of an inside particle

are globally stable for a range of intermediate values of u cen-

tered around u = 2. Within this range, the wrapping degree ξ of

the inside particle continuously increases with u from χ = 0 to 1

(see Fig. 3(b)).

The morphology diagram shown in Fig. 4 illustrates how the

stable wrapping state of a particle depends on the relative cur-

vature cr and rescaled adhesion energy u. The three thick black

lines divide the diagram into three regions in which the particle is

either fully wrapped, partially wrapped, or unwrapped in its equi-

librium state. Partially wrapped states (blue shaded region) only

occur for negative relative curvatures cr for which the membrane

initially bulges away from the particle inside the vesicle. For posi-

tive relative curvatures cr for which the membrane initially bulges

towards the particle outside the vesicle, the fully wrapped state

is the equilibrium state for u > 2, and the unwrapped state is the

equilibrium state for u < 2. Stable partially wrapped states do not

occur for positive cr. In the grey shaded region, the wrapping and

unwrapping of the particle requires the crossing of an energy bar-

rier. The red dashed lines represent the local instability lines of

the unwrapped and fully wrapped states derived from analytical

results of Ref.32. The red points indicate the local instabilities of

these states determined from our numerical results.

4 Discussion and conclusions

The numerical results presented in this article illustrate that the

wrapping of nanoparticles depends on the initial membrane cur-
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Fig. 3 (a) Energy barrier ∆E as a function of the rescaled adhesion

energy u for outside particles with different positive relative curvatures

cr. The energy barrier ∆E is the difference between the maximal total

energy of partial wrapping and the total energy of the unwrapped state.

– (b) Wrapping degree χ at which the total energy of an inside particle is

minimal as a function of the rescaled adhesion energy u.

vature prior to wrapping. Stable partially wrapped states of

nanoparticles can occur if the membrane initially bulges away

from the particles. In contrast, large energetic barriers for the

wrapping process can occur if the membrane initially bulges to-

wards the particles. In the present study, we considered spherical

particles and described their interactions with the membrane by

a single parameter, the adhesion free energy per area W . Par-

tially wrapped states can also occur if the membrane-particle in-

teractions are described by interaction potentials with potential

ranges that exceed a few percent of the particle radius31, for non-

spherical particles12,44–46, and in situations in which the wrap-

ping of particles is opposed by membrane tension11,13 or by vol-

ume constraints and osmotic pressure differences of vesicles32,41.

To investigate the local interplay of membrane curvature and

nanoparticle adhesion during wrapping, we have focused here on

a simple model system in which a vesicle with freely adjustable

volume interacts with a spherical particle. The volume of a lipid
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Fig. 4 Morphology diagram of stable states of a particle adhering to a

vesicle. The three black lines divide the diagram into three regions in

which the particle is either partially wrapped, unwrapped, or fully

wrapped. In the grey shaded region, the transitions between the

unwrapped state and the wrapped state of particle outside the vesicle

require the crossing of an energy barrier. The upward line through the

black and grey data points represents the polynomial fit

u = 2+4.1cr +2.2c2
r , and the downward line through the data points

represents the fit u = 2−4.0cr +1.3c2
r −4.7c3

r −10.9c4
r . The red dashed

lines are the instability lines of the unwrapped and fully wrapped state

given by the Eqs. (9) and (13), which are derived in the appendix from

the stability relations in Ref. 32. The red points indicate the instabilities

derived from our numerical results for the bending energy Ebe(χ) (see

Fig. 2(a)). The unwrapped state becomes locally unstable for

(dE(χ)/dχ) |χ=0 = 0 where E(χ) = Ebe(χ)−4πκuχ is the total energy as

a function of the wrapping degree χ. The wrapped state becomes

locally unstable for (dE(χ)/dχ) |χ=1 = 0. For outside particles with large

relative curvature cr, the instability lines slightly deviate from the lines at

which the barrier vanishes because the derivative of the function Ebe(χ)

changes its sign both for small and large wrapping degrees χ close 0

and 1, which leads to secondary satellite minima of the total energy

E(χ) for values of u close to the grey lines at which the barrier vanishes.

