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In order to evaluate the selectivity for specific cations in ion-exchange of zeolites, we calculate the ion-exchange isotherms in
various zeolites using Monte Carlo simulation techniques. The calculation results agree well with experiments. Furthermore, we
examine the Si/Al-ratio dependence on the cation selectivity and find that the Cs selectivity once increases with the Si/Al ratio
but saturates above a certain value. These results reveal that the selectivity for Cs is enhanced cooperatively by microporous
structure and the Si/Al ratio of the zeolite framework. The present simulation scheme is promising in selecting useful materials
for Cs decontamination in waste treatments.

1 Introduction

Zeolites are highly-useful aluminosilicates employed as cat-
alysts and adsorbents in a variety of chemical-engineering
scenes1. One of their most unique features is microporous
structure whose bone framework is formed by silicon and oxy-
gen with partial replacement of silicon by aluminum. The mi-
croporosity extended over the crystal is quite selective for a
particular cation, which enables to exclusively remove the tar-
get cation from contaminated water. Their high performance
has been actually proved by radioactive Cs removal from the
waste water discharged in Three Mile Islands and Fukushima
Dai-ich nuclear power plant accidents. In such cases, since
the highly-selective separation capacity has a key role, further
performance enhancement is in great demand.

The ion exchange selectivity in zeolites is known to de-
pend on the Si/Al ratio, although it primarily arises from
the porous frame structure.2,3 For instance, mordenite and
chabazite whose Si/Al ratios are relatively low belong to a
high-Cs-selectivity group. Then, predicting the Si/Al replace-
ment ratio dependence of the selectivity is a challenging tar-
get in theoretical computation. In this paper, we numeri-
cally estimate not only the cation selectivity attributed to the
porous framework but also the Si/Al dependences in typical
zeolites by using a semi-grand canonical Monte Carlo tech-
nique specifically developed for the ion exchange in zeolites.
We reproduce their selectivity in a few existent zeolites with
their fixed Si/Al ratios and predict its variation depending on
the Si/Al ratio in a specific zeolite.

Though various Monte Carlo techniques have been applied
for silicates4–7, Jeffroy et al.8 recently reported that their
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semi-grand canonical Monte Carlo simulation technique al-
lows calculation of the ion-exchange isotherm in a zeolite.
The isotherm is a typical indicator to characterize the ion ex-
change performance of zeolites. In ref. 8, zeolite Y is a tar-
get to examine the ion-exchange isotherms in the presence of
typical alkali metal ions. The obtained isotherms agree well
with the experimental results. Following their report, we ap-
ply the technique to various zeolites to evaluate their cation
selectivity. Consequently, we confirm that the technique is
also applicable to different zeolites. Furthermore, we find that
the Cs selectivity initially increases with increasing the Si/Al
ratio but eventually saturates above a certain ratio. The tech-
nique is able to examine the coupled effects of both the porous
framework structure and Si/Al ratio on the cation selectivity in
a variety of zeolites.

2 Materials

Now, let us begin with crystalline structures of zeolites. Ze-
olites are composed of the negatively charged aluminosilicate
framework as displayed in Fig. 1, and cations trapped inside
the micropores inside the framework. The charge of the frame-
work is given by the Si/Al ratio, because a replacement of Si4+

by Al3+ yields negative charge. Then, the trapped positive
cation compensates the negatively charged framework. Con-
sequently, the total number of Al atoms in the framework co-
incides with that of trapped univalent alkali cations. Zeolite is
characterized by the porous framework structure and the Si/Al
ratio in the framework.

In this paper, we examine four types of zeolites, each of
which is called zeolite Y, mordenite, zeolite A, and ZK-4, re-
spectively. The zeolite Y whose framework is faujasite-type
as displayed in Fig. 1(a), and the Si/Al ratio is around 2.7.
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Fig. 1 Framework structures of various zeolites, Zeolite Y(FAU)
(a), Zeolite A(LTA) (b) and mordenite (MOR) (c). Dark (red) and
light (yellow) bonds stand for O and Si(Al) atoms, respectively. As
for zeolite A and Y, schematic figures of frameworks are also drawn.

Jeffroy et al. calculated the ion exchange isotherms in zeo-
lite Y by their semi-grand canonical Monte Carlo technique8.
We also perform the equivalent simulations in zeolite Y. We
implemented their techniques in our own Monte Carlo code
and confirmed validity of the code by comparing the results in
zeolite Y.

Mordenite as displayed in Fig. 1(c) is one of useful nat-
ural zeolites employed as an efficient Cs remover in nuclear
waste treatments2. The present paper is the first report which
reproduces the isotherm of mordenite to our knowledge.

