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Table 3 Dipole moments of various structures in ketene isomerization. All values are reported in atomic units

Structure Computation µm Experiment

oxirene 1.01 1.00 -
inner TS 1.05 1.05 -
formylmethylene 1.09 1.14 -
outer TS 1.18 1.13 -
ketene (q1 = 4.5 a0) 0.602 0.630 -
ketene (limq1 → ∞) 0.602 0.602 0.570 (Ref. 73), 0.560 (Ref. 74)

Table 2 Positions of TSs along the fundamental reaction coordinate q1

Transition State Position

TS1 (outer) −2.8047 (a0)
TS2 (inner) −0.5467 (a0)
TS3 (inner) 0.5467 (a0)
TS4 (outer) 2.8047 (a0)

two metastable structures.

Ketene is active in electric fields and susceptible to field-

induced reactivity studies.69,70 We will approximate the field-

matter interaction of ketene with a classical dipole approxima-

tion. To construct a dipole function, the geometry of each TS and

stable-basin structure was taken from Ref. 68 in which Scott et

al. performed electronic structure calculations at the CCSD(T)/6-

311G(d f , p) level. Using these geometries, the dipole moment of

each was computed by employing a B3LYP/6-311+G** scheme.

The results of these calculations are shown in Table. 3. The dipole

moment along q1 is modeled through an approximation of the

form

µm(q1) =µ0

[

exp
(

−α(q1 −q0)
4
)]

+µ0

[

exp
(

−α(q1 +q0)
4
)]

+µketene.

(5)

where we assume that out-of-plane hydrogen motion in oxirene

(q2) has a negligible effect on the dipole moment in the perti-

nent dynamical regions and about the minimum energy path-

way. The best-fit parameters for eqn (5) were obtained from

least-squares regression to the calculated dipole moments, yield-

ing µ0 = 0.546 ea0, α = 0.0701 a−4
0 , q0 = 1.95 a0, and µketene =

0.602 ea0. A comparison between the results given by the model

dipole moment surface µ and the computational results can be

found in Table. 3.

With the potential energy and dipole moment surfaces now de-

fined, the molecular Lagrangian for ketene can be written as

L =
1

2
mfq̇

2
1 +

1

2
mHq̇2

2 −V1(q1)−Vcoup(q1,q2)+E (t)µm(q1), (6)

leading to the equations of motion

mfq̈1 =−
dV1

dq1
−

∂Vcoup

∂q1
+E (t)

dµm

dq1
, (7a)

mHq̈2 =−
∂Vcoup

∂q2
, (7b)

where E (t) is the applied electric field. Associated with each co-

ordinate (q1,q2) is the corresponding generalized velocity and

thus the dynamics is either two dimensional (Model I) or four

dimensional (Model II) with each phase space point represented

by q = (q1, q̇1) or q = (q1, q̇1,q2, q̇2), respectively. A constant-mass

approximation associated with the corresponding normal mode

of the oxirene intermediate has been calculated as mf = 9581 in

atomic units (a.u.).63 The mass of the out-of-plane oxirene stretch

mode is mH = 1837 a.u.,63,65,72 the mass of hydrogen. The chosen

field takes the sinusoidal form E (t) = E0 sin(ωt +φ) where E0 is

the field strength, ω is the oscillation frequency, and φ is the phase

which is held constant (φ = π). We investigate field strengths in

range of those used previously in studies of field-induced diatomic

chemical reactions,75 and also strengths in range of ionization

thresholds. The frequencies studied are below ω = 0.2 a.u. (230

nm), a value previously used in experimental analysis of the de-

composition of ketene.70 Throughout this study, the integration

of eqn (7a) and (7b) is performed using a Runga-Kutta fourth-

order scheme with a time-step ∆t = 0.1 (atomic units).

2 Lagrangian Descriptors

The application of LDs to the study of time-dependent flows has

ranged over systems as diverse as thermal chemical reactions,61

human biomechanics,76 and ocean flow patterns.57 In the gen-

eral formulation,57,60 a LD can be expressed as

M(q0, t0)τ =
∫ t0+τ

t0−τ
P(q(t))dt, (8)

where P is a bounded positive quantity and is a functional of the

trajectory q(t) with initial condition q0 at time t0. The integration

of this quantity is taken over the time interval [t0 − τ, t0 + τ] and

thereby includes information from both forward- and backward-

time. Thus, a LD is a mapping from the phase space point q0 to

the scalar value M using dynamical information obtained along

a corresponding trajectory. The LDs corresponding to arc length

measures in phase space and configuration space are useful for

constructing the manifolds associated with the TS.57,60,61 The

values of these LDs diverge on either side of a phase space bound-

ary separating distinct dynamical basins. These special bound-

aries are manifolds and they are distinguished by drastic changes

in the derivative of M and correspond to local minima on the M

surface.

The LD corresponding to the arc length projection in configu-

ration space is

L(q0, t0)τ =
∫ t0+τ

t0−τ

∥

∥q̇c(q0, t0, t)
∥

∥dt, (9)

where qc is a set of generalized coordinates and ‖·‖ is the norm.

Thus, L is a measure of the distance traveled in configuration

space over the time interval [t0 − τ, t0 + τ] by the trajectory that
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