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The validity of standardised equations to calculate the uncertainty arising from missing data 

during air quality studies is assessed.  
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This paper investigates the influence of missing data on annual averages and the uncertainties 

in these averages produced by UK air quality networks.  Whilst the standard methods 

currently employed produce good results on average, for individual cases the uncertainty in 

the annual average calculated when data is missing may be appreciably different from that 

obtained when full knowledge of the distribution of the data is known.  These effects become 

more apparent as the quantity of missing data increases. These outcomes of this study will 

advance greatly the understanding of the uncertainty of summary air quality statistics 

produced by air quality networks and will inform the current debate on how best to revise air 

quality monitoring legislation in Europe and globally to recognise better different levels of 

confidence in the data produced.  
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Abstract  

As a result of the complex nature of operating multi-station national air quality networks it is 

rare that complete data sets are produced from these networks.  The reliance of most air 

quality legislation on the assessment of measured annual average concentrations against 

target or limit concentrations necessitates the use of methods to calculate an annual average 

value and the uncertainty in this value in the absence of a complete data set for the year in 

question.  Standard procedures exist for performing these calculations, but it is not clear how 

effective these are when data having low time resolution are collected and missing data 

accounts for large periods of the year.  This paper investigates the influence of these 

deficiencies using data from UK air quality networks in the form of monthly average 

concentrations for polycyclic aromatic hydrocarbons and for metals in the PM10 phase of 

ambient air.  Whilst the standard methods currently employed produce good results on 

average, for individual cases the uncertainty in the annual average calculated when data is 

missing may be appreciably different from that obtained when full knowledge of the 

distribution of the data is known.  These effects become more apparent as the quantity of 

missing data increases.  

 

Keywords: air quality, annual average, missing data, weighted average, uncertainty 
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Introduction 

Despite improvements in air quality in recent decades, continued concerns about the effects 

on human health and environmental sustainability of pollutants in ambient air have prompted 

national and international legislation aimed at limiting the concentrations of harmful 

substances in the air we breathe.  In most cases epidemiological evidence suggests there is no 

safe level for exposure to harmful air pollutants.  Because of this, the majority of legislation 

is based on limiting allowable annual average concentrations, which establish average 

exposure over a long period, rather than limiting the time period when concentrations may be 

above some threshold.  An overview of relevant European air quality legislation is available 

in [1].  Assessment of air quality against legislation is performed in most countries by 

national or regional air quality networks consisting of fixed monitoring stations.   

 

The nature of these complex endeavours means that the data sets produced do not always 

cover the whole year. Data is often missing because of, for example, instrument breakdown, 

invalid measurements, damaged samples, analytical problems, or data excluded at the 

checking stage. Previously we have considered how best to calculate the annual average 

concentration in the event of missing data [2].  We showed that considerations of particular 

interest were pollutants showing seasonality and data missing over extended periods during 

the year, because in these circumstances the calculated annual average concentration can be 

sensitive to which data are missing [3,4]. 

 

The relevant European Air Quality Directives [5,6] specify the use of ISO 11222 “Air 

Quality – Determination of the uncertainty of the time average of air quality measurements” 

[7] for the calculation of the annual average concentration and the uncertainty associated with 

this annual average.  We should note that the use of ISO 11222 assumes that the available 

data is representative of the temporal variation of the concentration of the pollutant over the 

defined time period.  ISO 11222 uses the simple mean to calculate the time average, �̅�, as: 
 

�̅� � �
�∑ ���

�	�           (1) 

 

where the �� are the measured values for 
 measurement periods within the overall time 
period �, and 
 � , where  is the number of periods for complete coverage of the time 
period �. Incomplete coverage of the time period �, corresponding to 
 � ,  is a further 
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source of uncertainty associated with the time average ��̅ that is not covered by the 
uncertainties arising from the sampling and analytical procedures. ISO 11222 states that the 

standard uncertainty �����̅� associated with the time average �̅� due to incomplete time 
coverage shall be determined as: 

 

������̅� � 	 �1 � �
��

�
� �

�����         (2) 

 

where ������ denotes the variance of the measured values determined as: 
 

������ � �
���∑ ��� � �̅����

�	�         (3) 

 

Equation (2) expresses the uncertainty associated with an estimate of the average of a finite 

population of  values obtained from incomplete knowledge of that population consisting of 

 values drawn randomly from the population.  (Note that when 
 � , the uncertainty is 
zero because in that case the entire population, and its average, are known.) Furthermore, it 

relies on an estimate of the variance of the population calculated in terms of the 
 values 
given by equation (3). To the best of the authors’ knowledge the performance of equations (2) 

and (3) has never been fully examined.  It is of particular interest to understand their 

performance in the most extreme conditions where they might be applied: for instance, where 

the data collected has low time resolution and missing data accounts for large periods of the 

year.   

