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Understanding the second and third order
nonlinear optical responses of M@b66/64Al12N12: a
comprehensive DFT and TD-DFT study†

Meriem Zaidi, ab Douniazed Hannachi, *cd Nahla Chaouia and
Henry Chermette *e

Materials with significant first hyperpolarizability values are essential for application in second harmonic

generation to achieve frequency doubling. Therefore, ideal NLO materials must not only exhibit a substantial

NLO response but also maintain transparency when exposed to laser light. In this study, we investigate two

series of nanoparticles, namely M@b64Al12N12 and M@b66Al12N12 (M ranges from Sc to Zn). The aim is to

evaluate the second and third NLO responses through DFT and TD-DFT calculations. These evaluations are

performed using the CAM-B3LYP/6-311+G(d) level of theory and the sum-over-states method in the static

and dynamic regime (l = N, 1906, 1341, and 1064 nm). These properties are further explained by

considering factors such as molecular topology, delocalization indices, Waber–Cromer radius, excitation

energy, oscillator strengths, variations of dipole moment of the excited state, and one/two-photon

resonance effects. The results indicate that incorporating transition metals into Al12N12 substantially increases

both the first and second hyperpolarizability. The delocalization index values reveal a higher degree of

electron delocalization between the transition metal and nitrogen compared to that between the transition

metal and aluminum. The QTAIM analysis displays that the presence of a closed quasi-ring structure

between the metal and the nanocage, combined with electron delocalization, significantly enhances the first

hyperpolarizability. TD-DFT calculations suggest potential application of these compounds in deep ultraviolet

laser devices due to their transparency below 200 nm. The SOS approach reveals that the most critical

excited states are local excitations, characterized by high Sr, small D, and negative t values. On the other

hand, in the dynamic regime, our results indicated that the values of bHRS, bSHG(�2o; o, o) and gESHG(�2o;

o, o, 0) are larger than their static counterparts. Additionally, one/two photon resonance energy, along with

substantial oscillator strength, plays a pivotal role in enhancing the dynamic hyperpolarizability of the

investigated nanoparticles. Our findings suggest that the increase in bl is primarily linked to two-photon

resonance rather than one-photon resonance. Based on our current understanding, this study provides

novel evidence that, at l = N, the first hyperpolarizability of M@b64/66Al12N12 is correlated with the Waber–

Cromer radius of the transition metal. Additionally, in the dynamic regime, the first hyperpolarizability is cor-

related with the second hyperpolarizability.

Introduction

Nonlinear optics (NLO) is a branch of science that deals with
the interaction of materials with strong oscillating electromag-
netic fields, resulting in the generation of new electromagnetic
fields with different phase, amplitude, frequency, and other
optical properties from the incident ones.1,2

When light propagates through a molecule, the valence elec-
trons create a charge transfer relative to the atoms in the
compound under the action of the induced electric field, resulting
in the polarization of matter (P). The integration of first-principles
methodologies with the finite-field (FF) approach is extensively
utilized in the exploration of nonlinear optical responses due to
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its compatibility with diverse electronic structure techniques for
the calculation of NLO coefficients.3 In the FF approach, the
energy of a system subjected to a weak and static electric field
can be expressed as

U Eð Þ ¼ U 0ð Þ �
X
i

miEi �
1

2!

X
ij

aijEiEj

� 1

3!

X
ijk

bijkEiEjEk �
1

4!

X
ijkl

gijklEiEjEkEl � . . . (1)

U(0) is the is the total energy without the electric field, Ei

represents the component of the electric field along the ith axis,
mi denotes the component of the dipole moment vector, a
represents the tensor of linear polarizability, and b and g are
the tensors of the first and second hyperpolarizability, respec-
tively, which are the origins of the macroscopic 2nd and 3rd order
NLO susceptibilities.

The field of nonlinear optics gained significant attention in
scientific research after the discovery of second harmonic genera-
tion (SHG) by Franken et al. in 1961.4 The following decades have
evidenced various developments in the domain of nonlinear
optics including new NLO phenomena and different new applica-
tions. These developments include for example the discovery of
third harmonic generation (THG), sum or difference frequency
generation, optical parametric amplification and optical para-
metric oscillation. These phenomena have led to the evolution
of new technologies such as ultrafast lasers,5,6 nonlinear
microscopy,7 and nonlinear optical switching.5,6,8 Furthermore,
nonlinear optical materials have great potential applications in
different fields such as optoelectronics,9,10 photonics,11 optical
computing, optical communications,12,13 holographic imaging,
dynamic image processing, etc.14,15 In this regard, several strategies
for tuning the NLO response of materials have been suggested: for
example, reinforcing push–pull effects,16–19 designing octupolar
compounds20,21 and asymmetric coordination complexes22–24 intro-
ducing diffuse excess electrons,25–28 using multi-decker sandwich
clusters,29,30 designing metal organic frameworks,31 and so forth.

Among the many strategies reported in the literature, recent
theoretical investigations have revealed that introducing excess
electrons into different structures can result in a considerably
large first hyperpolarizability. This effect is often observed when
a metal atom (such as alkali metals, transition metals, alkaline
earth metals and superalkalis) is doped into various structures
(mostly the nanocages).32–34 In recent years, significant efforts
have been devoted to the study of hybrid or heterofullerene
structures of group II–VI and III–V (Al12N12, Al12P12, Al12N12,
B12N12, etc.) due to their extraordinary physicochemical proper-
ties, which include chemical stability, high thermal conductivity,
wide energy gap and resistance to oxidation.35,36 Niu et al.
observed that alkali metal doping at various positions (b64 and
r6) of Al12N12 nanocages lowered the energy gap, leading to an
enhancement in the nonlinear optical response of Al12N12. Let us
remember that b64 nomenclature means above the bond
between a 6 atom ring and a 4 atom ring, and r6 means above
the center of a 6 atom ring. The highest first hyperpolarizability
was observed for Li@r6Al12N12.37 The results of Shakerzadeh

et al. demonstrate that the structural and optoelectronic
properties of Be12O12 and Mg12O12 are strongly influenced by
their interaction with alkali metals. Additionally, exohedral
doping resulted in larger nonlinear optical (NLO) responses than
encapsulated doping for these metal oxide nanoclusters.38

Furthermore, the same group observed that the optoelectronic
nitride nanoclusters exhibit a remarkable NLO response com-
pared to their corresponding carbides.39,40

On the other hand, Gilani et al. conducted exohedral and
endohedral doping of copper on Al12N12 nanocages and con-
cluded that Cu@r6Al12N12 exhibited higher nonlinear optical
responses compared to Cu@b66, Cu@b64 and Cu@endo41

(r4 means above the center of a 4-atom ring). According to
Arshad et al.,34,42 the exohedral doping of first-row transition
metals at various sites (@: b64, b66, r6, and r4) on the Al12N12

and B12N12 nanocage resulted in the highest NLO response,
with Cu@r6Al12N12 showing the most significant first hyper-
polarizability (b66 signifies a bond shared between two hex-
agonal rings). Additionally, it was shown that the r4Al12N12

structure is thermodynamically less stable than b64Al12N12.42

Similarly, Irshad et al. performed theoretical studies on tran-
sition metal-doped B12P12 nanoclusters and observed that the
first hyperpolarizability of Sc@r4B12P12 was remarkably
enhanced up to 4.4 � 104 a.u. Furthermore, Sc@r4B12P12

and Sc@r6B12P12 exhibited the highest values for the electro-
optical Pockels effect (EOPE) and second harmonic generation
(SHG), respectively.43

In this paper, with the objective of achieving a more com-
prehensive understanding of the second- and third-order non-
linear optical characteristics present in M@Al12N12 (where M
spans from Sc to Zn), we conduct QTAIM, DFT, and TD-DFT
calculations. These calculations are employed to investigate
the electronic geometries, excited state properties, and NLO
responses of two series of nanocages: M@b64Al12N12 and
M@b66Al12N12. Key focal points encompass (i) scrutinizing
the evolution of both linear and nonlinear optical properties
as they relate to frequency intensity (o = 0, 0.0239, 0.0340
and 0.0428 a.u.), (ii) evaluating the implications of transition
metal atoms for these properties, and (iii) drawing insightful
comparisons between M@b64Al12N12 and M@b66Al12N12

(we will use M@b64 and M@b66 in the following to shorten
the typing).