Zeolite A is a famous artificial zeolite whose Si/Al ratio is
around unity belonging to a class showing the lowest value
among zeolites. The selectivity for Cs in zeolite A is known
to be relatively low. In the case of zeolite A, we also calcu-
late Si/Al ratio dependent isotherms. We examine Si/Al ratio
dependence of zeolite A in an unexplored range. Note that ze-
olite A with Si/Al ratio being a specific value 1.7(5/3) is called
ZK-49 and distinguished from zeolite A.

3 Methods

In the present paper, we calculate isotherms of various zeo-
lites with Si/Al ratio variations and compare the numerical re-
sults with measurement ones. The isotherm comparison can
demonstrate usefulness of the numerical tool in a variety of
zeolites. We examine the ion exchange of Na entrapped inside
zeolites with Cs or K. The inclusion of competing other ions is
straightforward and their effects will be published elsewhere.

Here, let us briefly illustrate the ion-exchange isotherms.
For instance, we consider ion exchange of Na by Cs ion as-
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Fig. 2 Schematic figure of ion-exchange isotherm. Horizontal axis
corresponds to the ratio of cation X to the total cations in aqueous
solution, and vertical axis to that in zeolite. If zeolite have high
selectivity for cation X, the isotherm shows the red solid curve. In
the case of low selectivity, the isotherm becomes the green dashed
curve.

suming the absence of other cations. We prepare a zeolite
whose cation sites are filled with Na+, put it into water includ-
ing Cs+ and Na+, and equilibrate concentration of the cations
in the zeolite and the solution. In this case, the ion-exchange
isotherm is plotted with setting the horizontal axis as the ratio
of Cs+ to total cations in the solution, XS, and the vertical axis
as that in the zeolite, XZ , as shown in Fig. 2. We can easily
read the Cs selectivity from the plot. If the plot is convex up-
ward like the schematic solid curve in Fig. 2, the Cs selectivity
is always higher than that of Na, because it indicates that the
fraction of Cs+ in the zeolite is higher than that in the solution.
On the other hand, the Cs selectivity is lower when the plot is
concave downward like the dashed curve in Fig. 2.

Jeffroy et al. succeeded in reproducing ion-exchange
isotherms by semi-grand canonical Monte Carlo simulation8,
which allows fractions of cations to equilibrate in solutions
and zeolites. They calculated ion-exchange isotherms between
Na and X (X=Li, K, Cs and Rb) in zeolite Y. In this method,
“swap move” was employed in addition to usual Monte Carlo
moves such as translations and rotations (see e.g., ref. 10). In
the swap move, the species of cations are randomly changed
with keeping the total number of cations, and new cation coor-
dination is accepted or rejected by the Metropolis method for
fixed chemical potential difference between two cations. This
has a key role in describing the ion-exchange process.

In the present simulation, the Lennard-Jones and Coulomb
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Table 2 Names of zeolites, their chemical formula with the number of water molecules, framework type,11 lattice parameters of unit cells,
their Si/Al ratios and electric charges of atoms employed in the present simulations. The cation selectivity in literature 2 is also shown. The
electric charges are estimated according to ref. 12.

Name Chemical Formula Framework Lattice parameters Si/Al Selectivity Charge
Type a (Å) b(Å) c(Å) ratio OZ SiZ(AlZ)

Zeolite Y Na52Al52Si140O384 ·250H2O FAU 24.345 24.345 24.345 2.6923 Cs>K>Na∗ -0.8245 1.3781
Mordenite Na64Al64Si320O768 ·192H2O MOR 36.512 41.068 15.084 5 Cs>K>Na -0.8140 1.4613
Zeolite A Na96Al96Si96O384 ·216H2O LTA 23.838 23.838 23.838 1 Na>K>Cs -0.8500 1.2000

ZK-4 Na72Al72Si120O384 ·216H2O LTA 23.838 23.838 23.838 1.6666 Cs>Na -0.8365 1.2980
Na48Al48Si144O384 ·216H2O LTA 23.838 23.838 23.838 3 — -0.8230 1.3960
Na24Al24Si168O384 ·216H2O LTA 23.838 23.838 23.838 7 — -0.8095 1.4940

Table 1 Force field parameters. Atoms with subscripts Z and W
correspond to those in zeolites and water, respectively. Electric
charges of atoms in zeolites are shown in Table 2.