 

This work examines the performance of equations (2) and (3) using data from the UK PAH 

Monitoring Network (“the PAH Network”) from 2008 to 2011 and the UK Urban and 

Industrial Metals Monitoring Network (“the Metals Network”) during 2008, 2009 and 2010.  

(For a general description of air quality networks in the UK see [8].)  Whilst data from the 

PAH Network shows a seasonal variation at non-industrial stations greater than the random 

variability arising from meteorological and analytical processes, data from the Metals 

Network does not show seasonal variation greater than that from random background 

processes.  The seasonality observed in the PAH Network data is caused by increased fuel 

use in winter for heating resulting in higher concentrations than in summer.   

 

Page 5 of 22 Environmental Science: Processes & Impacts

E
nv

ir
on

m
en

ta
lS

ci
en

ce
:P

ro
ce

ss
es

&
Im

pa
ct

s
A

cc
ep

te
d

M
an

us
cr

ip
t



 

4 

 

Experimental 

In the periods 2008 to 2011 and 2008 to 2010, respectively, the 31 monitoring stations of  the 

PAH Network and 24 monitoring stations of  the Metals Network produced monthly 

averaged concentration values for a variety of pollutants.  The averaged values are obtained 

by bulking together filters (exposed for daily periods on the PAH Network and weekly 

periods on the Metals Network) corresponding to the monthly periods prior to analysis.  

Details of the sampling and analysis used to produce the data considered in this analysis are 

given in the relevant network reports [9,10].  The data produced is freely available from 

Defra’s UK-AIR website [11].  We have considered a reduced subset of the data produced by 

these networks: benzo[a]pyrene (BaP) from the PAH Network and nickel (Ni), cadmium 

(Cd), arsenic (As) and lead (Pb) from the Metals Network.  The allowable concentration of 

these pollutants in PM10 phase of ambient air is regulated by the European legislation 

previously mentioned [5,6].  The datasets used contained no missing values initially; 

subsequently, however, data were systematically removed from these datasets to test the 

performance of equations (2) and (3) as described below.  

 

Let ����, … ���! denote the  � 12 measured monthly concentration values in ng/m3
 of 

benzo[a]pyrene obtained from the PAH Network or of a given metal (e.g. Ni, As, Cd, Pb) 

obtained from the Metals Network for a given station during a given year.  

 

In practice, only a sample of size 
 of the  measured monthly values will be available. In 
this case, if �#̂�, … , #̂�! denotes the sample of values obtained by making random draws from 
����, … , ���! without replacement, an estimate %� of the average annual concentration, %, of the 
pollutant in question is calculated as: 

 

%� � �
�∑ #̂��

�	�             (4) 

 

The values %� and #̂� are estimates (or realized values) of, respectively, the random variables % 
and #� that are related by the model: 
 

% � �
�∑ #��

�	�            (5) 
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Applying a result from [12, section 3.44], the standard uncertainty �s�%�� associated with %� as 
a result of incomplete time coverage is given by: 

 

���%�� � �1 � �
��

�
� '

�  (6)

  

where ' is the standard deviation of the population ����, … ���!. The value of ��%�� reduces 
with increasing sample size 
, and when 
 � , the largest possible value of 
, ��%�� � 0, 
which corresponds to complete knowledge about the population of  values. In practice, ' is 
unknown, and is estimated from the available sample of 
 values, giving the expression 
adopted by ISO 11222 [7]: 

 

�a��%�� � �1 � �
��

�
������∑ �#̂� � %����

�	�   (7) 

 

We now consider whether equations (4), (6) and (7) given above for	%�, ��%�� and �a�%�� 
provide credible information about the dispersion of the possible values of %. Specifically, 
given the population of measured monthly concentration values ����, … , ���! with average * 
and variance '�, for each 
 � 2,… ,, the following calculations are undertaken: 
 

1. Form all possible samples �#̂�, … , #̂�! of size 
 by making random draws from the 
population of  monthly values ����, … , ���! without replacement within a particular 
sample. The number of possible samples is + � !/.
! � � 
�!]. 

2. For each sample of 
 values, evaluate the average %� using equation (4) and the 
standard uncertainty �/�%�� associated with the average given by equation (7).  

3. Calculate the mean 0�%�� and standard deviation ��%�� of the set of + average values, 

and the value of ��%�� given by equation (6) assuming knowledge of '. 
 

Figures 1−4 show the results of these calculations using the monthly measured values of BaP 

obtained using the PAH network for the Ballymena Ballykeel site during the year 2011. 