The present paper is organized as follows: First, some
computational details and definitions are given; next, the
quantum theory of atoms in molecules (QTAIM) is analysed
and delocalization indices (DI) are calculated; then, absorption
spectra are discussed; in the following part, the static and
dynamic NLO parameters of the doped nanocage are calcu-
lated; finally the sum-over-states method (SOS) is studied; the
paper ends with some concluding remarks.

Computational methodology

The density functional theory (DFT) and time-dependent DFT
(TD-DFT) calculations are performed by means of Gaussian 16
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software.44 The starting point for this computational study
was the optimized structures of two nanoparticle series,
specifically M@b64Al12N12 and M@b66Al12N12, where M
ranges from Sc to Zn, previously achieved by Arshad and co-
workers.42

The NLO response and the absorption spectra of all
the studied nanoparticles were calculated at CAM-B3LYP45

with the 6-311+G(d) basis set. CAM-B3LYP is a long-range
corrected functional developed to handle the inaccuracies
of the non-Coulomb part of the exchange functional at
long distances. On the other hand, the Amsterdam density
functional (ADF2017) software was used to perform
topological analysis of the electron density at bond critical
points, utilizing the concept of Bader’s atoms in molecules
(AIM) theory.46–49

The first hyperpolarizability is given as follows:

bh i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bx2 þ by2 þ bz2

2

q
(2)

The components of the first hyperpolarizability are
represented as

bx = bxxx + bxyy + bxzz (3)

by = byyy + bxxy + byzz (4)

bz = bzzz + bzyy + bxxz (5)

The total magnitude of g is estimated as3,50,51

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gx2 þ gy2 þ gx2

q
(6)

The average second hyperpolarizability is defined as follows:

gh i ¼ 1

5
gxxxx þ gyyyy þ gzzzz þ 2 gxxyy þ gyyzz þ gxxzz

� �� �
(7)

The i components of the second hyperpolarizabilities are
defined as

gi ¼
1

15

X
j;k

gjjkk þ gjkkj þ gjkjk
� �

i; j ¼ x; y; zf g (8)

On the other hand, hyper-Rayleigh scattering (HRS) is a popular
experimental method used to determine the first-order hyper-
polarizability (bHRS). This technique involves the use of
perpendicular light polarizations. bHRS can be described
as24,52,53

bHRSh i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bZZZ2h i þ bXZZ2h if g

q
(9)

where hbZZZ
2i and hbXZZ

2i denote the orientational averages of b

tensor components, which can be calculated as follows:

bZZZ
2

� �
¼ 1

7
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Furthermore, the depolarization ratios (DR) provide informa-
tion about the geometry of the chromophore, which is the part
of the compound responsible for the nonlinear optical (NLO)
response. An ideal one-dimensional system has a DR of 5, while
an octupolar molecule has a DR of 1.5.

DR ¼
bZZZ

2
� �
bXZZ2h i (10)

The study conducted by Chołuj et al. demonstrates that global
hybrid functionals with low HF percentage (B3LYP, PBE0) are
highly effective in precisely reproducing the absolute values of
two-photon-absorption strengths for donor–acceptor molecules.54

On the other hand, long-range exchange corrections have been
considered the most suitable functionals to calculate spectro-
scopic parameters related to linear and nonlinear optical spectro-
scopy, such as first- and second-hyperpolarizabilities,55 probably
because of the short amount of HF exchange in the short range
part.56 Prior studies have indicated that CAM-B3LYP, which was
utilized in this study, can produce an absorption spectrum that
closely resembles experimental results and has demonstrated
effectiveness in calculating both static and dynamic nonlinear
optical (NLO) responses.24,43,57–61

The electron density difference maps (EDDM) for the crucial
excited states can be precisely evaluated as follows:
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Dr(r) = rex(r) � rGS(r) (11)

rex(r) and rGS(r) are defined as the electronic densities asso-
ciated with the excited and ground states, respectively.

On the other hand, to investigate the nature of electronic
excitation in compounds, an analysis of the hole–electron
distribution was performed. The distributions of holes and
electrons are defined as follows:62,63

rhole rð Þ ¼
X
i!a

Wa
i

� �2ji rð Þji rð Þ

þ
X
i!a

X
jai!a

Wa
i W

a
j ji rð Þjj rð Þ (12)

rele rð Þ ¼
X
i!a

Wa
i

� �2ja rð Þja rð Þ

þ
X
i!a

X
i!baa

Wa
i W

b
i ja rð Þjb rð Þ (13)

where j is the orbital wave function, W is the coefficient of
excitation, i and j are the occupied orbital label, and a and b are
the virtual orbital label.

The overlap distribution between the hole and the electron
can be expressed as

Sr rð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rhole rð Þrele rð Þ

q
(14)

To characterize the overlapping extent of holes and electrons,
the Sr index is defined as

Sr indexð Þ ¼
ð
Sr rð Þdr �

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rhole rð Þrele rð Þ

q
dr (15)

The total magnitude of charge transfer (CT) length referred to
as the Dindex is calculated as

Dindex = [(Dx)2 + (Dy)2 + (Dz)
2]1/2 (16)

The charge transfer direction (HCT) can be computed as

HCT = |H�uCT| (17)

uCT is the unit vector in the CT direction and the H index
displays the width of the average distribution of holes and
electrons.

tindex is used to measure the separation degree between the
hole and the electron in the CT direction:

tindex = Dindex � HCT (18)

The variations of dipole moment of the excited state with
respect to the ground state in X, Y and Z directions can be
simply calculated as

Dm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dmx2 þ Dmx2 þ Dmx2

q
(19)

Dmx ¼ �ðXele � XholeÞ Dmx ¼ �ðYele � YholeÞ

and

Dmz ¼ �ðZele � ZholeÞ

In our work, the crucial excited state wavefunctions have been
obtained by natural transition orbitals (NTOs) in terms of
‘‘excited particle’’ to ‘‘empty hole’’ of the electronic transition

density matrix. The CT indices have been determined with the
MULTIWFN program.62

Results and discussion
QTAIM

In order to understand the nature of the bonding interaction
between the transition metal (M) and the Al12N12 nanocage
(Scheme S1, ESI†), we have carried out topological analysis of
electron density on all doped geometries M@Al12N12 according to
quantum theory of atoms in molecules (QTAIM) introduced by
Bader46–49,64 using the Amsterdam density functional (ADF17)
program developed by Baerends et al.65,66 In QTAIM, the critical
points (in ring (RCP) or bond (BCP)) are the positions where the
gradient is null and which can be classified according to the
electron density (r) and its Laplacian (r2(r)), total electron energy
density (H), kinetic electron energy density (G) and potential
electron energy density (V).49,67 The results of the calculation are
listed in Table 1. Fig. 1 and Fig. S1 (ESI†) depict the molecular
graphs corresponding to the M@b66Al12N12 and M@b64Al12N12

nanocage where the red circle indicates the ring critical point
(RCP) and the green circle indicates the bond critical point (BCP).

According to our calculations, Cr@b66, Mn@b66, Mn@b64,
Fe@b66, Co@b66, Ni@b66, Zn@b66 and Zn@b64 have one BCP
that is connected to the metal. This BCP found between the
transition metal (M) atom and the nitrogen atom suggests the
presence of M–N bonding interactions. As shown in Table 1 and
Fig. 1 and Fig. S1 (ESI†), HBCP values are negative and r2(r) are
high positive values, indicating that the M–N interaction is
partly covalent and partly electrostatic (the average value of
�VBCP

GBCP
is 1.293). Exceptions are Mn and Zn aluminium nitride

nanocages, in which we can observe that the BCP (M–N) bond
exhibits closed-shell interaction (ionic) due to their small
values of rBCP (less than 0.1) and large positive value of r2rBCP.