vesicle is freely adjustable in the absence of osmotically active

molecules such as salts or sugars, because water can cross the

lipid membrane. Prior to wrapping, the vesicle then adopts a

spherical shape with bending energy 8πκ because this spherical

shape minimizes the bending energy of the vesicle. During the

wrapping process of a particle, the spherical vesicle shape is lo-

cally distorted in the vicinity of the particle. In the fully wrapped

state of the particle, the vesicle shape consists of two spheres with

total bending 16πκ, which are connected by a small catenoidal

neck of zero bending energy for vanishing spontaneous curvature

(see e.g. Ref. 12 for a more detailed discussion). The smaller one

of these spherical vesicle segments fully encloses the particle with

an adhesion energy −4πR2
pU . For this system, the local interplay

of bending and adhesion energies leads to an energy landscape in

which the unwrapped and fully wrapped state have equal overall

energies at the rescaled adhesion energy u =UR2
p/κ = 2, irrespec-

tive of the relative size of the vesicle and nanoparticle.

For a vesicle with constrained volume, in contrast, the wrap-

ping of nanoparticles leads to global changes of the vesicle

shape12,24,30,32. Volume constraints of a vesicle arise in the pres-

ence of osmotically active particles inside and outside the vesi-
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cle, because the vesicle then ‘adjusts’ its volume V in such a way

that the interior osmotic pressure balances the exterior one. Prior

to wrapping, the shape of such a vesicle is determined by its

area-to-volume ratio53,55, as described by the reduced volume

v = 6
√

π V/A3/2 ≤ 1. The maximal value v = 1 of the reduced vol-

ume corresponds to the area-to-volume ratio of a sphere. During

wrapping of a particle, a vesicle with constant area A and vol-

ume V changes its shape and becomes ‘more spherical’, because

the membrane wrapped around the particle effectively ‘decreases’

the area of the vesicle membrane, and the volume of the particle

inside the vesicle ‘increases’ the volume of the vesicle12. In the

fully wrapped state, the overall shape of the vesicle consists of

a spherical vesicle segment that fully encloses the nanoparticle,

and an unbound vesicle segment with effective reduced volume

vef = 6
√

π(V +Vp)/(A−Ap)
3/2 where Vp and Ap are the volume

and surface area of the particle. This effective reduced volume

vef is larger than the initial reduced volume v of the vesicle. Be-

cause the bending energy of a vesicle decreases with increasing

reduced volume, the global shape change of the vesicle facilitates

the wrapping of the particle. This is reflected in the fact that

the unwrapped and fully wrapped state of the particle have equal

overall energies at rescaled adhesion energies u < 2, depending

on the relative size of the vesicle and particle and the initial re-

duced volume of the vesicle12. The full wrapping of the particle

is only possible if the initial reduced volume v of the vesicle is

sufficiently small.

We have considered here the spontaneous wrapping of

nanoparticles by vesicle membranes that arises from the interplay

of adhesion and bending energies during wrapping. This sponta-

neous wrapping has been investigated in experiments with lipid

vesicles13–17 and polymersomes18,19. The wrapping of nanopar-

ticles by cell membranes can either occur spontaneously20,21, or

can be driven by the curvature-inducing proteins and protein ma-

chineries involved in endocytosis and phagocytosis56–59. While

the diameter of cells is of the order of micrometers, cell mem-

branes are often rather strongly curved, e.g. from protrusions

such as microvilli that are induced by actin polymerization and

have diameters of the order of 100 nm60. Rather strong cur-

vatures also occur in membranes surrounding cellular organelles

such as the endoplasmic reticulum61. The effect of the initial

membrane curvature on particle wrapping considered in this ar-

ticle may be relevant for the internalization of nanoparticles by

cells and cellular organelles in such rather strongly curved mem-

brane regions, even for particles with diameters of the order of 10

nm. For such small nanoparticles, the absolute value |cr| of the

relative curvature can exceed 0.1 in strongly curved regions of

cellular membranes, which may lead to stable partially wrapped

states or high energetic barriers, depending on the sign of cr

(see Figs. 2 to 4). A more detailed modeling of the uptake of

nanoparticles by cell membranes needs to take into account the

spontaneous curvature and increased bending rigidity of mem-

brane segments with a protein coat or scaffold, and the contri-

bution of receptor-mediated adhesion to the adhesion energy U

between ligand-coated particles and cell membranes32. Such a

detailed modeling has been recently shown to explain the exper-

imentally observed dependence of clathrin-mediated endocytosis

on the particle size32.