Figure 1 shows the monthly values ����, … , ���! for which a trend in the values is clearly 
evident. Figure 2 shows the (true) average concentration value * (solid blue line), and for 
each sample size 
, the average values %� for all possible samples of size 
 (black dots), and 
the mean 0�%�� of those average values (red crosses). It is seen that the values 0�%�� agree 
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closely with the true value *, and the dispersion of average values %� is largest when 
 is 
small. Indeed, for small 
, %� can under- or over-estimate * by as much as a factor of three. 
Figure 3 shows for each sample size 
, the standard deviation ��%�� of the set of possible 
average values (solid blue line), the standard uncertainty ��%�� calculated using equation (6) 
(blue circles), and the standard uncertainties �/�%�� for all possible samples calculated using 
equation (7) (black dots). The square root of the mean of the variances �/��%�� calculated for 
all possible samples is also shown (red crosses). It is seen that there is good agreement 

between the values ��%�� and ��%��, indicating that equation (6), which assumes knowledge of 
' performs well. In fact, closer inspection of the values ��%�� and ��%�� shows there is a small 
systematic difference between the values, which arises because the standard deviation ��%�� is 
calculated using + � 1 in the denominator whereas + is assumed in the derivation of ��%��. 
The difference will be small provided the number + of possible samples of 
 values from the 
population of  values is large.  
 

It is also clear that a value �/�%�� calculated on the basis of a single sample of size 
 can 
under- or over-estimate ��%��, and appreciably so when 
 is small, although “on average” 
equation (7) provides a value that is in close agreement with ��%��. Figure 4 shows values of 
|%� � *| plotted against the corresponding values of �/�%�� calculated using equation (7) 
(black dots) for all possible samples. Values satisfying |%� � *| � �/�%�� and |%� � *| �
2�/�%�� are also shown as, respectively, the upper and lower (blue) lines. Under a Gaussian 
assumption it would be expected that |%� � *| � 2�/�%�� with 95 % confidence. 
Consequently, points below the line |%� � *| � 2�/�%�� indicate samples for which the 
calculated standard uncertainty (as a measure of the influence of the missing data on the 

annual average value) may be understated compared to the deviation of the estimated annual 

average concentration from the true annual average concentration. Similarly, points 

appreciably above the line correspond to samples for which the standard uncertainty may be 

overstated. In ISO 11222 [3], a (finite) degrees of freedom is attached to a (individual) 

calculated value �/�%��, and is used to describe the “reliability” of the value regarded as an 
estimate of the dispersion.  

 

Figures ESI 1 – ESI 4 (available in the ESI) show analogous results for the calculations using 

BaP data for the Newport site obtained during the year 2010. The data for this site is expected 

to exhibit much less seasonal character due to the influence of nearby industrial sources of 
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the pollutant. There is a noticeable (qualitative) difference between the distributions of the 

average values %� for the two sites shown in figures 2 and ESI 2 (available in the ESI). For the 
Newport site, these distributions have a more symmetric character compared to those for 

Ballymena Ballykeel. 

 

We now consider a similar treatment for data provided by the Metals Network for the 

measurement of lead at the Belfast site during 2008, and the results are shown in figures ESI 

5 – ESI 8 (available in the ESI). In this case, the presence of a single outlying concentration 

value (in month seven) has considerable influence on the distributions of standard 

uncertainties �/�%�� shown in figure ESI 5 (available in the ESI), which have a bimodal 
character. Indeed, for small 
 it can happen that there is no individual value �/�%�� that agrees 
with ��%�� (or ��%��) that measures the (true) dispersion of the average values %�. 
 

It seems apparent that the expression used by ISO11222 in equation (7) to account for  

missing values provides on average a good approximation to equation (6), which describes 

the situation where there is complete knowledge of the population of values (even those that 

are missing).  However, this analysis has shown that when evaluated for an individual sample 

there can be an appreciable range of uncertainties obtained using equation (7), and these 

uncertainties may significantly over or understate the true dispersion of average values 

arising from the influence of missing values. 

 

Finally, figures 5 and 6 provide a form of “meta-analysis” for the two networks. Figure 5 

shows values of |%� � *| plotted against the corresponding values of �/�%�� calculated using 
equation (7) for all the sites in the PAH network and for the four years (2008 to 2011) for 

which a complete data set is available. However, results for all possible samples are not 

shown (as in figures 4, ESI 4 and ESI 8 (available in the ESI)) but only those for a sample 

size 
 � 6 for which |%� � *| is largest (black crosses), �/�%�� is largest (blue circles) and 
�/�%�� is smallest (red crosses) corresponding to “extreme” cases. Figure 6 shows the same 
information for the measurement of lead all the sites in the Metals Network (excepting 

Motherwell) and for the two years 2009 and 2010 for which a complete data set is available. 

The results indicate that for both data sets cases arise when the deviation of the estimated 

annual average concentration from the true value is large and the evaluated uncertainty 
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associated with the deviation is small. In these cases the uncertainty is not adequate to 

quantify the effect of an incomplete data set.  