On the other hand, Fig. 1 and Fig. S1 (ESI†) clearly show that
M@b64Al12N12 (M: Cr, Fe, Co, Ni and Cu) and M@b66Al12N12

(M: Sc, Ti and V) have two BCPs (BCP(M–N) and BCP(M–Al)) and
RCP. It is found that HBCP(M–N) values are negative and
r2rBCP(M–N) is high and positive, meaning that the M–N
bonding interactions are characteristic of partially ionic and

partially covalent owing to 1o
�VBCP

GBCP
o 2. The Laplacian of the

electron density (r2rBCP) and the local total electronic energy
density (H) are negative values and rBCP o 0.1 at BCP(M–Al)
indicates that this bonding is mixed covalent–ionic interaction

(
�VBCP

GBCP
on M–Al is 1.937, 1.842, 1.576 and 1.50, where M = Fe,

Co, Ni and Cu, respectively).
In the case of Sc@b64Al12N12, Ti@b64Al12N12 and V@b64Al12N12,

the existence of two BCPs between M and N can be observed,
exhibiting both covalent and electrostatic characteristics (r2rBCP 4
0 and HBCP o 0). r2rBCP and HBCP at the second BCP between M
and Al are negative, which indicates the presence of ‘‘open shell’’
(covalent) character of the coordination bonds. The degree of
covalence of a chemical bond can be estimated utilizing the ratio
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�VBCP/GBCP. The greater its amount, the more covalent character a
bond has. Our results display that the covalent character of all M–Al
(where M = Sc, Ti and V) bonds is much larger compared to any

other bonds
�VBCP

GBCP
4 2

	 

. Furthermore, for M = Sc, Ti, and V, we

observe that the HBCP values of the M–N and M–Al bonds for
M@b64Al12N12 are more negative compared to those for
M@b66Al12N12. This suggests that the Sc@b66, Ti@b66 and V@b66

nanocages have weaker covalent bonds, which can be attributed to
the presence of the RCP. The ascending sequence for the covalent
character of the M–Al bond is as follows:

Cu o Ni o Co o Fe o Cr o Ti o Sc o V.
When examining the range of M elements spanning from Cr

to Zn, a noteworthy observation is that the HBCP values for the
M–N bond within M@b66 are akin to those found in M@b64.
However, it is important to highlight that the Cu–N bond
displays a notably enhanced covalent character (HBCP(Cu–N) =
�0.046 a.u.) when compared to the covalency of Cr–N, Ni–N,

Co–N, Fe–N, Mn–N, and Zn–N bonds, respectively (HBCP(Fe–N) =
HBCP(Co–N) = HBCP(Ni–N) = �0.041, HBCP(Zn–N) = �0.010 a.u.).

Delocalization indices

The concept of the ‘‘delocalization index’’ (DI), d(A, B), was
developed by Bader and colleagues as a method to measure
electron delocalization within the framework68,69 of the quantum
theory of atoms in molecules. This index quantifies the extent of
electron sharing between pairs of atoms A and B in a molecule,
providing a real space measure of electron delocalization. Table 2
and Table S1 (ESI†) provide the values of d(M, A) in M@b64Al12N12

and M@b66Al12N12, where A is N or Al and M is a transition metal
(Scheme S1, ESI†).

In our analysis of both nanoparticles, it was noted that the
delocalization index for d(M, N) is substantially larger than that
for d(M, Al). This finding indicates a higher degree of electron
delocalization between the transition metal and nitrogen in

Table 1 QTAIM calculated values of the electron density (r, a.u.) and its
Laplacian (r2(r), a.u.), total electron energy density (H, a.u.), kinetic electron
energy density (G, a.u.) and potential electron energy density (V, a.u.)

M r r G V H

M@b64Al12N12

Sc BCP Sc–Al 0.039 �0.020 0.009 �0.024 �0.014
BCP Sc–N 0.123 0.375 0.150 �0.208 �0.057

Ti BCP Ti–Al �5.361 �3.505 1.855 4.433 5.296
BCP Ti–N 0.043 �0.025 0.011 �0.029 �0.017

V BCP V–Al 0.139 0.413 0.177 �0.251 �0.073
BCP V–N �5.388 �2.708 2.680 4.048 3.057

Cr RCP 0.048 �0.037 0.011 �0.033 �0.021
BCP Cr–N 0.135 0.436 0.175 �0.242 �0.066
BCP Cr–Al �5.710 �2.914 2.795 4.312 3.326

Mn BCP Mn–N 0.041 0.009 0.015 �0.029 �0.013
Fe RCP 0.115 0.409 0.147 �0.192 �0.045

BCP Fe–Al 0.041 �0.016 0.011 �0.027 �0.015
BCP Fe–N 0.091 0.326 0.107 �0.134 �0.026

Co RCP 0.043 0.012 0.017 �0.031 �0.014
BCP Co–Al 0.043 0.004 0.016 �0.031 �0.015
BCP Co–N 0.110 0.387 0.137 �0.179 �0.041

Ni RCP 0.045 0.024 0.020 �0.035 �0.014
BCP Ni–Al 0.045 0.018 0.019 �0.035 �0.015
BCP Ni–N 0.111 0.406 0.141 �0.182 �0.040

Cu RCP 0.048 0.058 0.028 �0.042 �0.013
BCP Cu–Al 0.049 0.047 0.026 �0.041 �0.015
BCP Cu–N 0.113 0.429 0.147 �0.188 �0.040

Zn BCP Zn–N 0.050 0.069 0.031 �0.044 �0.013

M@b66Al12N12
Sc RCP 0.036 0.029 0.016 �0.025 �0.009

BCP Sc–N 0.113 0.336 0.132 �0.181 �0.048
BCP Sc–Al 0.037 �0.009 0.010 �0.022 �0.012

Ti RCP 0.035 0.046 0.018 �0.025 �0.007
BCP Ti–Al 0.035 �0.0005 0.011 �0.022 �0.011
BCP Ti–N 0.110 0.329 0.127 �0.173 �0.045

V RCP 0.042 0.016 0.017 �0.031 �0.013
BCP V–Al 0.042 �0.012 0.012 �0.029 �0.016
BCP V–N 0.115 0.370 0.140 �0.188 �0.047

Cr BCP Cr–N 0.118 0.410 0.150 �0.197 �0.047
Mn BCP Mn–N 0.093 0.332 0.111 �0.138 �0.027
Fe BCP Fe–N 0.111 0.391 0.139 �0.181 �0.041
Co BCP Co–N 0.112 0.410 0.143 �0.183 �0.040
Ni BCP Ni–N 0.114 0.439 0.151 �0.192 �0.041
Cu BCP Cu–N 0.126 0.490 0.173 �0.224 �0.050
Zn BCP Zn–N 0.066 0.244 0.071 �0.082 �0.010

Fig. 1 Molecular topology of Sc@b64Al12N12, Sc@b66Al12N12, Co@b64Al12N12

and Co@b66Al12N12.

Table 2 Delocalization indices (d(M, A), where A = N or Al) for
M@b64Al12N12 and M@b66Al12N12

Sc Ti V Cr Mn Fe Co Ni Cu Zn

M@b64Al12N12

d(M, Al1) 0.93 0.94 0.95 0.81 0.72 0.81 0.81 0.82 0.77 0.65
d(M, N3) 1.74 1.74 1.65 1.29 1.14 1.17 1.12 1.08 1.20 0.80

M@b66Al12N12

d(M, Al6) 0.90 0.87 0.86 0.84 0.74 0.85 0.83 0.83 0.79 0.66
d(M, N19) 1.58 1.46 1.41 1.28 1.14 1.18 1.12 1.10 1.19 0.80
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comparison to the electron delocalization between the transi-
tion metal and aluminium.

In the series of M@b64 nanoparticles, where M represents
Sc, Ti, V, and Cr, the d(M, N) values range from 1.29 to 1.74.
For the M@b66 compounds, these values are observed to be
between 1.28 and 1.58. This range in d(M, N) values implies a
partial double-bond character in these complexes. Additionally,
it is noted that M@b64 exhibits higher DI values compared
to M@b66, with a decreasing trend observed from Sc to Cr. The
d(M, Al) values for M@b64/66 (M from Sc to Zn) fall within the
range of 0.65 to 0.95. This range aligns with the expected
characteristics of a donor–acceptor interaction in the M–Al
bond.70 On the other hand, it is observed that in the M@b64

series (where M ranges from Cr to Zn), the d(M, N) and d(M, Al)
values closely resemble those reported for the M@b66 series.
In the M@b66/64 complexes, where M ranges from Sc to Cr, the

d(M, N) and d(M, Al) values are observed to be higher than those
in nanoparticles where M spans from Mn to Zn. Generally, it is
noted that the DI values tend to decrease as the atomic number
of the metal increases, with notable exceptions being the
compounds of Mn and Cu. Furthermore, in the M@b66/64

complexes, the observed delocalization index values are below
0.1. This low DI value confirms the lack of bonding interactions
between the transition metal and the other atoms within the
nanocage (Table S1, ESI†).