Appendix

Instability of the unwrapped state

The free, unwrapped state of the particle is unstable if the initial

wrapping by the vesicle membrane leads to a gain in adhesion en-

ergy that overcompensates the increase in the membrane’s bend-

ing energy. The free state becomes unstable along the line32

Rp =
1

R−1

W ±M
(5)

with

RW =
√

2κ/W (6)

where M is the mean curvature of the membrane at the location

of the particle prior to wrapping, and the sign in front of M in-

dicates whether the particle is initially inside (+) or outside (−)

the vesicle. Eq. (5) holds for M < 1/RW in the case of an outside

particle and for M > −1/RW in the case of an inside particle to

ensure that the membrane does not intersect the particle before

contact. The vesicle with adjustable volume has a spherical shape

with mean curvature

M = 1/Rv (7)

before wrapping. The instability relation (5) is then

Rp =
1

R−1

W ±R−1
v

(8)

When expressed in terms of the dimensionless parameters u =

UR2
p/κ and cr = ±Rp/Rv with cr = +Rp/Rv for an outside parti-

cle and cr = −Rp/Rv for an inside particle, this relation for the

instability of the free, unwrapped state becomes

u = 2(1+ cr)
2 (9)

Instability of the fully wrapped state

In the fully wrapped state, the nanoparticle is fully covered by the

membrane, but still connected to the mother vesicle by a small

membrane neck. In the coarse-grained description used here, the

fully wrapped state corresponds to a limit shape with an ideal

neck that is attached to the mother vesicle in a single contact

point. At this contact point, the unbound membrane segment

of the mother vesicle at the location of the nanoparticle has the

mean curvature M′. The fully wrapped state becomes unstable

along the line32

Rp =
1

R−1

W ± (M′−2m)
(10)

where m is the spontaneous curvature of the membrane, and the

sign in front of M′ − 2m indicates whether the particle is ini-

tially outside (+) or inside (−) the vesicle. Eq. (10) holds for

2m−1/RW < M′ < 1/Rp in the case of an outside particle, and for

−1/Rp < M′ < 2m+ 1/RW in the case of an inside particle. The

relations M′ < 1/Rp for an outside particle and −1/Rp < M′ for an

inside particle ensure that the membrane does not intersect the

particle. If the mean curvature M′ is smaller than 2m− 1/RW in

1–7 | 5
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the case of an outside particle, or larger than 2m+ 1/RW in the

case of an inside particle, the fully wrapped state is unstable for

all particle sizes32.

For a vesicle with adjustable volume, the unbound vesicle mem-

brane has a spherical shape with mean curvature

M′ = 1/
√

R2
v −R2

p (11)

because the overall area of the vesicle membrane is constant. For

spontaneous curvature m = 0, the instability relation (10) is then

Rp =
1

R−1

W ± (R2
v −R2

p)
−1/2

(12)

When expressed in terms of the parameters u and cr used in this

article, this relation for the instability of the fully wrapped state

becomes

u = 2

(

1− cr
√

1− c2
r

)2

(13)
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2010, 143, 875–87.

59 P. L. Rodriguez, T. Harada, D. A. Christian, D. A. Pantano,

R. K. Tsai and D. E. Discher, Science, 2013, 339, 971–975.

60 R. E. McConnell, J. N. Higginbotham, D. A. Shifrin, Jr, D. L.

Tabb, R. J. Coffey and M. J. Tyska, J. Cell Biol., 2009, 185,

1285–1298.

61 Y. Shibata, T. Shemesh, W. A. Prinz, A. F. Palazzo, M. M. Ko-

zlov and T. A. Rapoport, Cell, 2010, 143, 774–788.

1–7 | 7

Page 9 of 9 Soft Matter

S
of

tM
at

te
r

A
cc

ep
te

d
M

an
us

cr
ip

t