Lennard-Jones charge
σ ε q

(Å) (K) (e)
OZ 3.00 93.53 —

SiZ(AlZ) 3.302 0.001 —
Na 2.584 50.27 1.0
K 2.907 62.00 1.0
Cs 3.165 59.72 1.0
Cl 4.450 50.28 -1.0
OW 3.1536 78.03 0.0
HW 0.0 0.0 0.52
XW 0.0 0.0 -1.04

potential are employed as the force fields. The form of the
Lennard-Jones potential between the i- and j-th atoms is ex-
pressed as−4εi j[σ

6
i j/r6−σ12

i j /r12] with the Lorentz-Berthelot
combination rules, σi j = (σi + σ j)/2 and εi j =

√
εiε j. The

parameters of the potential are summarized in Table 1. The
Ewald summation is used for the long-range Coulomb inter-
actions13. The water model in our calculation is TIP4P14.
With these force fields, Na-K and Na-Cs ion exchanges are
examined. For the initial aqueous solution, we prepare 0.1 M
NaCl solution by the system of 2000 water molecules with
4 Na+ and 4 Cl− ions in the cubic cell, 39.15 Å on a side,
and equilibrate the ratios of Na and X (X=K and Cs) to total
cations by Monte Carlo simulation for the fixed chemical po-
tential difference between Na and X. Next, a similar type of
simulation is performed for zeolites together with cations and
water molecules, and the ratio of X to total cations in zeolites
is then obtained. The cell size and the number of atoms in
each simulation are summarized in Table 2, and all the frame-
work structures of the calculated zeolites are taken from refs.

11,15. Finally, the ion-exchange isotherms are obtained by
plotting the ratios of X in the zeolite and the solution at vari-
ous chemical potential differences.

In these Monte Carlo simulations, we adopt translational
and rotational moves for water molecule, and translational
move for ions. In addition, swap move is applied to exchange-
able cations. The coordinates of Si(Al) and O atoms in ze-
olite frameworks are fixed through simulations. We check
equilibration by convergence of total energy. In the simula-
tions of aqueous solution and zeolites, energy convergences
are observed after 1.5×107 and 1.0×107 steps, respectively.
Statistical averages are taken with respect to 1.5× 107 and
4× 107 steps after equilibration in the cases of aqueous so-
lution and zeolite, respectively. To increase accuracy, we start
simulations from ten different randomly-distributed initial co-
ordinates of water and ions. We plot the statistical errors in
Fig. 3(b). Though the errors of the cation ratio in solution are
slightly large due to lack of sampling, it is accurate enough
to examine the selectivity. All the calculations are executed
by our in-house code, while the validity of our code is con-
firmed by comparing with MedeA-GIBBS (commercial code)
implementing the semi-grand Monte Carlo technique16.

We note that the interactions between cations and oxygen
atoms in zeolite frameworks are different from those in Ref.8.
While the Buckingham potential is employed in ref. 8, the
Lennard-Jones potential is additionally tested in the present
work. We mention that the isotherms of zeolite Y (Figs. 3(a)
and (b)) calculated by the Lennard-Jones one also agree well
with experiments. We point out that the Lennard-Jones type
is also valid in various zeolites. While more accurate and
complicated potentials have been developed, we believe that
Coulomb and Lennard-Jones potentials are adequate in this
Monte Carlo simulation. Since either of chemical reaction
or charge transfer do not occurs in the ion exchange process,
interactions among water molecules, ions and zeolite frame-
works can be described well by Coulomb and Lennard-Jones
potentials.
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Fig. 3 Ion-exchange isotherms for Na-Cs ion exchanges in zeolite Y (a), mordenite (c), zeolite A (e) and ZK-4 (g), and for Na-K ion
exchange in zeolite Y (b), mordenite (d), zeolite A (f) and ZK-4 (h). Horizontal axis corresponds to the fraction of cation X(X=Cs, K) to the
total cations (X and Na) in solution, and vertical axis to that in zeolite. Filled circles and squares denote experimental data, while solid, dashed
and dotted curves show calculated results. In (b), the error bars denotes the statistical errors. In (g) and (h), the results with 5/3, 3 and 7 of
Si/Al ratios correspond to solid, dashed and dotted curves, respectively. Experimental data are taken from refs. 17–20.

4 Results

In order to check whether the present Monte Carlo technique
can be applied to other zeolites, we evaluate Na-K and Na-Cs
ion-exchange isotherms for mordenite and zeolite A. Morden-
ite has relatively high Si/Al ratio and shows much higher Cs
selectivity than that of zeolite Y. See Fig. 1(c) for its frame-
work structure. The electric charges of atoms in mordenite
framework are determined from the Si/Al ratio according to
ref. 12 and are shown in Table 2. Figures 3(c) and (d) show
the calculated isotherms. They agree very well with the ob-
served ones. These results indicate that the present numerical
technique actually reproduces very high Cs and K selectivity
of mordenite as measured in experiments. In Fig. 4(a), we also
show the Cs sites in mordenite obtained by this simulations.