Electronic spectra: UV-vis spectra and excited states

In order to achieve a more comprehensive understanding of the
underlying source of nonlinear optical (NLO) properties, TD-
DFT calculations were performed on the studied complexes.
Table S1 (ESI†) and Table 3 summarize the spectroscopic
parameters of crucial electronic transitions, including absorp-
tion wavelengths (l0-n), oscillator strengths (f0-n), transition
dipole moment (Dm0-n), overlap (Sr(r)), and D and t indices.

Materials that exhibit large first hyperpolarizability values
are primarily employed for second harmonic generation
(SHG) to double the frequency (2o). It should be emphasized
that the excellent NLO materials should not only have a large
NLO response but also possess transparency under the laser
light used.71 For this objective, the ultraviolet-visible-infrared
(UV-VIS-NIR) absorption spectrum of the lowest-energy Al12N12

and M@Al12N12 (M = Sc to Zn, b64 and b66) is obtained and
shown in Fig. 2 and Fig. S2 (ESI†). Based on the TD-DFT results
(we used 120 excited states, which is sufficient for the objectives
of this investigation72,73) it is evident that the absorption
spectrum of isolated Al12N12 appears in the ultraviolet region
between 170 and 300 nm. However, upon interaction with a
transition metal, the absorption peaks of M@Al12N12 are red-
shifted towards the visible region. It can be seen that Cr@b64/66,
Mn@b64/66 and Cu@b64/66 exhibit infrared (IR) transparent
regions at a wavelength greater than 950 nm, indicating good
transparency to infrared light. All these systems are fully trans-
parent in the deep ultraviolet region (r200 nm). Therefore, they
can be considered as potential candidates for high-performance
nonlinear optical (NLO) materials in the deep ultraviolet range.

Our calculations reveal a minor red-shift in the calculated
wavelength for M@b66Al12N12 in comparison to M@b64Al12N12

(with the exception of M = Fe). We can observe that the UV-Vis
spectrum of Sc@b66 shows two peaks at 528 nm and 356 nm (f =
0.251, 0.121), whereas the spectrum of Sc@b64 displays peaks at

Fig. 2 Calculated UV-vis absorption spectra of Al12N12 and Sc@b64/66-
Al12N12.

Table 3 Excitation wavelength (l0-n, nm), oscillator strengths (f0-n,
dimensionless), overlap (Sr(r)), and D and t indices (Å) associated with the
S0 - Sn transition, as calculated at CAM-B3LYP/6-311+G(d) of the studied
compounds M@b64/66Al12N12

M S0-n l0-n f0-n Sr D t

M@b64Al12N12
Sc S0-5 766 0.009 0.795 1.085 �0.434

S0-13 463 0.144 0.578 1.187 �0.443
Ti S0-5 996 0.005 0.597 0.628 �0.455

S0-16 428 0.055 0.662 1.044 �0.749
V S0-5 822 0.001 0.596 0.442 �0.588

S0-15 407 0.116 0.757 0.896 �0.773
Cr S0-1 917 0.001 0.602 0.558 �0.736

S0-7 484 0.088 0.590 1.213 �0.664
Mn S0-1 850 0.01 0.86 0.245 �1.195

S0-9 416 0.140 0.733 1.205 �0.443
Fe S0-4 952 0.023 0.872 0.164 �1.171

S0-9 512 0.057 0.486 3.156 1.111
Co S0-8 717 o0.001 0.581 0.329 �0.633

S0-9 671 0.072 0.805 0.358 �1.001
Ni S0-5 676 0.037 0.845 0.163 �1.305

S0-7 480 0.055 0.469 3.107 1.098
Cu S0-1 591 0.076 0.726 0.667 �0.782

S0-2 468 0.057 0.489 2.952 0.927
Zn S0-3 414 0.215 0.699 0.219 �1.546

S0-5 372 0.09 0.413 3.057 1.006

M@b66Al12N12

Sc S0-6 885 0.001 0.706 0.522 �0.710
S0-13 527 0.251 0.658 1.022 �0.739

Ti S0-8 837 o0.001 0.802 0.131 �1.166
S0-13 590 0.177 0.670 0.853 �0.837

V S0-7 859 o0.001 0.544 0.514 �0.455
S0-12 495 0.075 0.594 1.841 �0.195

Cr S0-1 861 o0.001 0.601 0.536 �0.723
S0-7 495 0.097 0.579 1.409 �0.411

Mn S0-1 845 0.011 0.858 0.332 �1.199
S0-8 424 0.118 0.771 1.011 �0.542

Fe S0-4 866 0.022 0.848 0.213 �1.111
S0-9 513 0.05 0.439 3.305 1.354

Co S0-7 804 0.031 0.856 0.134 �1.170
S0-9 510 0.049 0.438 3.214 1.260

Ni S0-5 649 0.068 0.803 0.400 �0.940
S0-7 500 0.056 0.444 3.184 1.221

Cu S0-1 622 0.077 0.711 0.689 �0.701
S0-2 491 0.053 0.424 3.085 1.128

Zn S0-3 427 0.197 0.694 0.233 �1.505
S0-5 387 0.076 0.386 2.936 0.940
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463 and 424 nm (f = 0.144, 0.121) and may be assigned to a mixed
contribution of intra-charge transfer in the metal (ICT) and CT
from the metal to nanocage (MNCT). For V@b64, the absorption
band appearing at 408 nm (f = 0.116) is formed by the
aHOMO�1 - aLUMO+1 and bHOMO - bLUMO+2 excitation,
which is regarded as a mixed ICT in the metal and MNCT transition
(local transition Sr = 0.757). For V@b66, the absorption band at
496 nm is formed by bHOMO - bLUMO+2 transitions which are
of the MNCT (Sr = 0.594) character. For Ti@b64 the absorption band
located at 394 nm, with a large oscillator strength (f = 0.12), is
dominated by aHOMO�2 - aLUMO+3 and bHOMO -

bLUMO+3, which are assigned to a mixed contribution from ICT
and MNCT. As for Ti@b66 the bHOMO - bLUMO+2 excitation at
590 nm (f = 0.177) is ICT in the metal and of small MNCT character
(Fig. S3, ESI†).

The electronic transition S0 - S1 and S0 - S2 of Cu@b66 at
622 and 492 is assigned as ICT in Cu and MNCT (CT from metal to
nanocage) [aHOMO - aLUMO+1 and aHOMO - aLUMO, respec-
tively] and the transition at 343 and 328 nm may be attributed to
NMCT (CT from nanocage to metal) [bHOMO - bLUMO and
bHOMO�1 - bLUMO, respectively]. We found similar results for
Cu@b64 at 592, 468, 343 and 331 nm (see Table S2 and Fig. S3,
ESI†). The absorption spectrum of Cr@b64/66Al12N12 exhibits a
moderate absorption band ranging from 600 to 900 nm, as well
as strong absorption peaks at 490, 402, and 350 nm. These four
states are traced to the electronic transitions of aHOMO�1 -

aLUMO+1, bHOMO - bLUMO, aHOMO - aLUMO+3 and
bHOMO - bLUMO+1 (S0 - S1 (ICT), S0 - S7 (MNCT), S0 -

S11 (MNCT) and S0 - S16 (mixed contributions of ICT and MNCT),
respectively).