  

Conclusions 

The requirement to calculate in the absence of complete data sets annual averages and 

associated uncertainties for air pollutants whose concentrations are limited by legislation 

currently relies on published standard methods.  In particular ISO11222 defines a strategy for 

evaluating the additional uncertainty of annual average values owing to missing data.   

 

It is of particular interest in this work to understand the performance of ISO11222 in the most 

extreme conditions where it might be applied: for instance where data having low time 

resolution are collected and missing data accounts for large periods of the year.  The results 

have shown that on average the expression used in ISO11222 is accurate, but that for 

individual cases the evaluated uncertainty component may be significantly larger or smaller 

than if full knowledge of the distribution of data was known.  It seems that this effect is 

largest for data showing the greatest spread of values throughout the year – either as a result 

of pronounced seasonality in concentrations, such as for BaP at non-industrial stations, or as a 

result of significant variability caused by changing meteorological conditions or variations in 

industrial processes.  We have also shown that the presence of a small number of outlying 

values can have significant effects on the shape of the distribution of average values and on 

the evaluated uncertainties.   

 

Our meta-analysis has demonstrated the performance of the ISO11222 approach for metals 

and BaP using data collected by UK air quality networks. These results have shown that 

when significant quantities of data are missing care must be taken to ensure that the 

uncertainty associated with the lack of time coverage does indeed provide a proper 

representation of this effect.  On occasions, for instance when considering BaP concentrations 

that show predictable variation during the year, inspection of the data in the time domain may 

suggest that uncertainty owing to incomplete data coverage is likely to have been understated, 

especially if the missing data are expected to be high concentration values at the beginning 

and end of the year.   

 

It is hoped that this work will assist those performing metals and PAH monitoring to 

formulate better their uncertainty budgets for annual average values to take better account of 
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missing data and also inform policy makers and standardization experts when formulating the 

next generation of air quality policy.   
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Figure Captions 

 

Figure 1. Measured monthly concentration values of benzo[a]pyrene from the PAH network 

at Ballymena Ballykeel in 2011. 

 

Figure 2. For Ballymena Ballykeel in 2011, the (true) average benzo[a]pyrene concentration 

value 3 (solid blue line), and for each sample size 4, the average values 56 for all possible 
samples of size 4 (black dots) and the mean 7�56� of those average values (red crosses). 

 

Figure 3. For Ballymena Ballykeel in 2011, and for each sample size 4, the standard 
deviation 8�56� of the set of possible average benzo[a]pyrene values (solid blue line), the 
standard uncertainty 9�56� calculated using equation (6) (blue circles), and the standard 
uncertainties 9:�56� for all possible samples calculated using equation (7) (black dots). The 
square root of the mean of the variances 9:;�56� calculated for all possible samples is also 
shown (red crosses). 

 

Figure 4. For Ballymena Ballykeel in 2011, values of |56 � 3| plotted against corresponding 
values of 9:�56� (black dots). Values satisfying |56 � 3| � 9:�56� and |56 � 3| � ;9:�56� are 
also shown as, respectively, the upper and lower (blue) lines: 63 % of points satisfy |56 �
3| � 9:�56� and 85 % of points satisfy |56 � 3| � ;9:�56�. 

 

Figure 5. Meta-analysis for the PAH Network, showing values of |56 � 3| plotted against 
corresponding values of 9:�56� for all sites in the PAH Network and for the four years 2008 
to 2011. Results are shown for a sample size 4 � < for which |56 � 3| is largest (black 
crosses), 9:�56� is largest (blue circles) and 9:�56� is smallest (red crosses). Values satisfying 
|56 � 3| � 9:�56� and |56 � 3| � ;9:�56� are also shown as, respectively, the upper and lower 
(blue) lines: 63 % of points satisfy |56 � 3| � 9:�56� and 87 % of points satisfy |56 � 3| �
;9:�56�. 

 

 

Page 12 of 22Environmental Science: Processes & Impacts

E
nv

ir
on

m
en

ta
lS

ci
en

ce
:P

ro
ce

ss
es

&
Im

pa
ct

s
A

cc
ep

te
d

M
an

us
cr

ip
t



 

11 

 

Figure 6. Meta-analysis for the Metals Network, showing values of |56 � 3| plotted against 
corresponding values of 9:�56� for lead measured at all sites in the Metals Network (except 

Motherwell) and for the two years 2009 and 2010. Results are shown for a sample size 4 � < 
for which |56 � 3| is largest (black crosses), 9:�56� is largest (blue circles) and 9:�56� is 
smallest (red crosses). Values satisfying |56 � 3| � 9:�56� and |56 � 3| � ;9:�56� are also 
shown as, respectively, the upper and lower (blue) lines: 62 % of points satisfy |56 � 3| �
9:�56� and 87 % of points satisfy |56 � 3| � ;9:�56�. 
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