Zeolite A is known to have lower Cs selectivity. The calcu-
lated isotherms for zeolite A are shown in Figs. 3(e) and (f),
and calculated Cs sites are shown in Fig. 4(b). In both cases
of Na-K and Na-Cs, our results for zeolite A are slightly lower
than the observed ones but almost consistent with the experi-
ments. Thus, the present Monte Carlo method is suitable for
numerically calculating the isotherms.

As mentioned above, the Cs selectivity is generally known

to be improved when the Si/Al ratio is increased. However,
it is a rather naive view that elevating Si/Al ratio always im-
proves Cs selectivity, since the role may be limited in the se-
lectivity enhancement. To clarify the effect of the Si/Al ratio,
we calculate isotherms for zeolites whose Si/Al ratio varies as
5/3, 3 and 7 with the same framework as zeolite A. In these
calculations, the variation of the Si/Al ratio is realized by con-
trolling the electric charges of atoms in the zeolite framework.
According to ref. 12, we set the electric charges as shown in
Table 2. The calculated results for the different Si/Al ratios
are shown in Figs. 3(g) and (h). From these figures, the Cs
and K selectivity actually increases with increasing the Si/Al
ratio. However, the isotherms for 3 and 7 of Si/Al ratios are
almost the same. Thus, we find that the Cs and K selectivity
increases with the Si/Al ratio while it saturates after certain
improvement.

5 Discussion

The Si/Al-ratio dependence of the cation selectivity can be ex-
plained as follows21,22. For smaller cations such as Na, the
distance between cations and frameworks is relatively so short
that the interaction energy between them is sensitive to the
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Fig. 4 Cs density in the unit cells of mordnite (a) and zeolite A (b).
Blue dots show density of Cs ions. Yellow and red cylinders denote
bonds from Si and O atoms of zeolites, respectively.

charge variation of the framework since the Coulomb energy
is proportional to inverse of the distance. Then, part of Na ions
are affected more strongly by the change in the Si/Al ratio than
larger Cs and K ions. Namely, the Na interaction energy in-
creases with the Si/Al ratio, and the K and Cs selectivity is
relatively enhanced.

The next topic is the reason why the selectivity saturates
above a certain high Si/Al ratio. The largest Si/Al ratio in
zeolites employed in this paper is 7 for the ZK-4-type ze-
olite. In the case of mordenite, its Si/Al ratio is 5 while it
shows the highest Cs selectivity as shown in Fig. 3(c). There-
fore, the Cs selectivity is not controlled only by the Si/Al
ratio. Rather, other factors such as framework structure are
also found to affect the selectivity strongly. In the ZK-4 or
zeolite A, cations are mainly absorbed in 8-member and 6-
member rings (8MR and 6MR) composed of oxygen atoms

in zeolite frameworks23. These rings are almost flat and two-
dimensional. According to the ion radii, 6MR is fitted to Na,
and 8MR is large for both of Na and Cs. When the Si/Al ratio
increases, the number of cations decreases, and then most of
Na is captured by 6MR. The Cs selectivity enhancement by
the high Si/Al ratio is canceled by capturing Na inside 6MR.
This can be a reason for the saturation. On the other hand,
most of cation sites in mordenite are composed of 8MR which
is distorted and three-dimensional. These distorted 8MR are
rather suitable for Cs absorption compared to the flat 8MR of
zeolite A. Consequently, the mordenite framework shows very
high Cs selectivity. Thus, the framework structure also plays
an important role for the cation selectivity.

6 Conclusions

In conclusion, in order to numerically evaluate the cation
selectivity in ion exchange, we calculated the ion-exchange
isotherms for zeolite Y, zeolite A, mordenite, and ZK-4, us-
ing the Monte Carlo simulation technique developed in ref.
8. The obtained calculation results are almost consistent with
experiments. We also examined the Si/Al ratio dependence of
the cation selectivity. Consequently, we found that the Cs and
K selectivity increases with Si/Al ratio and saturates above a
certain high Si/Al ratio as seen in the case of the zeolite-A
framework. We conclude that high Cs selectivity arises from
the cooperative effects between the framework structure and
the Si/Al ratio and believe that this conclusion is valid in the
cases of other zeolites which are not investigated in this paper.
Finally, we point out that the present calculation tool is use-
ful in exploring zeolites with high selectivity for radioisotope
ions. It may open a new research pathway for nuclear waste
management.
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