It should be noted that the transition of M@b64/66Al12N12,
where M = Mn, Fe, Co and Ni, from aHOMO to aLUMO+1
primarily involves an intra-charge transfer within the metal at
850 nm (Ni@Al12N12), 952 nm (Fe@b64), 866 nm (Fe@b66),
671 nm (Co@b64), 804 nm (Co@b66) and 663 nm (for Ni@Al12-
N12). These absorptions show significantly high overlap index
between the hole and the electron (Sr 4 0.8), small Dindex (from
0.1 to 0.4 Å), and negative tindex (Z�1), indicating that they
display the local excitation feature during electron transition.
Furthermore, the electronic transition at B500 nm is dominated
by aHOMO - aLUMO, which shows the dominant electron
transfer trend from metal to nanocage (for Mn@Al12N12, Sr = 0.6
and Sr = 0.4 where M = Fe, Co and Ni, (see Fig. 3, Fig. S3 and Table
S2, ESI†). The energy absorption band appearing at B400 nm (M =
Mn, Fe and Co) is formed by the bHOMO - bLUMO+1, +2
excitation, which is regarded as a mixed ICT and MNCT transition.
The absorption region at 320 nm for Ni@Al12N12 is created by the
bHOMO - bLUMO transition. The shapes of molecular orbitals
indicate that these transitions belong to NMCT, which involves charge
transfer from a nanocage to Ni metal (Sr = 0.5) (Fig. S3 in ESI†).

On the other hand, Zn@Al12N12 exhibits electronic transi-
tion absorbing at B420, B378 and B300 nm, and the major
transitions are from HOMO - LUMO+1, HOMO - LUMO and
HOMO�1 - LUMO. The molecular orbitals indicate that these
transitions belong to ICT in Zn and MNCT and ICT in the
nanoparticle (Fig. S3 and Table S2, ESI†).

Nonlinear optical parameters

The second and third order NLO properties of materials are
closely related to various parameters, including electric dipole
moment, chemical hardness, and electronic structures of com-
pounds. Quantum chemical calculations can provide useful
guidance for further experimental investigations into the sec-
ond- and third-order NLO behaviour.22–24 However, predicting
the NLO properties of large nanoparticle systems using density
functional theory remains a major challenge.

Nonlinear optical properties, e.g. first hyperpolarizability
(blHRS and blSHG(�2o; o, o)), second hyperpolarizability
(gl(�2o; o, o, 0)) and depolarization ratios (DRl) (static
(l = N) as well as dynamic), for all M@b64/66Al12N12 are
provided in Tables 4, 5, Fig. 4 and Fig. S3 (ESI†). For calculating
dynamic characteristics, three frequencies (o) are employed,
including two laser frequencies of 0.0340 a.u. (1341 nm)
and 0.0428 a.u. (1064 nm) that are chosen to prevent resonance
enhancement effects. Furthermore, a non-resonant frequency
of 0.0239 a.u. (1906 nm) is also integrated into these systems.

First, the bNHRS value of Cr@b64, Mn@b64, Cu@b64 and
Zn@b64 is 2021, 769, 1010 and 449 a.u., which is close to
2042, 752, 1012 and 428 a.u. for Mn@b66, Cu@b66 and Zn@b66,
respectively. However, the bNHRS value of V@b66 and Ti@b66 is
B2 times as large as that of V@b64 and Ti@b64, respectively,
and the bNHRS value of M@b64 is slightly larger than that of
M@b66, where M = Sc, Fe, Co and Ni. This suggests that the
topological structure of M@Al12N12 can enhance the NLO
response of materials. It can be observed that the enhancement
in the first hyperpolarizability of the system can be attributed to
the existence of the closed-quasi-ring (CQR) structure connecting
metal and Al12N12, which includes a critical point (RCP) rather than
the type of dopants (b64 or b66). This improvement arises from the
effective charge transfer between the nanocage and the metal
through both the bonds and RCP, which proves to be more efficient
compared to a similar charge transfer occurring in an open quasi-
ring configuration. As an illustration, the larger first hyperpolariz-
ability values observed in M@b66, compared to M@b64 (for M = Ti
and V), can be attributed to the presence of a closed-quasi-ring
(CQR) in M@b66, which is absent in M@b64. This trend also holds

Fig. 3 Electron density difference maps of V@b64, V@b66, Co@b64,
Co@b66, Mn@b66 and Fe@b64 compounds from the ground state to the
crucial excited state S0 - Sn (Sn: S15, S12, S11, S9, S1 and S9, respectively),
plotted using 0.0003 a.u. isovalues (where pink and blue denote the
electrons and holes, respectively).
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for M = Fe, Co, Ni, and Cu, wherein a CQR is present within the
M@b64 nanocage. Consequently, bNHRS[M@b64] surpasses bNHRS

[M@b66], see Fig. 1 and Fig. S4 (ESI†) and Tables 1, 4 and 5.
Our conclusion is that the presence of a CQR structure,

marked by electron delocalization, offers an explanation for the
variations in first hyperpolarizability values. This elucidation
effectively accounts for the distinct bNHRS disparities evident
between the M@b64 and M@b66 configurations (Fig. 4 and
Fig. S4, ESI†).

On the other hand, the static first hyperpolarizability trends
for M@b66Al12N12 are similar to those observed for
M@b64Al12N12. Zn@b64/66Al12N12 exhibits the smallest bNHRS

value within this series. Sc@b64Al12N12 presents a large static
HRS hyperpolarizability of 6824 a.u. as shown in Tables 4, 5,
Fig. 4 and Fig. S4 (ESI†), which is 15 times higher than the value
of Zn@b64Al12N12. It is noteworthy that the bl=N

HRS values of
M@b64Al12N12 increase as Zn o Co o Fe o Mn o Ni o
Cu o Cr o V o Ti o Sc (similar to the case of the
M@b66Al12N12 nanocage in which the trend is Zn o Mn o
Fe o Co o Ni o Cu o V o Cr o Ti o Sc).

For a deeper investigation into the underlying factors influ-
encing the first hyperpolarizability of the compounds under
study (M@b64/66Al12N12 nanoparticles), we conducted polariza-
tion scans of the HRS intensity I2o

CV. The relationship between
I2o
CV and the polarization angle c was computed and graphed

(Fig. 5 and Fig. S5, ESI†). The values of bJ=1 and bJ=3 are detailed
in Table S3 (ESI†). We can observe that the DR values are
sensitive to the transition metal and decrease in the following
order: M@b64/66 M: Sc E Ti E V E Cr 4 Zn E Cu E Ni 4
Co 4 Fe 4 Mn. Moreover, it is worth mentioning that the
nanocages M@b64/66Al12N12 (M = Sc to Zn) exhibit a predomi-
nant dipolar symmetry within their nonlinear optical (NLO)
responses. The DR values for these structures span from 4.1
to 7.7.

Several years ago, Hohm and Thakkar obtained a relation
between the polarizability (a) and the second ionization

potential (I2) and Waber–Cromer radius (rWC) of 101 elements
from helium to nobelium, which can be expressed as74

a = P1I2
�4 + P2rWC

3Iy
2 (20)

Then, they obtained a fit of a roughly dominated by a linear
contribution of the square root of the second ionization
potential and the volume of the atom (where P1 = 2.26, P2 =
3.912 and y = 0.439).

In this work, we observe that the static hyperpolarizability
(bHRS) for M@b64/66Al12N12 (M = from Sc to Zn) increases with
the increase of the Waber–Cromer radius (rWC) of metal (corre-
lation coefficient equal to 0.910; see Fig. 6, Mn@b64/66

excepted).
It is widely recognized that the measured values of the first

hyperpolarizability are estimated by dispersion effects on the
chromophores. Typically, the wavelength-dependent experi-
ments are generally performed to investigate the optical reso-
nance effects by the use of a 1064 nm (o = 0.04282 a.u.) near
infrared ray (NIR) laser. Here, the wavelengths l = 1906, 1341
and 1064 nm were applied in calculations to compare the
dispersion effect on the first hyperpolarizability of the nano-
cages. The second harmonic generation (blSHG(�2o; o, o)) and
dynamic hyper-Rayleigh scattering response (blHRS) and its DRl

of the studied nanoparticles are depicted in Tables 4 and 5. Fig.
S6 in the ESI† shows an excellent correlation between blHRS and
blSHG(�2o; o, o) for the studied nanocage (R2 E 0.980).
Furthermore, we can see that the dynamic blHRS values are
significantly higher than the zero-frequency bNHRS, except for
Sc@b66, Ti@b66 and V@b66 at l = 1906 nm (see Fig. 4). As
illustrated in this figure, a clear disparity in trends can be
observed between the static and dynamic first

Fig. 5 Relationship between I2oCV and polarization angle C of M@b64/66-

Al12N12.

Fig. 4 Variation of the static and dynamic first hyperpolarizability (blHRS)
and second hyperpolarizability (gl) of M@b64Al12N12 and M@b66Al12N12 (M
from Sc to Zn).
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hyperpolarizability values for the compounds. In simpler terms,
when there is an increase in the static first hyperpolarizability
value for a given nanoparticle, the dynamic value does not
necessarily exhibit a similar pattern.

A careful analysis of the results obtained shows that blSHG

(�2o; o, o) of M@b66Al12N12 where M = Sc, Ti, V, Mn, Co and
Ni is about 8, 10, 4, 7, 4 and 2 times larger than that of
M@b64Al12N12, respectively, at l = 1064 nm. For M = Cr, Fe,
Cu and Zn, we note that b1064

SHG[M@b64] E b1906
SHG[M@b66]. At l =

1906 nm, the bSHG(�2o; o, o) response values of M@b64Al12N12

decrease in the order Ti 4 Sc 4 Fe 4 Cr 4 Mn 4 V 4 Cu 4
Ni 4 Co 4 Zn (for M@b66Al12N12 the variation of bSHG takes
the trend Fe 4 Ti 4 Cr 4 Sc 4 Mn 4 V 4 Co 4 Ni 4 Cu
4 Zn).

Regarding the HRS hyperpolarizability (Fig. 7), the static
first hyperpolarizability of each nanoparticle is compared to
their dynamic values (blHRS) at different wavelengths. The graph
shows that for M@b64Al12N12 at wavelengths of l = 1906 and
1341 nm, a good linear relationship is observed, with a slope of
1.111 (R2 = 0.985) and 1.921 (R2 = 0.960), respectively, except for
M = Ti, Fe and Mn at 1906 nm and M = Ni and Co at 1341 nm.
This suggests that the frequency dispersion consistently affects
this type of nanoparticle. Furthermore, the slopes obtained for
M@b64Al12N12 provide a correcting factor for the frequency
dispersion of these nanoparticles at the corresponding wave-
lengths. We observed identical findings for M@b66Al12N12 at
l = 1341 nm with a slope of 2.967 (R2 = 0.942) (M = Ti, V and Ni
excepted). On the other hand, at l = 1064 nm, a significant
resonance effect was observed, leading to numerical instability
that disrupted the linear relationship. We noticed the same

results for M@b66Al12N12 at l = 1906 nm (weak linear relation-
ship bHRS 2 b1906

HRS ).
Regarding the dynamic depolarization ratio (DR), we observe

that the nanoparticles Co@b64Al12N12, Sc@b64Al12N12 and
Ti@b64Al12N12 at a wavelength of 1064 nm, as well as {M@b66

(M = Sc, Ti, Mn, Fe, Co, Ni and Cu) and M@b64 (M = V, Mn, Fe,
Ni, Cu)} and {M@b66 (M = Sc, Ti, Mn, Fe, Co, Ni and Cu) and
M@b64 (M = V, Mn, Fe, Ni, Cu)} at wavelengths of 1341 nm and
1906 nm, respectively, are anticipated to display a dominant
octupolar character. In contrast, the remaining compounds
generally display a dipolar nature, with the exception of
Sc@b64/66, Ti@b64/66 and Co@b64/66 at l = 1064 nm, Co@b66,
Sc@b64 and Fe@b64 at l = 1341 and Sc@b66 and Fe@b64 at l =
1906 nm, which possess a depolarization ratio (DR) less than
1.5 (Tables 3, 4 and Table S3, ESI†).

Frequency dispersion effects

The frequency dispersion factor (FDFl) between static and
dynamic HRS hyperpolarizability74 at a specific wavelength
(l = 1064, 1341 and 1906 nm (1.165, 0.942 and 0.65 eV)) can
be expressed as the ratio of blHRS/bNHRS, as listed in Table S4 in
the ESI.† As seen in this table, when moving from l = N to
1064 nm (o = 0 to 1.165 eV), the variation in the FDFl value is
more significant for Sc@b64/66Al12N12, Ti@b64Al12N12, Mn@b66-
Al12N12, Fe@b66Al12N12, Co@b64Al12N12, and Ni@b64/66Al12N12,
while it is negligible for Zn@b64/66Al12N12 and moderate for the
other nanoparticles (see Tables 3 and 4).

The dispersion of first hyperpolarizability increases signifi-
cantly due to one-photon (two-photon) resonance when the
frequency of the generated light o (2o) is close to the strong
allowed excitation energy.

From the TD-DFT results (see Fig. S2, ESI†), the excitation
energy of Sc@b64: 2.34 eV, Sc@b66: 2.35 eV, Ti@b66: 2.39 eV,
V@b64: 2.32 eV and Mn@b66: 2.35 eV is very close to the energy
of the incident light 2o (2.33 eV), whereas it is slightly different
at 2.33 eV for Ti@b64: 2.22 eV, Mn@b64: 2.41 eV, Fe@b64:

Fig. 7 The dynamic first hyperpolarizabilities of M@b64/66Al12N12 (M = Sr–
Zn) versus their static value at 1906, 1341 and 1064 nm.

Fig. 6 Correlation between static hyper polarizability (bNHRS) and Waber–
Cromer radius (rWC).
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2.42 eV, Co@b64: 2.48 eV and Cu@b64: 2.09 eV, which is an
indication of two-photon resonance. On the other hand, the
excitation energy of Sc@b64, Sc@b66, Ti@b66, V@b66 and
Co@b64 at 1.15, 1.12, 1.11, 1.10 and 1.13 eV, respectively,
indicates that these nanoparticles are close to one-photon
resonance (o = 1.165 eV).

In the case of o = 0.924 eV, the two-photon resonance value
of Sc@b66, Co@b64 and Ni@b64 is 1.88, 1.83 and 1.84 eV and
that of Sc@b64, Co@b66 and Ni@b66 is 1.75, 1.68 and 1.91 eV,
respectively. We can note that the resonance value of Sc@b66,
Co@b64 and Ni@b64 is the closest to the near-resonant energy
of 1.847 eV and that of Sc@b64, Co@b66 and Ni@b66 is the most
deviated from the near-resonant energy (see Fig. S2, ESI†). On
the other hand, the excitation energy values of Sc@b64, Sc@b66

and V@b66 at 0.96, 0.94 and 0.92 eV (f = 0.007, 0.007 and 0.001),
respectively, which correspond to one-photon resonance
values, are in close proximity to the near-resonant energy of
0.924 eV, which causes resonance.

Based on Table S3 (ESI†), we can observe that the FDF1064

value of Ti@b66 and V@b66 is about 5 and 2 times larger than
that of Ti@b64 and V@b64 and the FDF1341 and FDF1906 value of
V@b66 and Fe@b66, respectively, is higher than that of V@b64

and Fe@b64, which can be attributed to the presence of one- and
two-photon resonance at the same incident wavelengths. Except
for Co@b64 and Co@b66 at 1064 nm, where FDF1064[Co@b64] o
FDF1064[Co@b66], this can be ascribed to the smallest oscillator
strength of Co@b64. Furthermore, we notice that the FDF1064

value of Sc@b66 is B9 times larger than that of Sc@b64. This can
be attributed to Sc@b66 having the highest oscillator strength at
two-photon resonance (f = 0.251, l = 528 nm).

On the other hand, our results revealed that the FDF1906 of
M@b64/66Al12N12 (where M = V–Cr, Ni–Zn), Sc@b66, Ti@b66 and
Co@b64 ranges from 0.62 to 1.8, indicating that the systems are
far from the resonance region, i.e. off-resonance. A similar
finding was obtained for Cr@b64 at 1064 nm and Zn@b64/66-
Al12N12 at 1341 nm.

Our results indicate that both the resonance energy value
and the significant oscillator strength play a pivotal role in
augmenting the FDFl (dynamic first hyperpolarizability) of the
investigated nanoparticles. Additionally, we hypothesize that
the augmentation of bl is primarily attributed to two-photon
resonance rather than one-photon resonance.

Second hyperpolarizability

The second hyperpolarizability values for Al12N12 and M@b64/66-
Al12N12 (M = Sc to Zn) at the zero-frequency limit, as well as for
frequency-dependent fields, calculated at the same level, are listed
in Tables 4 and 5 and Table S5 (ESI†). As evident from the results,
the values of g(0; 0, 0, 0) exhibit sensitivity to the presence of the
transition metal attached to Al12N12. There is a significant increase
of approximately 8 times for Ti@b66, around 5 times for Sc@b64/66,
V@b66 and Mn@b64/66, roughly 4 times for Cr@b64/66, Ti@b64 and
Fe@b66, and about 3 times for V@b64, Fe@b64, Co@b64/66,
Ni@b64/66, Cu@b64/66 and Zn@b64/66. The ordering of the g(0; 0,
0, 0) values for M@b66 is Ti 4 Sc 4 Mn 4 V 4 Cr 4

Fe 4 Co E Ni 4 Cu 4 Zn, whereas for M@b64 it is Sc 4 Mn 4
Cr 4 Ti 4 Fe 4 Co E Ni 4 V 4 Cu 4 Zn (see Fig. S4, ESI†).

The estimation of the frequency-dependent third-order non-
linear optical (NLO) response is performed using the dynamic
second hyperpolarizability g(o), and the corresponding values are
provided in Tables 4 and 5 and Fig. 4. It is noteworthy that the
frequency-dependent second hyperpolarizability values are consid-
erably larger than the values of blSHG(�2o; o, o) at different
dispersion frequencies. The sequence of the g(�2o; o, o, 0) values
was g (N nm) o g (1906 nm) o g (1341 nm) o g (1064 nm) for
nanoparticles Sc@b64, Mn@b64/b66, Co@b66, Ni@b66, Cu@b64/b66

and Zn@b64/b66 and for compounds V@b64/b66, Cr@b64/b66,
Co@b64 and Ni@b64, the g(�2o; o, o, 0) values were
g (N nm) o g (1906 nm) o g (1064 nm) o g (1341 nm). Taking
M@b66Al12N12 (M = Co to Zn) as an example, the g value at
1064 nm (110 � 105, 44 � 105, 22 � 105 and 4 � 105 a.u.,
respectively) is evaluated to be the largest and at 1906 nm the
smallest value of g is observed (2.6 � 105, 3.08 � 105, 3.09 � 105
and 1.86 � 105 a.u.). This order indicates that third-order NLO
response can be effectively enhanced when the wavelength of
incident light is decreased from N to 1064 nm, indicating that
dispersion of optical nonlinearity reaches its highest point at
1064 nm. This observation is in agreement with the finding of
Chen et al. for the cyclo[18]carbon system.75 An opposite trend can
be noticed for Ti@b64Al12N12, where the g(�2o; o, o, 0) values are
7329 � 105 (l = 1906) 4 28 � 105 (l = 1341 nm) 4 20 � 105 (l =
1064 nm); a similar enhanced response with increasing wave-
length was observed by Naveen et al. in the study of transition
metal doped C6O6Li6.76 On the other hand, we observed that
Sc@b66 exhibits the highest ESHG value at 1341 and 1064 nm
(320 771� 105 and 1553 � 105 a.u., respectively), which is 137 000
and 464 times larger than the value in the static regime. This
suggests a noteworthy correlation between the resonance energy
and the second-third hyperpolarizability. A comparison between
the dynamic first and second hyperpolarizability is provided in
Fig. 8. The agreement between blSHG(�2o; o, o) and gl(�2o; o, o,
0) values is prominently robust, with a correlation coefficient of
approximately 0.92. The slope of the linear relationship, as
obtained from the least-squares fitting, spans from 1.05 to 1.41
(Fig. 8), which indicates a tendency of second hyperpolarizability to
overestimate the values.

The computed results for the dc-Kerr effect g(�o; o, 0, 0) are
presented in Tables 4 and 5. Generally, for the title compounds,
the dc-Kerr effect is more pronounced at a wavelength of
1064 nm compared to 1341 nm and 1906 nm. This suggests
that the dc-Kerr effect can be enhanced by using a lower
wavelength. However, there are exceptions. For Sc@b66,
V@b66, and V@b64, the highest dc-Kerr effect values are
observed at 1341 nm, with values of 1.819 � 1010, 1.998 � 107

and 8.362� 105 a.u., respectively. For Fe@b66, the highest value
is at 1906 nm, with a dc-Kerr effect of 6.920 � 108 a.u.

On the other hand, the estimation of the quadratic non-
linear refractive index is derived from the second hyperpolariz-
ability coefficients, utilizing the following equation:77

n2 cm2 W�1
� �

¼ 8:28� 10�23gDFWM ða:u:Þ (21)
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The values for degenerate four-wave mixing (DFWM), repre-
sented as gDFWM oð Þ ¼ g �o;o;�o;oð Þ, are calculated using the
equation presented below:78

gDFWM �o;o;�o;oð Þ � 1

3

	 

g �2o;o;o; 0ð Þ þ �o;o; 0; 0ð Þ

� 1

3

	 

g 0; 0; 0; 0ð Þ

(22)

The nanoparticles studied have displayed remarkable values of
the quadratic nonlinear refractive index (n2), as evidenced in
Tables 4 and 5. Notably, the Sc@b66 nanoparticle exhibits the
largest n2 value of 2.39 � 10�12 cm2 W�1 at 1341 nm. The n2

values for Sc@b64 and V@b66 at 1341 nm are 6.91 � 10�15 and
1.79 � 10�15 cm2 W�1, respectively. Additionally, the Sc@b64/66

and Tib@b64/66 compounds also exhibit high refractive index
values, falling within the range of 10�15 to 10�14 cm2 W�1 at
1341 nm. On the other hand, at a wavelength of 1906 nm,
the greatest n2 value observed is 2.03 � 10�14 and 7.46 �
10�15 cm2 W�1, specifically for Ti@b64 and Ti@b66, respectively.
In general, the n2 values for M@b64/66 tend to decrease at the
higher wavelength of 1906 nm. However, an exception is
observed for Ti@b64/66 and Fe@b66 particles, which exhibit a
considerable enhancement in their response at this wavelength.

Controlling factors of first hyperpolarizability

A two level model is utilized to comprehend the controlling factors
of the first hyperpolarizability. According to the two level model79,80

b0 /
f � Dm
DE3

(23)

where Dm is the difference of dipole moments between the ground
state and the crucial excited state, f is the oscillator strength and DE
is the transition energy. According to this relation, it is observed
that lower excited energy (DE), greater dipole moment (Dm) and
oscillator strength (f) will lead to the largest hyperpolarizability (b0)
of compounds.

To investigate the reason why some compounds exhibit
large or small b0 values, we conducted a calculation using the
equation for the two-level model and compared the results with
those obtained from our theoretical simulations.

As is widely recognized, the first hyperpolarizability com-
puted using the SOS method exhibits a strong correlation with
the number of excited states. Therefore, we conducted a test to
investigate the convergence behaviour between the first hyper-
polarizability (bSOS) and the number of excited states. Fig. 9
displays the relationship between the bSOS value and 120
excited states and our findings indicate that 120 excited states
are adequate for achieving convergence of the bSOS value.

The results presented in Fig. 10 and Table S6 (ESI†) indicate
that the SOS method is capable of providing a qualitative
evaluation of the first hyperpolarizability for the majority of
compounds. Furthermore, the trend observed in the HRS
hyperpolarizability using the SOS method is comparable to that
obtained at the CAM-B3LYP/6-311+G(d) level, with only minor
deviations due to the limitations of the SOS method. This
consistency implies that the crucial excited states identified
in Table 6 and Fig. 9 have a substantial impact on the first
hyperpolarizability.

For Fe@b66, Co@b66, Fe@b64 and Ni@b64 the critical states
correspond to the S9, S9, S9 and S7 excited states, respectively.
These states show a small overlap index between the hole and
the electron (Sr B 0.4), a large Dindex (3.1–3.3 Å), and a positive
tindex (1 to 1.35), indicating that they display the nonlocal
excitation feature during electron transition. From EDDM
(Fig. 9 and Fig. S3, ESI†) the crucial transition of these doped
systems exhibits apparent charge transfer (CT) character from
metal to Al12N12. On the other hand, for the cases of Ti@b64,
V@b64, Mn@b64, Co@b64, Cu@b64, Zn@b64, Sc@b66, Ti@b66,
Mn@b66, Ni@b66, Cu@b66 and Zn@b66 the dominant contribu-
tion to first hyperpolarizability values can be assigned to S16,
S15, S9, S9, S1, S3, S13, S13, S8, S5, S1, and S3, respectively. Based
on the analysis of the hole–electron distribution, it has been
revealed that all these electronic transitions are local excita-
tions characterized by a relatively small Dindex (from 0.2 to 1.2 Å)
a large overlap index (Sr 4 0.6) and a negative tindex. This
indicates that the hole and electron are in close proximity to
each other (see Table S1 and Fig. S3, ESI†). For doped systems
Sc@b64, Cr@b64, V@b66 and Cr@b66 the excited states S13, S7,
S12, and S7, respectively, have large contributions to the b value,
and the corresponding overlap index (and tindex) values of the
crucial excited state are 0.578 (t = �0.443), 0.59 (t = �0.664),
0.594 (t = �0.195) and 0.579 Å (t = �0.411), respectively.

In general, a larger f/DE3 term can lead to larger first
hyperpolarizability values, despite the constraint imposed by
the Dm term, which also reflects the charge transfer character of
the electronic transitions. Accordingly, the large b values of
Sc@b66 and Ti@b66 can be primarily ascribed to the lower
electronic absorption energy paired with stronger oscillator
strength (large f/DE3 term (0.02)). As for Zn@b64/66Al12N12, its
smaller b values can be attributed to its larger DE (2.9 eV) and
smaller Dm (0.4 a.u.). On the other hand, when the f/DE3 terms
of two compounds are similar, the Dm terms will have a greater

Fig. 8 Correlation between the dynamic second and third order NLO
responses of M@b66/64Al12N12 (M = Sc to Zn, b = slope).
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influence on the resulting b values. A typical example of
compounds V@b64 and V@b66 (I = 0.004, Dm = 1.675 and
3.033 respectively) is illustrated here, where the significant
improvement in the first hyperpolarizability value of one doped
system, as compared to the other (b[V@b64] o b[V@b66]), is
primarily attributed to the larger m term. The same result can be
achieved from Cu@b64 and Zn@b64 (I = 0.008, Dm = 1.25 and
0.412 respectively). Furthermore, we observed that the b values
of Cu@b64 and Cu@b66 are slightly similar to each other (see
Tables 4 and 5). This can be explained by the similarities of
their corresponding f, DE and Dm terms, which result in similar
I � Dm products that are proportional to the b values. The same
outcome can be attained from {Cr@b64 and Cr@b66}, {Mn@b64

and Mn@b66} and {Zn@b64 and Zn@b66}. It is important to
note that when the I and Dm terms of two compounds are
similar and comparable, their f and DE terms play a more
significant role in determining the b values than the I � Dm

products. A typical case is that of Cr@b64 and Mn@b64 (I =
0.005, I � Dm = 0.012 and b[Cr@b64] 4 b[Mn@b64]) where the

Fig. 9 Plots of static first hyperpolarizability values as computed in the SOS formalism as a function of the number of excited states for M@b64/66Al12N12

(M = Sc to Zn) along with electron density difference maps, in which purple and blue colors indicate accumulation and depletion of electron density,
respectively, obtained at CAM-B3LYP/6-311+G(d).

Fig. 10 Calculated static HRS-hyperpolarizability of M@b64/66Al12N12 by
the different methods.

Table 6 Calculated transition energy DE (eV), oscillator strengths (f),
transition dipole moment (Dm0-n, a.u.) and I = f/DE3 of the crucial excited
state (S0 - Sn)

M@b64Al12N12

M Sn DE0-n f0-n Dm0-n I I � Dm0-n

Sc S13 2.676 0.144 2.201 0.007 0.016
Ti S16 2.895 0.055 1.441 0.002 0.003
V S15 3.041 0.116 1.675 0.004 0.007
Cr S7 2.558 0.088 2.267 0.005 0.012
Mn S9 2.98 0.14 2.254 0.005 0.012
Fe S9 2.42 0.057 5.929 0.004 0.024
Co S9 1.848 0.072 0.672 0.011 0.008
Ni S7 2.582 0.055 5.838 0.003 0.019
Cu S1 2.095 0.076 1.25 0.008 0.010
Zn S3 2.994 0.215 0.412 0.008 0.003

M@b66Al12N12

Sc S13 2.35 0.251 1.888 0.020 0.036
Ti S13 2.100 0.177 1.59 0.020 0.030
V S12 2.503 0.075 3.033 0.005 0.014
Cr S7 2.504 0.097 2.636 0.006 0.016
Mn S8 2.924 0.118 1.901 0.005 0.009
Fe S9 2.416 0.05 6.208 0.003 0.022
Co S9 2.428 0.049 6.04 0.003 0.020
Ni S5 1.909 0.068 0.75 0.010 0.008
Cu S1 1.993 0.077 1.293 0.010 0.012
Zn S3 2.901 0.197 0.439 0.008 0.003
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higher first hyperpolarizability is primarily attributed to the
smaller E value of Cr@b64.

Conclusions

In the present study, we explored the molecular topology,
delocalization index, and first- and second-order hyperpolariz-
abilities of two nanoparticle series, specifically M@b64Al12N12

and M@b66Al12N12, spanning a range of transition metals from
Sc to Zn, to detail their linear and nonlinear optical properties
in both static and dynamic regimes.

Our results revealed a noteworthy trend: the incorporation
of transition metals into the Al12N12 nanocage led to a signifi-
cant increase in both the first and second hyperpolarizabilities.
This enhancement in static first hyperpolarizability was linked
to the presence of a ring structure bridging the M and Al12N12

nanocage. This structural pattern facilitates electron delocali-
zation, thereby contributing to the observed increase. For
instance, the Ti@b66 nanoparticle exhibits the highest first
hyperpolarizability (bNHRS = 4554 a.u.) compared to Ti@b64

(bNHRS = 2844 a.u.), attributed to the presence of a closed ring
structure in Ti@b66 that was missing in Ti@b64. According to the
sum-over-states approach, the majority of crucial excited states
displayed a high Sr, small D and negative t, indicating that these
electronic excitations are characterized to be local excitations.
Detailed UV-Vis analysis suggested that these compounds could
find application in deep ultraviolet laser devices due to their
transparency below 200 nm. On the other hand, in the dynamic
regime, our results indicated that the values of bHRS, bSHG(�2o;
o, o) and gESHG(�2o; o, o, 0) were larger than their static
counterparts. This observation emphasizes the pivotal role of
one/two photon resonance energy and substantial oscillator
strength in enhancing the dynamic first hyperpolarizability
within the investigated nanoparticles. Moreover, our inquiry
has resulted in the proposal that the enhancement of bl is
predominantly motivated by the influence of two-photon reso-
nance, rather than the conventional one-photon resonance.

The interest in new materials’ picosecond and femtosecond
responses spans various applications and benefits. For instance,
femtosecond and picosecond lasers are instrumental in generat-
ing superhydrophilic surfaces, illustrating their significant role
in material fabrication and alteration.81 Moreover, ultrafast
lasers, encompassing both picosecond and femtosecond vari-
eties, have transformed material processing techniques, intro-
ducing novel methods for precise cutting, engraving, and
drilling.82 Additionally, treatments using picosecond and femto-
second lasers have diminished material corrosion, enhancing
their durability.83 Additionally, femtosecond lasers have been
employed in direct writing processes, allowing for the precise
creation of complex structures ranging from 0D to 3D.84

In light of our current understanding, our investigation
introduces a fresh perspective by unveiling a correlation
between the static first hyperpolarizability of M@b64/66Al12N12

and the Waber–Cromer radius of the transition metal. Further-
more, in the dynamic regime, a remarkable linear correlation

exists between the first hyperpolarizability and the second
hyperpolarizability.
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